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PREFACE TO THE THIRD EDITION 

Tx preparing this new edition the text has been carefully revised, 
and considerable new matter has been introduced without altering 
the numbering of the sections or the character and aim of the book. 

The use of the upper and lower limits of indetermination simplifies 
some of the proofs of the earlier edition. Additional tests for 
uniform convergence of series are included. Term by term integra- 
tion and the Second Theorem of Mean Value are treated more fully. 
The sets of examples on Infinite Series and Integrals have been 
enlarged by the insert ion of 'questions drawn from recent Cambridge 
Scholarship and Intercollegiate Examinations, as well as from the 
papers set in the Mathematical Tripos. The introduction of func- 
tions of bounded variation extends the class of functions to which 
the elementary discussion of Fourier’s Series given in the text 
applies. 

In the chapters dealing particularly with Fourier’s Series space 
has been found for the Riemann-Lebesguo Theorem and its conse- 
quences, and for ParsevaFs Theorem under fairly general con- 
ditions. 

For all ordinary purposes the discussion of the properties of 
Fourier’s Series and Fourier’s Constants given in the text will, it is 
hoped, be found both sufficient and satisfactory. 

For the specialist who wishes to go further a treatment of the. 
Lebesgue Definite Integral is given in a new Appendix, which takes 
the place of the former Appendix containing a detailed bibliography 
of Trigonometrical and Fourier’s Series. In this Appendix I have, 
tried to show, in as simple a way as possible, what the Lebesgue 
Integral is, and in what respects the rules to which it is subject 
differ from, and are superior to, those for the classical Riemann 
integral. 
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So many papers are being written on Trigonometrical Series, and 
on Fourier’s Series, Fourier’s: Constants, and Fourier’s Integrals, that 
a mere list of their titles, brought up to date, would cover many 
pages. And it is doubtful if such a list is of much value to the 
student , In any case he has now at his disposal other works from 
which bibliographical information of this kind can be obtained. It 
is hoped that the lists of books and memoirs given at the ends of the 
chapters and of Appendix II will make up for the omission of the 
detailed bibliography. 

In the revision of part of the proofs I am fortunate in having had 
the assistance of Mr. George Walker of the University of Sydney, 
and now at Emmanuel College, Cambridge. His criticism and sug- 
gestions have been of great service to ; H. S. CARSLAW. 

Cambridge, 24th September, 1929. 


PREFACE TO THE SECOND EDITION 

This book forms the first volume of the new edition of my book on 
Fourier’s Series and Integrals and the Mathematical Theory of the 
Conduction of Heat, published in 1906, and now for some time out of 
print. Since 1906 so much advance has been made in the Theory of 
Fourier’s Series and Integrals, as well as in the mathematical dis- 
cussion of Heat Conduction, that it has seemed advisable to write 
a completely new work, and to issue the same in two volumes. The 
first volume, which now appears, is concerned with the Theory of 
Infinite Series and Integrals, with special reference to Fourier’s 
Series and Integrals. The second volume will be devoted to the 
Mathematical Theory of the Conduction of Heat. 

No one can properly understand Fourier’s Series and Integrals 
without a knowledge of what is involved in the convergence of 
infinite series and integrals. With these questions is bound up the 
development of the idea of a limit and a function, and both are 
founded upon the modern theory of real numbers. The first three 
chapters deal with these matters. In Chapter IV the Definite 
Integral is treated from Riemann’s point of view, and special atten- 
tion is given to the question of the convergence of infinite integrals. 
The theory of series whose terms are functions of a single variable, 
and the theory of integrals which contain an arbitrary parameter 
are discussed in Chapters. V and VI. It will be seen that the two 
theories are closely related, and can be developed on similar lines. 

The treatment of Fourier’s Series in Chapter VII depends on 
Dirichlet’s Integrals. There, and elsewhere throughout the book, 
the Second Theorem of Mean Value will be found an essential part 
of the argument. In the same chapter the work of Poisson is 
adapted to modern standards, and a prominent place is given to 
Fejer’s work, both in the proof of the fundamental theorem and in 
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the discussion of the convergence of Fourier's Series. Chapter IX 
is devoted to Gibb’s Phenomenon, and the last chapter to Fourier’s 
Integrals. In this chapter the work of Pringsheim, who has greatly 
extended the class of functions to which Fourier’s Integral Theorem 
applies, has been used. 

Two appendices are added. The first deals with Practical Har- 
monic Analysis and Periodogram Analysis. In the second a biblio- 
graphy of the subject is given. 

The functions treated in this book are “ ordinary ” functions. 
An interval (a, b ) for which /(ce) is defined can be broken up into a 
finite number of open partial intervals, in each of which the function 
is monotonic. If infinities occur in the range, they are isolated and 
finite in number. Such functions will satisfy the demands of the 
Applied Mathematician. 

The modern theory of integration, associated chiefly with the 
name of Lebesgue, has introduced into the Theory of Fourier’s 
Series and Integrals functions of a far more complicated nature. 
Various writers, notably W. H. Young, are engaged in building up a 
theory of these and applied series much more advanced than any- 
thing treated in this book. These developments are in the mean- 
time chiefly interesting to the Pure Mathematician specialising in 
the Theory of Functions of a Real Variable. My purpose, has been 
to remove some of the difficulties of the Applied Mathematician. 

The preparation of this book has occupied some time, and much 
of it lias been given as a final course in the Infinitesimal Calculus to 
my students. To them it owes much. For assistance in the 
revision of the proofs and for many valuable suggestions, I am much 
indebted to Mr. E. M. Wellish, Mr. R. J. Lyons, and Mr. 11. II. 
Thorne of the Department of Mathematics in the University of 
Sydney. H. S. CARS LAW. 


Emmanuel College,. 
Cambridge, Jan. 1921 
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A trigonometrical series 

a 0 + Oi cos x + b x sin x) + (a 2 cos 2x + si* 1 2r) + . . . 
is said to be a Fourier’s Series, if the constants a 0 , a 1} 6^ ... satisfy 
the equations 

l ( v 

a ° = M _J^ dx > 


/(») 

7TJ 

4»=if" m 

7 TJ — jr 


\ 

cos wr aa;, 1 
sin wa; dx 


and the Fourier’s Series is said to correspond to the function f(x)* 

In many important cases the sum of the Fourier’s Series which 
corresponds to f(x) is equal to f{x)\ but if the function is arbitrary, 
there is no a ‘priori reason that the series should converge at all 
in the interval ( - 1 r, -), nor, if it does converge at a point, is there 
any a priori reason that its sum for that value of x should hef(x). 

Fourier in his TMorie analytique de la Ghaleur (1822) was the 
first to assert that an arbitrary function, given in the interval 
( — 7 r, 7 r), could be expressed in this way. He proved quite rigor- 
ously that the expansion is true for certain simple functions, which 
he needed in the problems of the conduction of heat; and, though 
he did not develop his proof for the general case with the precision 
the importance of the theorem demanded, the substantial accuracy 
of his method must be admitted. That the expansion was possible 

♦This correspondence is sometimes denoted by 

f(x) -f- £ (o n cos nx+h n sai nx), 

the notation being due to Hurwitz, Math. Annalen, 57 (1903), 427. 

■ . . O.I. A vV: ■’ : V - : ' A' 
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in the case of an arbitrary function, as such was understood at that 
time, was assumed to be true from the date at which his work 
became known. Since then these series have been freely used in 
the solution of the differential equations of mathematical physics. 
For this reason they are now called Fourier’s Series — or the 
Fourier's Series corresponding to the function f(x ) — and the 
coefficients in the series, 

l f fix) fa, ^ f f(x) nx dx, 
w7 r./ — 7j- nr j — . 77 cos 

are called Fourier's Coefficients, or Fourier’s Constants, for that 
function. 

The Theory of Fourier’s Series has had — and still is having — 
an immense influence on the development of the theory of functions 
of a real variable, and the influence and importance of these series 
in this field are comparable with those of the power series in the 
general theory of functions. 

FIRST PERIOD [1750-1850] 

The question of the possibility of the expansion of an arbitrary 
function of cc in a trigonometrical series of sines and cosines of 
multiples of x arose in the middle of the eighteenth century in 
connection with the problem of the vibration of strings. 

The theory of these vibrations reduces to the solution of the 
differential equation 


and the earliest attempts at its solution were made by d’Alembert,* 
Euler, t and D. Bernoulli. | Both d’Alembert and Euler obtained 
the solution in the functional form 

y~(f>(x+at) +ip(x~at). 

The principal difference between them lay in the fact that 
d'Alembert supposed the initial form of the string to be given 
bv a single analytical expression, while Euler regarded it as lying 
along any arbitrary continuous curve, different parts of which 
might be given by different analytical expressions. Bernoulli, on 


. de VAcadcmie de Berlin, 3 (1747), 214. 
cil., 4 (1748), 69. +foc. cit„ 9 (1753), 173. 
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the other hand, gave the solution, when the string starts from rest, 
in the form of a trigonometrical series 

y=A 1 sin x cos at+A ^ sin 2x cos 2at + ... , 

and he asserted that this solution, being perfectly general, must 


V $ . 

I I 


out that if this statement of the solution were correct, an arbitrary 
function of a single variable must be developable in an infinite 
series of sines of multiples of the variable. This he held to be 
obviously impossible, since a series of sines is both periodic and 
odd, and he argued that if the arbitrary function had not both of 
these properties it could not be expanded in such a series. 

While the debate was at this stage a memoir appeared in 1759* 
by Lagrange, then a young and unknown mathematician, in 
which the problem was examined from a totally different point of 
view. While he accepted Euler’s solution as the most general, he 
objected to the mode of demonstration, and he proposed to obtain 
a satisfactory solution by first considering the case of a finite 
number of particles stretched on a weightless string. From the 
solution of this problem he deduced that of a continuous string by 
making the number of particles infinite.*!' In this way he showed 
that when the initial displacement of the string of unit length is 
given by f(x) and the initial velocity by F(x), the displacement 
at time t is given by 

. j*l 00.. 

y = 2 J S ( sin n7rx ' sin nTrx cos m rat)f{x')dx' 

2 f 1 1 . . 

+ ^J o 2j n ( sm n7rX ' sm n-irx sin n 7 rat)l\x , )dx' . 

This result and the discussion of the problem which Lagrange 
gave in this and other memoirs have prompted some mathe- 
maticians to deny the importance of Fourier’s discoveries, and to 
attribute to Lagrange the priority in the proof of the development 
of an arbitrary function in trigonometrical series. It is true 
that in the formula quoted above it is only necessary to change 
the order of summation and integration, and to put Z=0, in order 

*Cf. Lagrange, (Euvres , 1 (Paris, 1867), 37. 

■fZoc. cit., § 37. 
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that we may obtain tbe development of tbe function /(x) in a 
series of sines, and that the coefficients shall take the definite 
integral forms with which we are now familiar. Still Lagrange 
did not take this step, and, as Burkhardt remarks,* the fact that 
he did not do so is a very instructive example of the ease with 
which an author omits to draw an almost obvious conclusion 
from his results, when his investigation has been undertaken 
with another end in view. Lagrange’s purpose was to demon- 
strate the truth of Euler’s solution and to defend its general 
conclusions against d’Alembert’s attacks. When he had obtained 
his solution, he therefore proceeded to transform it into the func- 
tional form given by Eukr. Having succeeded in this, he held 

his demonstration to be complete. 

The further development of the theory of these series was due 
to the astronomical problem of the expansion of the reciprocal 
of the distance between two planets in a series of cosines of 
multiples of the angle between the radii. As early as 1749 and 
1754 d’Alembert and Euler had published discussions of this 
question in which the idea of the definite integral expressions for 
the coefficients in Eourier’s Series may be traced, and Clairaut, in 
1757, f gave his results in a form which practically contained these 
coefficients. Again, Euler , % in a paper written in 1777 and 
published in 1793, actually employed the method of multiplying 
both sides of the equation 

f{x)~a 0 +2a 1 cos x+2a 2 cos 2x + ...+2a„ cos wx+... 
by cos nx and integrating the series term by term between the 
limits 0 and x. In this way he found that 

: v 1 (*ir • ... .. 

a n =- f(x) cos nxdx. 
xJo 

It is curious that these papers seem to have had no effect upon 
the discussion of the problem of the Vibrations of Strings in which, 
as we have seen, d’Alembert, Euler, Bernoulli, and Lagrange were 
about the same time engaged. The explanation is probably to 
be found in the fact that these results were not accepted with 


♦Burkhardt, “Enfcwicklungen nach oscillirenden Functionen,” JaJir ester. 
Math. Ver., Leipzig, 10, Heft II (1901), 32. 

f Paris , Hist, Acad. Sci. (1754 [59]), Art. iv. (July 1757). 

XPetrop. N. Ada, 11 (1793 [98]), p. 94 (May 1777). 

\ 


d. 
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confidence, and that they were only used in deter mi ning the 
coefficients of expansions whose existence could be demonstrated 
by other means. 

It was left to F ourier to place our knowledge of the theory of 
trigonometrical series on a firmer foundation. 

Ihe methods he adopted were suggested by the problems he met 
in the Mathematical Theory of the Conduction of Heat. He dis- 
cussed the subject in various memoirs, the most important having 
been presented to the Paris Academy in 1811, although it was not 
printed till 1824-6. These memoirs are practically contained in 
his book, Tkeorie analytique de la Chaleur (1822). In a number of 
special cases he verified that a f miction f(x), given in the interval 
( - 7r, 7r), can be expressed as the sum of the series 

a Q 4- (a 1 cos x + b x sin x) + (a 2 cos 2x -f b 2 sin 2x) + ... 

where ^=^~\ f(x)dx, a n =-\ W f(x) cos nx dx, 

*j7TJ - 7T 7TJ - n 

K= f{x) sin nx dx, (ws 1 ). 

Some of the proofs he gave for the general case of an arbitrary 
function are far from rigorous. One is the same as that given by 
Euler. But in his final discussion of the general case (Cf. §§ 415, 
416 and 42d), the method he employs is perfectly sound, and not 
unlike that which Dirichlet used later in his classical memoir. 
However, this discussion is little more than a sketch of a proof, 
and it contains no reference to the conditions which the arbitrary 
function must satisfy. 

Fourier made no claim to the discovery of the values of the 
coefficients 

1 f* 

" 0 = 9 - f(x)dx, 

X7TJ _ 

1 C* \ 

a n= ~ f(%) cos nx dx, 

7r J - V 

if- wal ' 

b n — - 1 f(x) sin nx dx, 

7TJ 

Me have already seen that they were employed both by Clairaut 
and Euler before this time. Still there is an important difference 
between Fourier’s interpretation of these integrals and that which 
was current among the mathematicians of the eighteenth century. 
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The earlier writers by whom they were employed (with the possible 
exception of Oiairaut) applied them to the determination of the 
coefficients of series whose existence had been demonstrated by 
other means. Fourier was the first to apply them to the repre- 
sentation of an entirely arbitrary function, in the sense in which 
that sum was then understood. In this he made a distinct advance 
upon his predecessors. Indeed Riemann* asserts that when 
Fourier, in his first paper to the Paris Academy in 1807, stated 
that a completely arbitrary function could be expressed in such a 
series, his statement so surprised Lagrange that he denied the 
possibility in the most definite terms. It should also be noted that 
he was the first to allow that the arbitrary function might be given 
by different analytical expressions in different parts of the interval; 
also that he asserted that the sine series could be used for other 
functions than odd ones, and the cosine series for other functions 
than even ones. Further, he was the first to see. that, when a 
function is defined for a given range of the variable, its value outside 
that range is in no way determined, and it follows that no one 
before him can have properly understood the representation of 
an arbitrary function by a trigonometrical series. 

The treatment which his work received from the Paris Academy 
is evidence of the doubt with which his contemporaries viewed 
his arguments and results. His first paper upon the Theory of 
Heat was presented in 1807. The Academy, wishing to en- 
courage the author to extend and improve his theory, made the 
question of the propagation of heat the subject of the grand prix 
de maihematiques for 1812. Fourier submitted his Memoire sur 
la propagation de la Chaleur at the end of 1811 as a candidate for 
the prize. The memoir was referred to Laplace, Lagrange, 
Legendre, and the other adjudicators; but, while awarding him 
the prize, they qualified their praise with criticisms of the rigour 
of his analysis and methods, f and the paper was not published at 

*CI, Riemann, “fiber die Darstellbarkeit einer Function durcb eine trigono- 
metrische Reihe,” Gottingen, Abh. Ges. Wiss., 13 (1867), § 2, and Math&matische 
Wtrhc (2 Auti., 1892), p. 232. 

tTheir report is quoted by Darboux in his Introduction (p. vii) to (Euvres de 
Fourier , T. I; — “Cette piece renfenne les veritables equations differentielles de la 
transmission de la chaleur, soit a 1’interieur des corps, soit a leur surface; et la 
nouveaute du sujet, jointe a son importance, a determine la Classe a couronner cet 
Ouvrage, en observant cependant que la maniere dont 1’ Auteur parvient a ses 
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the time in the Memoires de VAcademie des Sciences. Fourier 
always resented the treatment he had received. When publishing 
his treatise in 1822, he incorporated in it, practically without 
change, the first part of this memoir; and two years later, having 
become Secretary of the Academy on the death of Delambre, he 
caused his original paper, in the form in which it had been com- 
municated in 1811, to be published in these Memoires . $ Probably 
this step was taken to secure to himself the priority in his dis- 
coveries, in consequence of the attention the subject was receiving 
at the hands of other mathematicians. It is also possible that he 
wished to show the injustice of the criticisms which had been 
passed upon his work. After the publication of his treatise, when 
the results of his different memoirs had become known, it was 
recognised that real advance had been made by him in the dis- 
cussion of the subject and the substantial accuracy of his reasoning 
was admitted.! 


equations n’est pas exempte de difficulties, et que son analyse, pour les integrer, 
laisse encore quelque chose a desirer, soit relativeraent a la generalite, soit xncme 
du cote de la rismeur.” 


%Mhnoires de I’Acad. des Sc., 4, p. 185, and 5, p. 153. 

§ It is interesting to note the following references to his work in the writings of 
modern mathematicians: 

Kelvin, Coll. Works, Vol. Ill, p. 192 (Article on “Heat,” Enc. Bril., 1878). 

“Returning to the question of the Conduction of Heat, we have first of all to 
say that the theory of it was discovered by Fourier, and given to the world through 
the French Academy in his T Marie analytique de la Chaleur, with solutions of prob- 
lems naturally arising from it, of which it is difficult to say whether their uniquely 
original quality, or their transcendently intense mathematical interest, or their 
perennially important instructiveness for physical science, is most to be praised.” 

Darboux, Introduction, (Euvres de. Fourier, 1 (1888), p. v. 

“Par rimportance de ses decouvertes, par Finfluenee decisive qu’il a exercee sur 
le developpement de la Physique mathematique, Fourier meritait Fhommage qui 
'est rendu aujourd’hui a ses travaux et a sa memoire. Son nom figurera digne- 
ment a cote des noms, illustres entre tous, dont la liste, ; destined" a s’aceroitre 
avec les annees, constitue des a present un veritable titre d'honneur pour notre 
pays. La T Movie, analytique de la Chaleur . . . , que Ton peut placer sans injustice 
a cote des ecrits scientifiques les plus parfaxts de tous les temps, se recommande 
par Une exposition interessante et originate des prineipes fondamentaux; il eclair e 
de la lumiere la plus vive et la plus penetrante toutes les idees essentielles que nous 
devons a Fourier et sur lesquelles doit reposer desormais la Philosophic nature-lie; 
mais il contient, nous devons le reconnaitre, beaucoup de negligences, des erreurs 
de calcul ct de detail que Fourier a su eviter dansd’autres ecrits." 

Poincare, TMorie analytique de la propagation de la Chaleur (1891), p. 1, § 1. 

“La tlteorie de la chaleur de Fourier est un des premiers exemples de Tappli- 
eatioxi de Fanalyse a la physique; en partant d’hypotheses simples qui ne sont 
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The next writer upon the Theory of Heat was Poisson. He 
employed an altogether different method in his discussion of the 
question of the representation of an arbitrary function by a 
trigonometrical series in his papers from 1820 onwards, which 
are practically contained in his books, Traite de Mecanique (2 e 6d., 
1833) and Theorie mathematique de la Chaleur (1835). He began 
with the equation 

1 _X2 <a 

7-7 TTtt- 1 + 2 X1 hn cos w (®' ~ x )’ 

1 - 2 ft cos ( x -x)+h z i 

ft being numerically less than unity, and he obtained, by inte- 
gration, 

f* ( I - h 2 )f(x')dx' 

J _ „ 1 - 2ft cos (x' ~x)+h? 

= [ f( x ')dx' +2V ft n j f(x') cos n(x' -x)dx'. 

J - IT 1 J “*7T 

While it is true that by proceeding to the limit we may deduce 
that at a point of continuity or ordinary discontinuity 

fix) or H/fa+O) +f(x- 0)] 

is equal to : 

limf~-( f(x')dx' +— V ft n ( fix') cos n (x' - x) dx'\ 

A— > 1 - it TT i J -ir -* 

we are not entitled to assert that this holds for the value h= 1, 

unless we have already proved that the series converges for this 

value. This is the real difficulty in the theory of Fourier’s Series, 

and this limitation on Poisson’s discussion has been lost sight of in 


autre chose que des {aits exp4rimentaux generalises, Fourier en a deduit une 
s6rie de consequences dont l’ensemble constitue une theorie complete et coherent®. 
Les resultats qu’il a obtenus sont certes interessants par eux-memes, mais ce qui 
l’est plus encore est la methode qu’il a employee pour y parvenir et qui servira 
toujours de module a tous ceux qui voudront cultiver une branche quelconque de 
la physique mathematique. J’ajouterai que le livre de Fourier a une importance 
capitale dans 1’histoire des mathematiques et que 1’anaJyse pure lui doit peut-etre 
plus encore que l’analyse appliquee.” 

Boussinesq, Theorie analytique de la Chaleur , 1 (1901), 4. 

“Les admirables applications qu’il fit de cette methode ( i.e . his method of inte- 
grating the equations of Conduction of Heat) sont, a la fois, assez simples et assez 
generates, pour avoir servi de module aux geometres de la premiere moitie de ee 
siecle; et eiles leur ont 6ted’autant plus utiles, qu’elles ont pu, avec de Idgeres 
modifications tout au plus, fitre transport4es dans d’autres branches de la 
Physique mathematique, notammentdana l’Hydrodynamique et dans la TMorie 
de l’elasticite.” ^ 


HISTORICAL INTRODUCTION 9 

some presentations of Fourier’s Series. There are, however, other 
directions in which Poisson’s method has led to most 'notable 
results. The importance of his work cannot be exaggerated.* 
After Poisson, Cauchy attacked the subject in different memoirs 
published from 1826 onwards using his method of residues, but 
his treatment did not attract so much attention as that given 
about the same time by Dirichlet, to which we now turn. 

Dirichlet’s investigation is contained in two memoirs which 
appeared in 1829f and 1837. £ The method which he employed 
we have already referred to in speaking of Fourier’s work. He 
based his proof upon a careful discussion of the limiting values 
of the integrals 

r 

Jo sm a? 5 


P ft \ ^ 


sm /Lix 


b > a > 0, 


as fi increases indefinitely. By this means he showed that the 
sum of the Fourier’s Series for/(x) is \{f{x +0) +f(x - 0)) at every 
point between - t r and x , and |(/( - tt +0) +/( tt- 0)) at x— ±x, 
provided that f(x) has only a finite number of ordinary discon- 
tinuities and turning points, and that it does not become infinite 
in ( - 7T, x). In a late.r paper, § in which he discussed the expan- 
sion in Spherical Harmonics, he showed that the restriction that 

/(») must remain finite is not necessary, provided that j: f(x)dx- 
converges absolutely. ! ~ 

SECOND PERIOD [1850-1905] 

The principal names in the First Period are those of Fourier and 
Dirichlet, and the position as left by Dirichlet was that, when the 
function f(x) is bounded in the interval ( - — , x), and this interval 
can be broken up into a finite number of partial intervals in each 
of which f(x) is monotonic, the Fourier’s Series converges at every 
point within the interval to i[/(&+0) +/(aj-0)], and at the end- 
points to | [/( - :ir +0) +/(x - 0)]. These sufficient conditions — and 

*For a full treatment of Poisson’s method, reference may be made to B6cher’s 
paper, “Introduction to the Theory of Fourier’s Series,” Ann. of Math. (2), 7 (1906) . 

Journal filr M ath., 4 (1829). 

XDovc's Repertorium der Physik, 1 (1887), 152. 

^Journal f Hr Math., 17 (1837). 
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their extension to the unbounded function — cover most of the 
cases that are likely to be required in the applications of Fourier’s 
Series to the solution of the differential equations of mathematical 


In the Second Period we pass more definitely into the domain of 
the pure mathematician, and the first name we meet is that of 
Riemann. His memoir* liber die DarstellbarJceit einer Function 
durch. eine trigonometrische Reihe formed his Habilitationsschrift at 
Gottingen in 1854, but it was not published till 1867, after his 
death. It led to most important developments in mathematical 
analysis, as well as to the discovery of many striking properties of 
trigonometrical series, in general, and of Fourier’s Series, in par- 
ticular. His aim was to find a necessary and sufficient condition 
which the arbitrary function must satisfy so that, at a point x in the 
interval, the corresponding Fourier’s Series shall converge to f(x), 
Dirichlet had shown that certain conditions were sufficient. The 
question Riemann set himself to answer has not yet been solved. 
It is quite probable that it is not solvable. But in the consideration 
of the problem he realised that the concept of the definite integral 
should be widened. And the Riemann Integral we owe to the 
of Fourier’s Series. 

in 182 3f had defined the definite integral of a continuous 
as the limit of a sum, much in the way it is still treated 
m elementary text-books. He divided the interval of integration 
into partial intervals by the points 

a = a 0 , a x ... a n _ v a n = b . 

The sum S was given by the equation 

£=(% - a 0 )f{x i) +{a 2 -a 1 )f(x 2 )+... +(a n -a nrl )/(ag, 
where x r is any point in (a r _ ls a r ). 

, ?- e sil0wed when the number of points of section tends to 
infinity and the length of the largest partial interval tends to zero, 

S tend to a limit. The definite integral f f(x)dx he 
to be this limit. « 

If the function is continuous in (a, b) except at the point c, in 
P- S 6 * , 

«*■ “ calcul 

\iraris, pp. 81—84, and Cbuvres (2), 4, p, 122—29. 
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the neighbourhood of which it may be bounded or not, the integral 
is taken to be the sum of the limits 

(V-A |7> 

lim f(x)dx and lim f(x)dx, 
h~*Q a ' 7i— >0 J c+/t 

when these limits exist. And if f(x) is discontinuous at a finite 
number of points c ls c 2 , ... c m , the interval is divided into parts 
each of which contains only one of these points. To each of these 
parts the preceding definition is applied, when this is possible; and 
then the sum of the numbers so obtained is taken as the integral 
from a to b. 

In dealing with the bounded function, Riemann did not assume 
that it was continuous in the interval, or had only a finite number 
of discontinuities therein. But he used the sum S as before, and 
p 

the integral f(x)dx was defined as the limit of these sums S, 
J a 

provided this limit existed. He obtained a necessary and sufficient 
condition for the existence of the limit, and placed the definite 
integral on a wider and purely arithmetical basis. 

P 

With Riemann’s definition of the integral / (x)dx, for a bounded 

function — given in the text in a slightly modified form — functions 
that were previously without an integral became integrable. A 
striking example* due to him was the sum of the series, 

where (nx) stands for the positive or negative difference between nx 
and the nearest integer, unless it lies midway between two consecu- 
tive integers, when ( nx ) is to be taken as zero. This function is 
discontinuous for every rational number of the form p/2 n, where p 
is an odd number, prime to n; and there are an infinite number 
of points of discontinuity in every interval, however small. 

A fundamental theorem proved by Riemann deals with the 
• 1 Sill' 

Fourier’s Constants - 1 f(x) QQ& nx dx. He showed that for any 

bounded and integrable function f(x) these constants tend to zero 
as n tends to infinity. And this holds also for the integral 


I ^ 

J a 


nx dx. 


*Cf. loc. cit. § 6. 
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This theorem shows at once that, if f{x) is bounded and integ- 
rate in ( - x, x), the convergence of its Fourier’s Series at a point 
in ( - 7 r, 7 r) depends only on the behaviour of f(x) in the neighbour- 
hood of that point. 

Riemann was also led to examine the theory of trigonometrical 
series of the type 

«o+( a i cos:K +^i s i n x ) +( a 2 cos 2£+& 2 sin2a;)+... , 
when the coefficients are not Fourier’s Constants. He obtained 
many of the properties of such series. The most important question 
to be answered was whether a function could be represented by 
more than one such series in an interval ( - x, x). This reduces 
to the question whether the sum of a trigonometrical series in 
which the coefficients do not all vanish can be zero right through 
the interval. The discussion of this and similar problems was 
carried on, chiefly by Heine and G. Cantor, from 1870 onwards; 
in these papers Cantor laid the foundation of the Theory of 
Sets of Points, another example of the remarkable influence 
the theory of Fourier’s Series has had upon the development 
of mathematics. It will be sufficient in this place to state that 
Cantor showed in 1872 that all the coefficients of the trigono- 
metrical series must vanish, if its sum is zero at all points of 
( - x, x), with the exception of the points of a set of the wth order.* 

In 1875 P. du Bois-Peymond provedf that if a trigonometrical 
series converges in ( - x, x) to f(x), where f{x) is integrable, the 
series must be the Fourier’s Series for f(x). He also settled the 
question as to whether the Fourier’s Series for a continuous function 
always has f(x) for its sum; for he gave not only an example of a 
function, continuous in ( - x, x), whose Fourier’s Series did not 
converge at a particular point, but he also constructed another, 
whose Fourier’s Series fails to converge at the points of an every- 
where dense set. Many years later Fej6r gave several much 
simpler examples. £ 

The nature of the convergence of Fourier’s Series received 
attention, especially after the introduction by Stokes (1847) and 

*Math. Annalen, 5 (1872), 123. 

1[Abh. d. Bay. Ahad., 12 (1875), p. 117. 

+Cf. Journal fur Math., 137 (1909) ; 138 (1910), 22. Rend. Circ. Mat. Palermo, 
28 (1909), 402. 
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Seidel (1848) of the concept of uniform convergence. It had been 
known since Dirichlet’s time that the series were, in general, only 
conditionally convergent, if at all; and that their convergence 
depended upon the presence of positive and negative terms. It 
was not till 1870 that Heine showed* that if f(x) is- bounded 
and integrable, and otherwise satisfies Dirichlet’s Conditions in 
( — 7r , 7r), its Fourier’s Series converges uniformly in any interval 
(a, h), which contains neither inside it nor at an end any discon- 
tinuity of the function. 

The importance attached to the question of uniform convergence 
of the series was due to the impression that term by term integra- 
tion would only be permissible, if the series converged uniformly. 
It was not till much later that it was found that a Fourier’s Series 
could be integrated term by term, even if the series itself did not 
converge. 

The sufficient conditions of Dirichlet were succeeded by three 
conditions, now classical, associated with the names of Dini, 
Lipschitz and Jordan. Dinif in 1880 showed that the Fourier's 
Series for the integrable function f(x) has lim § [/(a? +A) +f(x - h)] 

h—*- 0 

for its sum at any point in ( - 1 r, ir) for which this limit exists, pro- 
vided that there is a positive S such that 

f 5 I /(» +0 +/(* -■<)-■ lim [ f(x +h) +f(x - fc)]| 

Jo ^ £ 

is a convergent integral. 

A special case of Dini’s criterion had been given in 1864 by 
Lipschitz. $ This can be put in the form: 

The Fourier's Series for f(x) converges at x to 
lim +f(x- h)), 

h — *■ 0 ■ 

when this limit exists , if there is a positive S suck that 

1 /(* +t) +f(x -t)- lim [f{x +h) +f{x - h)]\<Ct k , 

■■ ■■ h-+0 

when . . . 0 <t^8, 

where G and h are positive numbers. 


* Journal f Hr Math., 71 (1870), 353. 

fCi Dini, “Serie di Fourier e altre rappresentazioni analitiche delle funzioni di 
Una variabile reale” (Pisa, 1880), p. 102. 

+Cf. Journal fur Math., 63 (1864), 296, 
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The treatment of Fourier’s Series was simplified by Jordan* 
by tbe introduction of his functions of bounded variation and bis 
criterion states that tbe Fourier’s Series for the integrable function 
f(x) converges to 

tt/(*+o) +/(*-<>)] 

at every point in the neighbourhood of which f(x) is of bounded 
variation. 

During this period tbe properties of Fourier’s Constants were 
also examined, and among tbe important results obtained, wben 
tbe Riemann integral was still used, it is sufficient to cite tbat 
usually called Parseval’s Theorem,' f according to wbicb, when 
f(x) and [/(a?)] 2 are integrable in ( - x, x), 

■ ~f L/( ; »)] 2 ^=2a 0 2 2D 

TT) -v X 

Also, if /(as) and g(x), as well as tbeir squares, are integrable, 

ID 

- /(%(») dx = 2a 0 a 0 + 2 + 1 KPn)> 

7TJ -n X 

where a n , b n , and a n , (5 n are tbe Fourier’s Constants for f(x) and 
g(x) respectively. 

If Fourier’s Series for /(os) is not convergent, it may converge 
when one or other of the methods of “summation” applied to 
divergent series is adopted. Fejer in 1904 discovered the remark- 
theorem* that, when the series is summed by the method of 
arithmetical means, its sum is \[f{x +0) +f{x - 0)] at every point 
-x, 7 r) at which /(£±0) exist, tbe only condition attached to 
) being that, if bounded, it shall be integrable in ( - x, x), and, 

if unbounded, tbat 1 f(x)dx shall be absolutely convergent. 
THIRD PERIOD [1905- ] 

The theory of Fourier’s Series, as built up by Dirichlet, Riemann, 
Cantor, Dini, Jordan and other mathematicians of the nineteenth 
century, with a fuller understanding of the limiting processes 

Ch* v' Comptes Bendus, 92 (1881), 228, and Jordan, Cours d’ Analyse, 2 (1« ed., 1882), 

fCf. de la Valine Poussin, Ann. Soc. sc. Brux., I7B (1893), 18, and Hurwitz, 
Math. Annalen, 57 (1903), 175. 

Annalen, 58 (1904), 51. 
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involved, placed in the hands of applied mathematicians a quite 
satisfactory instrument. But the properties of the series, which 
we owe to them, failed in many ways to give a theory with which 
the pure mathematician could be fully content. Unity, symmetry 
and completeness were still wanting. In this respect the last 
twenty-five years have seen a great improvement, due, chiefly, to 
the new definition of the definite integral put forward in 1902 by 
Lebesgue in his Paris thesis — Integrate, longueur, aire * — and further 
developed in his Legons sur V integration et la recherche des fonctions 
' primitives (1904).f 

Lebesgue’s integral is founded upon the subtle and rather difficult 
idea of the measure of a set of points. In the modern theory of 
functions of a real variable, Lebesgue’s integral (or one of the others 
associated with it) is indispensable. But for practical purposes 
the Riemarm integral will suffice. The progress which we now 
describe lies in the field of the specialist; and in no department of 
pure mathematics has greater activity been displayed in recent 
years than in the theory of trigonometrical series. | Most im- 
portant contributions have been made by Lebesgue himself, Fejer, 
Hobson, Hardy and Little wood, de la Vallee Poussin and W. H. 
Young. 

The first point to notice is that, if f{x) is bounded and integrable 
according to Riemann’s definition, it is also integrable with 
Lebesgue’s definition, and the integrals are equal. But a bounded 
function may be integrable with Lebesgue’s definition, and fail to 
be integrable with Riemann’s. It is convenient to say that a 
function is integrable (L), when it is integrable according to 
Lebesgue’s definition, and that it is integrable ( R ), when it is 
integrable according to Riemann’s definition. If f(x) is integrable 
(L), but not bounded in the interval of integration, the Lebesgue 
integral converges absolutely. Unbounded functions may be 
integrable (L), but not integrable (R); and conversely. 

The fundamental theorems of integration apply to both integrals, 
but one of the advantages for our present purpose of the Lebesgue 
integral is that a function integrable (L) need not be continuous 

*Annali di Mat. (3), 7 (1902), 231. 

f A revised and enlarged second edition has appeared in 1928. 

I A full account of work in this field is to be found in Hobson’s Theory of Functions 
of a Meal Variable, 2 (2nd ed., 1920), Ch. VIII. 
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“almost everywhere”* * * § in the interval of integration, as is the case 
with a function integrable (-R).fi Also if f n (x) is integrable (L), and 
lim f n (x) -exists, finite or infinite, this limit is integrable ( L ). And 

more important still, with Lebesgue integrals, under much more 
general conditions, + we can make use of the relation: 

If f(x)~ lim f n (x), then j f(x)dx= lim f f n (x)dx. 

n -> oo J a n-*aoJ a 

Returning to Fourier’s Series, We remark first that Riemann’s 
theorem, according to which the Fourier’s Constants, of a bounded 
and integrable function f(x) tend to zero when n tends to infinity — 

or, more generally, that lim f(x) nx dx= 0 — applies with the 

Lebesgue integrable to any function, bounded or not, integrable 
(L). This is now usually referred to as the Riemann-Lebesgue 
Theorem — or Fundamental Lemma — and may be stated as 
follows: 

If f(x) is integrable (L) in (a, b)> then 

lim f f(x) nx dx-0. 

This was proved by Lebesgue in 1903. § 

Now the sum s n (x) of the terms up to those in cos nx and sin nx 
of the Fourier’s Series for/(x) integrable ( L ) can be written 

«„(*) = -}*'[/(* +2a) 

■_ ■■ ■ arJ'Oiv . sm Ct ■ 

and we find from this that 

lim s n {x) -f(x) = 1 lim P 0(a) + ^ da, 

»— w» 7? n—>°oJ 0 a 

where 0(a) =f(x -f 2a) +f(x - 2a) - 2f(x). 

Hence, by the Riemann-Lebesgue Theorem, 

lim s n (x)=f(x), if lim [ 0(a) da 

n-y-Xi ?f-+acJ0 a 

for some positive h. 


*A property is said to told almost everywhere in an interval* if it holds for all 
points except those forming a set of measure zero. 

fCf. Appendix II, § 10. 

+See Appendix II, §§ 15, 18. 

§ Annates Sci. de Tticole Korrmle (3), 20 (1903), 453. Also see Lebesgue, Lemons 
stir ks series trigorumetriqv.es (Paris, 1906), 61, 
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Also the question of the convergence of the Fourier's Series for 
f(x) at a point in the interval (- 7 r, tt) depends only on the 
behaviour of /(a?) in the neighbourhood of that point. 

In 1905 Lebesgue gave a new sufficient condition for the conver- 
gence of the Fourier’s Series for /(as), which included all the 
previously known conditions.* 

Another point to notice is that the question of term by term 
integration of Fourier’s Series does not depend, as used to be 
thought to be the case, on the uniform convergence of the series. 
Indeed, with the usual notation, we havef 


f{x) dx = a Q {x + tt) + S “ (a n sin nx -f&„(cos n-rr - cos nx)), 

J —TT 1 7 V 

where x is any point in ( - 7r, tt), for any function integrable (L), 
whether the Fourier’s Series converges or not. And the new 

series converges uniformly to f{x)dx in the interval {-tt, v). 

J - TT 

Term by term integration can then be continued indefinitely. 

This result can be used as a test in determining whether a trigono- 
metrical series is a Fourier’s Series. If, on integrating the series 
term by term, it fails to converge in the range ( - 7 r, tt), it cannot 

CO 

i ■ ; , . Sill TbOD 

be a Fourier’s Series. In this way it can be seen that 2 

is not a Fourier’s Series, as the integrated series diverges at #=0.$ 
\ Again Parseval’s Theorem, that 

~ f [fi.x)fdx=2a Q 2 + 2 K 2 + K% 

: TTJ -IT 1 

holds for any function f(x), whose square is integrable (A) in 

( - 7T, vr), and a similar remark applies to the relation 

If* ' ® 

- 1 f( x )9( x ) dx=2a Q a 0 +2j(a n a n +&*/?„), 

7TJ - TT ■ 1 

where a nt b n and a n , {3 n are the Fourier’s Constants for the functions 
f(x) and g(x), whose squares are integrable ( L ) in (-tt, tt).§ 

*Cf. Math. .4 nnalen, 61 (1905), 82, and Lebesgue, Logons su.r les series trigonometric 
qites, p, 59. 

f Of. Lebesgue, Legons sur les series trigonometriques, j). 102. 

+This example is due to Patou, Comptes Jtendus, 142 (1906), p. 765. Other 
examples are given by Perron, Math. Annalen, 87 (1922), 84. 

§Cf. Lebesgue, Legons sur les series trigonometriques, p. 100. 

Patou, .4cta Math., 30 (1906), 352. 
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As g{x) ea^i be put equal to zero in the partial intervals ( - tt, a) 
and (/I 7 r), it follows that when f(x) and g(x) are functions whose 
squares are integrable (L) in ( - x, tt) and (a, jS) respectively, the 

integral f(x)g(x)dx may he obtained by substituting for f(x) its 

•* a 

Fourier's Series and applying term by term integration. 

Rut one of the most remarkable results which follow from the 
use of the Lehesgue integral in the theory of Fourier’s Series is the 
converse of Parseval’s Theorem, known from its discoverers as 
the Riosz-Fisehor Theorem :* 

00 

Any trigonometrical series for which ( a r?+bn 2 ) converges is 

1 

the Fourier's Series of a function whose square is integrable (L) in 

Reference has already been made to the application of summa- 
tion by Fejer’s arithmetical means to Fourier’s Series. This 
method is a special case { C , 1) of the general Cesaro sum, usually 
denoted by (C, r). A great deal of work has been done in the 
investigation of sufficient conditions that Fourier’s Series be 
summable ( C , r) at a point in ( - 1 r, 7r). The results obtained by 
this method, when r is fractional, have thrown light on ordinary 
convergence and Cesaro summation, when r is integral. 

Another field in which much progress has been made is the 
investigation of the behaviour and properties of Fourier’s Constants 
when Lebesgue integrals are used. The Parseval and Riesz- 
Fi seller Theorems belong to this class-, and extensions of both 
have been made, when the condition that f(x) and g(x) shall be 
functions whose squares are integrable ( L ) is replaced by a more 
general condition, : 

The convergence problem for Fourier’s Series is still unsolved. 
There is no property of the arbitrary function /(r), integrable (L) 
in ( -x, tt), which is known to be both necessary and sufficient for 
the convergence of Fourier’s Series. There are simple sufficient 
conditions, which are known not to be necessary, and the necessary 
conditions obtained are known not to be sufficient ; and the same 
remark applies to summation by an assigned Cesaro mean. 

*Cf. F. Riesz, Complex Bendas, 144 (1007), 615^619, 734-736/ 

Fischer. Cr.mptes Hindus, 144 (1907), 1022. " ; 

Young, W. H. and Grace Chisholm, Quarterly J. of Math,, 44 (1912), 49. 
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CHAPTER I 

RATIONAL AND IRRATIONAL NUMBERS 
THE SYSTEM OF REAL NUMBERS 

1. Rational Numbers. The question of the convergence of 
Infinite Series is only capable of satisfactory treatment when 
the difficulties underlying the conception of irrational numbers 
have been overcome. For this reason we shall first of all give a 
short discussion of that subject. 

The idea of number is formed by a series of generalisa- 
tions. We begin with the positive integers. The operations 
of addition and multiplication upon these numbers are always 
possible; but if a and b are two positive integers, we cannot 
determine positive integers x and y, so that the equations 
a=b+x and a— by are satisfied, unless, in the first case, a is 
greater than b, and, in the second case, a is a multiple of b. 
To overcome this difficulty fractional and negative numbers are 
introduced, and the system of rational numbers placed at our 
disposal.* 

The system of rational numbers is ordered, i.e. if we have two 
different numbers a and b of this system, one of them is greater 
than the other. Also, if a >b and b>c, then a>c, when a, b 
and c are numbers of the system. 

Further, if two different rational numbers a and b are given, 
we can always find another rational number greater than the 


*The reader who wishes an extended treatment of the system of rational 
numbers is referred to Stolz und Gmeiner, Theoretische Arithmetik (Leipzig, 
1900-1902) and Pringsheim, Vorlesungen uber Zahlen- und Funktionenle.hr e 
(Leipzig, 1916). 
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one and less than the other. It follows from this that between 
any two different rational numbers there are an infinite number 
of rational numbers,* 

2. The introduction of fractional and negative rational num- 
bers may be justified from two points' of view. The fractional 
numbers are necessary for the representation of the subdivision 
of a unit magnitude into several equal parts, and the negative 
numbers form a valuable instrument for the measurement of 
magnitudes which may be counted in opposite directions. This 
may be taken as the argument of the applied mathematician. 
On the other hand there is the argument of the pure mathe- 
matician, with whom the notion of number, positive and negative, 
integral and fractional, rests upon a foundation independent 
of measurable magnitude, and in whose eyes analysis is a 
scheme which deals with numbers only, and has no concern 
per se with measurable quantity. It is possible to found mathe- 
matical analysis upon the notion of positive integral number. 
Thereafter the successive definitions of the different kinds of num- 
ber, of equality and inequality among these numbers, and of the 
four fundamental operations, may be presented abstractly /j* 

3. Irrational Numbers. The extension of the idea of number 
from the rational to the irrational is as natural, if not as easy, as 
is that from the positive integers to the fractional and negative 
rational numbers. • 

Let a and b be any two positive integers. The equation x b =a 
cannot be solved in terms of positive integers unless a is a perfect 
b th power. To make the solution possible in general the irrational 
numbers are introduced. But it will be seen below that the 

♦When we say that, a set of things has a finite number of members, we mean 
that there is a positive integer n, such that the total number of members of the 
set is less than n. 

When we say that it has an infinite number of members, we mean that it has 
not a finite number. In other words, however large n may be, there are more 
members of the set than a, 

A set is said to be countably infinite (or enumerable) when its members can be 
represented by a sequence u v « 8 , « 3 , ... . 

In this case there is a one-one correspondence between the members of the set 
and the set of positive integers 1, 2, 3, ... . 

fCf. Hobson, Proc. London Math . Soe. (1), 35 (1913), 126 ; also the same author’s 
Theory of Functions of a Real Variable, 1 (3rd. ed., 1927), 11. 
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system of irrational numbers is not confined to numbers which 
arise as the roots of algebraical equations whose coefficients 
' are integers. - ; ' 

So much for the desirability of the extension from the abstract 
side. From the concrete the need for the extension is also evident. 
We have only to consider the measurement of any quantity to 
which the property of unlimited divisibility is assigned, e.g. a 
straight line L produced indefinitely. Take any segment of this 
line as unit of length, a definite point of the line as origin or 
zero point, and the directions of right and left for the positive 
and negative senses. To every rational number corresponds a 

■ . I • - - I •■ [ - - i -+ — 
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Fig. l. 

definite; point on the line. If the number is an integer, the point 
is obtained by taking the required number of unit segments one 
after the other in the proper direction. If it is a fraction dzjp/g, 
it is obtained by dividing the unit of length into q equal parts 
and taking p of these to the right or left according as the sign is 
positive or negative. These numbers are called the measures of 
the corresponding segments, and the segments are said to be 
commensurable with the unit of length. The points correspond- 
ing to rational numbers may be called rational points. 

There are , however , an infinite number of points on the line 
L which are not rational points. Although we may approach 
them as nearly as we please by choosing more and more 
rational points on the line, we can never quite reach them in 
this way. The simplest example is the case of the points coin- 
ciding with one end of the diagonal of a square, the sides of which 
are the unit of length, when the diagonal lies along the line L 
and its other end coincides with any rational point. 

Thus, without considering any other case of incommensur- 
ability, we see that the line L is infinitely richer in points than 
the system of rational numbers in numbers. 

Hence it is clear that if we desire to follow arithmetically all 
the properties of the straight line, the rational numbers are 
insufficient, and it will be necessary to extend this system by the 
creation of other numbers. 
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4. Returning to tlie point of view of the pure mathematician, 
we shall now describe Dedekind’s method of introducing the 
irrational number, in its most general form, into analysis.* 

Let us suppose that by some method or other we have divided 
all the rational numbers into two classes, a lower class A and an 
upper class E, such that every number a of the lower class is less 
than every number /3 of the upper class. 

When this division has been made, if a number a belongs to 
the class A, every number less than a does so also; and if 
a number belongs to the class B, every number greater than ft 
does so also. 

Three different cases can arise : 

(I) The lower class can have a greatest 'number and the upper 

class no smallest number. 

This would occur, if, for example, we put. the number 5 and 
every number less than 5 in the lower class, and if we put in the 
upper class all the numbers greater than 5. 

(II) The upper class can have a smallest number and, the lower 

class no greatest number. 

This would occur if, for example, we put the number 5 and 
all the numbers greater than 5 in the upper class, while in the lower 
class we put all the numbers less than 5. 

It is impossible that the lower class can have a greatest 
number m, and the upper class a smallest number n, in the 
same division of the rational numbers; for between the rational 
numbers m and n there are rational numbers, so that our hypo- 
thesis that the two classes contain all the rational numbers is 
contradicted. 

But a third case can arise : 

(III) The lower class can have no greatest number and the upper 

class no smallest number. 

For example, let us arrange the positive integers and their 
squares in two rows, so that the squares are underneath the 
numbers to which they correspond. Since the square of a frac- 
tion in its lowest terms is a fraction whose numerator and 

*Dedekind (1831-1916) published his theory in Stetigkcii und irrationctle 
Zahlen (Braunschweig, 1872); English translation in Dedekind's Essays on Number 
(Chicago, 1901). 
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denominator are perfect squares,* we see that there are not rational 
numbers whose squares are 2, 3, 5, 6, 7, 8, 10,11, , 

1 2 3 4 ... 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 ... . 

However there are rational numbers ^whose squares are as near 
these numbers as we please. For instance, the numbers 
2, 1-5, 1-42, 1*415, 1*4143, ... , 

1, 1*4, 1*41, 1*414, 1*4142, ... , 

form an upper and a lower set in which the squares of the terms 
in the lower are less than 2, and the squares of the terms in the 
upper are greater than 2. We can find a number in the upper 
set and a number in the lower set such that their squares differ 
from 2 by as little as we please-t 

Now form a lower class, as described above, containing all 
negative rational numbers, zero and all the positive rational 
numbers whose squares are less than 2; and an upper class 
containing all the positive rational numbers whose squares are 
greater than 2. Then every rational number belongs to one class 
the other. Also every number in the lower class is less than 
every number in the upper. The lower class has no greatest 
number and the upper class has no smallest number. 

by any means we have obtained a division of all the 
numbers into two classes of this kind, the lower class 
having no greatest number and the upper class no smallest 
number, we create a new number defined by this division. We 
call it an irrational number, and we say that it is greater than 
the rational numbers of its lower class, and less than all the 
rational numbers of its upper class. 

Such divisions are usually called sections. % The irrational 
number J'2 is defined by the section of the rational numbers 
described above. Similar sections Would define the irrational 
numbers etc. The system of irrational numbers is 

given by all the possible divisions of the rational numbers into a 
lower class A and an upper class B, such that every rational 


If a formal proof of this statement is needed, see Dedekind, loc. cit., English 
translation, p. 14, or Hardy, Gowrse of Pure Mathematics (5th ©d., 1928), 6. 
tCf. Hardy, loc. cit., p, 8. 

+ Trench, coupure; German, Schnitt. 
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number is in one class or the other, the numbers of the lower 
class being less than the numbers of the upper class, while the 
lower class has no greatest number, and the upper class no smallest 
number. 

In other words, every irrational number is defined by its sec- 
tion (A, B). It may be said to “correspond” to this section. 

The system of rational numbers and irrational numbers 
together make up the system of real numbers. 

The rational numbers themselves “correspond.” to divisions of rational 
numbers. 

For instance, take the rational number m. In the lower class A put all 
the rational numbers less than m, and m itself. In the upper class B put all 
the rational numbers greater than m. Then m corresponds to this division 
of the rational numbers. 

Extending the meaning of the term section, as used above in the definition 
of the irrational number, to divisions in which the lower and upper classes 
have greatest or smallest numbers, we may say that the rational number m 
corresponds to a rational section (A, B),* and that the irrational numbers 
correspond to irrational sections. When the rational and irrational numbers 
are defined in this way, and together form the system of real numbers, the 
real number which corresponds to the rational number m (to save confusion 
it is sometimes called the rational-real number) is conceptually distinct from. 
m. However, the relations of magnitude, and the fundamental operations 
for the real numbers, are defined in such a way that this rational-real number 
has no properties distinct from those of w, and it is usually denoted by the 
same symbol. 

6. Relations of Magnitude for Real Numbers. We have extended our 
conception of number. We must now arrange the system of real numbers 
in order; i.e. we must say when two numbers are equal or unequal to, greater 
or less than, each other. 

In this place we need only deal with cases where at least one of the numbers 
is irrational. 

An irrational number is never equal to a rational number. They are always 
different or unequal. 

Next, in § 5, we have seen that the irrational number given by the section 
(A, B) is said to be greater than the rational number m, when mis a member 
of the lower class A, and that the rational number m is said to be greater than 
the irrational number given by the section (A, B), when m is a member of the 
upper class B. 


*The rational number m could correspond to two sections: the one named in 
the text, and that in which the lower class A contains all the rational numbers 
less than m, and the upper class B, m and all the rational numbers greater than m. 
To save ambiguity, one of these sections only must be chosen. 
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Two irrational numbers are equal, when they are both given by the same section. 
They are different or unequal, when they are given by different sections. 

The irrational number a given by the section (A, B) is greater than the 
irrational number a' -given by the section (A', B'), when the class A contains 
numbers of the class E', Now- the class A has no greatest number. But if 
a certain number of the class A belongs to the class B', all the numbers of A 
greater than this number also belong to B'. The class A thus contains an 
infinite number of members of the class B', when a > a'. 

If a real number a is greater than another real number a, then a' is less than a. 

It will lie observed that the notation > , = , < is used in dealing with real 
numbers as in dealing with rational numbers. 

The real number /I is said to lie between the real numbers a and y, when 
one of them is greater than ft and the other less. 

With these definitions the system of real numbers is ordered. If we have 
two different real numbers, one of them is greater than the other; and if we 
have three real numbers such that a > ft and ft > y, then a > y. 

These definitions can be simplified when the rational numbers themselves 
are given by sections, as explained at the end of § 5. 

7, Between any two different rational numbers there is an infinite number 
of rational numbers. A similar property holds for the system of real numbers, 
as will now be shown: 

(I) Between any two different real numbers a, a' there are an infinite number 

of rational numbers. 

If a and a' are rational, the property is known. 

If a is rational and a' irrational, let us assume a > a'. Let a' be given by 
the section (A', B'). Then the rational number a is a member of the upper 
class B', and B' has no least number. Therefore an infinite number of 
members of the class B' are less than a. It follows from the definitions 
of § 5 that there are an infinite number of rational numbers greater than a' 
and less than a. 

A similar proof applies to the case when the irrational number a' is greater 
than the rational number a. 

There remains the case when a and a' are both irrational. Let a be given 
by the section (A, B) and a' by the section (A', B'). Also let a > a'. 

Then the class A of a contains an infinite number of members of the class 
B' of a'; and these numbers are less than a and greater than a'. 

A similar proof applies to the case when a < a'. 

The result which has just been proved can be made more general : 

(II) Between any two different real numbers there are an infinite number of 

irrational numbers. 

Let a, a be the two given numbers, and suppose a < a'. 

Take any two rational numbers ft and ft', such that a < ft < ft' < a'. If we 
can show that between ft and ft' there must be an irrational number, the 
theorem is established. 

Let i be an irrational number, if this does not lie between ft and ft', by 


6-8] THE SYSTEM OF REAL NUMBERS 27 

adding to it a suitable rational number we can make it do so. For we can 
find two rational numbers m, n, such that m < i < n and (n — in) is less than 
(jf - /3). The number /3 - m -f i is irrational, and lies between /i and fi'. 

8. Bedekind's Theorem. We shall now prove a very im- 
portant property of the system of real* numbers, which will be 
used frequently in the pages which follow. 

If the system of real numbers is divided into two classes A and B, 
in such a way that 

(i) each class contains at least one number , 

(ii) every number belongs to one class or the other, 

(iii) every number in the lower class A is less than every number 

in the upper class B; 
then there is a number a such that 

every number less than a belongs to the lower class A, and 

every number greater than a belongs to the upper class B. 

The separating number a itself may belong to either class. 

Consider the rational numbers in A and B. 

These form two classes — e.g. A' and B' — such that every rational 
number is in one class or the other, and the numbers in the lower 
class A' are all less than the numbers in the upper class B\ 

As we have seen in § 4, three cases, and only three, can arise. 

(i) The lower class A' can have a greatest number m and the upper 

class B’ no smallest number. 

The rational number m is the number « of the theorem. Bor 
it is clear that every real number a less than w belongs to the 
class A, since m is a member of this class. Also every real number 
b, greater than m, belongs to the class B. This is evident if b is 
rational, since b then belongs to the class B', and B' is part of B. 
If b is irrational, we can take a rational number n between m and b. 
Then n belongs to B, and therefore b does so also. 

(ii) The upper class B' can have a smallest number m and the 

lower class A* no greatest number . 

It follows, as above, that the rational number m is the number 
a of our theorem, :■ V:v3 . 'yUv 

(iii) The lower class A ' can have no greatest number and the upper 

class B' no smallest number. : 

*It will be observed that the system of rational numbers does not possess this 
property, 
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Let m be the irrational number defined by this section (A', B'). 
Every rational number less than m belongs to the class A, and 
every rational number greater than m belongs to the class B. 

We have yet to show that every irrational number less than m 
belongs to the class A, and every irrational number greater than 
m to the class B. 

But this follows at once from § 6. For if m' is an irrational 
number less than m, we know that there are rational numbers 
between m and m'. These belong to the class A, and therefore 
m' does so also. 

A similar argument applies to the case when m' > m. 

In the above discussion the separating number a belongs to 
the lower class, and is rational, in case (i); it belongs to the upper 
class, and is again rational, in case (ii); it is irrational, and may 
belong to either class, in case (iii). 

9. The Linear Continuum. Dedekind’s Axiom. We return now 
to the straight line A of § 3, in which a definite point 0 has been 
taken as origin and a definite segment as the unit of length. 

We have seen how to effect a correspondence between the 
rational numbers and the “rational points” of this line. The 
“rational points” are the ends of segments obtained by marking 


o i a 

Fig. 2. 

off from 0 on the line lengths equal to multiples or sub-multiples 
of the unit segment, and the numbers are the measures of the 
corresponding segments. 

Let OA be a segment incommensurable with the unit segment. 
The point A divides the rational points of the line into two classes, 
such that all the points of the lower class are to the left of all the 
points of the upper class. The lower class has no last point, and 
the upper class no first point. 

We then say that A is an irrational point of the line, and that 
the measure of the segment OA is the irrational number defined 
by this section of the rational numbers. 

Thus to any point of the line L corresponds a real number, 
and to different points of the line correspond different real 
numbers. 
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There remains the question— To every real number does there 
correspond a point of the line ? 

For all rational numbers we can answer the question in the 
affirmative. When we turn to the irrational numbers, the question 
amounts to this: If all the rational points of the line are divided 
into two classes, a lower and an upper, so that the lower class has no 
last point and the upper class no first point, is there one, and only 
one, point on the line which brings about this separation ? 

The existence of such a point on the line cannot be proved. 
The assumption that there is one, and only one, for every section 
of the rational points is nothing less than an axiom by means of 
which we assign its continuity to the line. 

This assumption is Dedekind’s Axiom of Continuity for the 
line. In adopting it w r e may now say that to every point P of 
the line corresponds a number, rational or irrational, the measure 
of the segment OP, and that to every real number corresponds a point 
P of the line, such that the measure of OP is that number. 

The correspondence between the points of the line L (the linear 
continuum) and the system of real numbers (the arithmetical con- 
tinuum) is now perfect. The points can be taken as the images 
of the numbers, and the numbers as the signs of the points. In 
consequence of this perfect correspondence, we may, in future, use 
the terms number and point in this connection as identical. 

10. The Development of the System of Real Numbers. It is 
instructive to see how the idea of the system of real numbers, 
as we have described it, has grown.* The irrational numbers, 
belonging as they do in modern arithmetical theory to the realm 
of arithmetic, arose from the geometrical problems which required 
their aid. They appeared first as an expression for the ratios of 
incommensurable pairs of lines. In this sense the Fifth Book of 
Euclid, in which the general theory of Ratio is developed, and the 
Tenth Book, which deals with Incommensurable Magnitudes, may 
be taken as the starting point of the theory. But the irrationalities 
which Euclid examines are only definite cases of the ratios of 
incommensurable lines, such as may be obtained with the aid of 
ruler and compass; that is to say, they depend on square roots 

*0f. Pringsheim, “Irrationzahlen u. Konvergenz unendlicher Prozesse,” Enc. 
d. math, Bd, I, Tl, I, p. 49 et seq, (Leipzig, 1898). 
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alone. The idea that the ratio of any two such incommensurable 
lines determined a definite {irrational) number did not occur to 
him. nor to any of the mathematicians of that age. 

Although there are traces in the writings of at least one of 
the mathematicians of the sixteenth century of the idea that 
every irrational number, just as much as every rational number, 
possesses a determinate and unique place in the ordered sequence 
of numbers, these irrational numbers were still considered to 
arise only from certain cases of evolution, a limitation which is 
partly due to the commanding position of Euclid’s methods in 
Geometry, and partly to the belief that the problem of finding 
the #* root of an integer, which lies between the n th powers of 
two consecutive integers, was the only problem whose solution 
could not be obtained in terms of rational numbers. 

The introduction of the methods of Coordinate Geometry by 
Descartes in 1637, and the discovery of the Infinitesimal Calculus 
by Leibnitz and Newton in 1684-7, made mathematicians regard 
this question in another light, since the applicability of number 
to spatial magnitude As a ■fundamental postulate of Coordinate 
Geometry. “The view now prevailed that number and quantity 
were the objects of mathematical investigation, and that the two 
were so similar as not to require careful separation. Thus 
number was applied to quantity without any hesitation, and, 
conversely, where existing numbers were found inadequate to 
measurement, new ones were created on the sole ground that 
every quantity must have a numerical measure.”* 

It was reserved for the mathematicians of the nineteenth 
century— notably Weierstrass, Cantor, Dedekind and Heine— to 
establish the theory on a proper basis. Until their writings 
appeared, a number was looked upon as an expression for the 
result of the measurement of a line by another which was 
regarded as the unit of length. To every segment, or, with the 
natural modification, to every point, of a line corresponded a 
definite number, which was either rational or irrational; and by 
the term irrational number was meant a number defined by an 
infinite set of arithmetical operations (e.g. infinite decimals or 
continued fractions). The justification for regarding such an 

*Cf. Russell, Principles of Mathematics (1903), Ch. XIX, 417. 
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unending sequence of rational numbers as a definite number was 
considered to be the fact that this system was obtained as the 
equivalent of a given segment by the aid of the same methods of 
measurement as those which gave a definite rational number for 
other segments. However it does not in any way follow from 
this that, conversely, any arbitrarily given arithmetical represen- 
tation of this kind can be regarded in the above sense as an 
irrational number; that is to say, that we can consider as evident 
the existence of a segment which would produce by suitable 
measurement the given arithmetical representation. Cantor* 
has the credit of first pointing out that the assumption that a 
definite segment must correspond to every such sequence is 
neither self-evident nor does it admit of proof, but involves an 
actual axiom of Geometry. Almost at the same time Dedekind 
showed that the axiom in question (or more exactly one which is 
equivalent to it) gave a meaning, which we can comprehend, 
to that property which, so far -without any sufficient definition, 
had been spoken of as the continuity of the line. 

To make the theory of number independent of any geometrical 
axiom and to place it upon a basis entirely independent of 
measurable magnitude was the object of the arithmetical theories 
associated with the names of Weierstrass, Dedekind and Cantor. 
The theory of Dedekind has been followed in the previous pages. 
Those of Weierstrass and Cantor, which regard irrational 
numbers as the limits of convergent sequences, may be deduced 
from that of Dedekind. In all these theories irrational numbers 
appear as new numbers, to each of which a definite place in the 
domain of rational numbers is assigned, and with which we can 
Operate according to definite rules. The ordinary operations of 
arithmetic for these numbers are defined in such a way as to be in 
agreement with the ordinary operations upon the rational numbers. 
They can be used for the representation of definite quantities, and 
to them can be ascribed definite quantities, according to the axiom 
of continuity to which we have already referred. 


*Math. AnnaUn, 5 (1872), 127. 
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Mengenlehre. In a series of papers published from 1870 onward he showed its 
importance in the Theory of Functions of a Real Variable, and especially in 
the rigorous discussion of the conditions for the development of an arbitrary 
function in trigonometric series. 

Reference may be made to the standard treatise on the subject by W. H. and 
Grace Chisholm Young, Theory of Sets of Points (1906), and to the earlier chapters 
of Hobson’s Theory of Functions of a Real Variable, Vol. I, already cited. 

The most recent book on the subject, from the advanced point of view, is 
Mengenlehre, by Hausdorff (2 Aufl., Berlin, 1927). 
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11. Infinite Aggregates. We are accustomed to speak of 
positive integral numbers, the prime numbers, the integers which 
are perfect squares, etc. These are all examples of infinite sets 
of numbers or sets which have more than a finite number of terms. 
In mathematical language they are termed aggregates, and the 
theory of such infinite aggregates forms an important branch of 
modern pure mathematics.* 

The terms of an aggregate are all different. Their number 
may be finite or infinite. In the latter case the aggregates are 
usually called infinite aggregates, but sometimes we shall refer to 
them simply as aggregates. After the discussion in the previous 
chapter, there will be no confusion if we speak of an aggregate 
of points on a line instead of an aggregate of numbers. The 
two notions are identical. We associate with each number the 
point of which it is the abscissa. It may happen that, however 
far we go along the line, there are points of the aggregate further 
on. In this case we say that it extends to infinity. An aggregate 
is said to be bounded on the right , or bounded above, when there 
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no point of it to the right of some fixed point. It is said to be 
bounded on the left , or bounded below, when there is no point of it to 
the left of some fixed point. The aggregate of rational numbers 
greater than zero is bounded on the left. The aggregate of 
rational numbers less than zero is bounded on the right. The 
aggregate of real positive numbers less than unity is bounded 
above and below; in such a case we simply say that it is bounded. 
The aggregate of integral numbers is unbounded. 

12. The Upper and Lower Bounds of an Aggregate. When 
an aggregate ( E )* is bounded on the right, there is a i number M which 
possesses the following properties: 

no number of (E) is greater than M; 

however small the positive number e may be, there is a number 
of ( E) greater than M - e. 

We can arrange all the real numbers in two classes, A and B, 
relative to the aggregate. A number x will be put in the class A 
if one or more numbers of (E) are greater than x. It will be put 
m the class B if no number of (E) is greater than ;r. Since the 
aggregate is bounded on the right, there are members of both 
classes, and any number of the class A is smaller than any 
number of the class B. 

By Dedekind’s Theorem (§ 8) there is a number M separating 
the two classes, such that every number less than M belongs to 
the class A, and every number greater than M to the class B. We 
shall now show that this is the number M of our theorem. 

In the first place, there is no number of (E) greater than M. 

^ er v\ sucii a number mu {h> °^ the 

+wi er f Z hlch ! s aIso greater than M > would ^long to 
he class A, and M would not separate the two classes A and B 

In the second place, whatever the positive number may be the 
-'“f ‘o <*- A. It follows from L ’way 

3 Stt ^ 18 - - - — ' 

This number Mis called the upper bound of the aggregate (E) 

It may belong t o the aggregate. This occurs when the aggregate 

th,i le ““ * beta e ‘te first fetter of ft. French 



contas 

contai 

belorif 


gate or real numbers whose squares are not greater than 2 is also 
bounded on the right, and has the same upper bound. But 
belongs to this aggregate. 

If the upper bound 31 of the aggregate ( E ) does not belong to 
it, there must be an infinite number of terms of the aggregate 
between M and M - e, however small the positive number" e may 
be. If there were only a finite number of such terms, there would 
be no term of (E) between the greatest of them and M, which is 
contrary to our hypothesis. 

It can be shown in the same way that when an aggregate ( E) 
is hounded on the left, there is a number m possessing the following 
properties: 

no number of (E) is smaller than m; 

however small the positive number e may be, there is a number 
of ( E ) less than m +e. 

The number m defined in this way is called the lower bound 
of the aggregate ( E ). As above, it may, or may not, belong to 
the aggregate when it has an infinite number of terms. But when 
the aggregate has only a finite number of terms it must belong 
to it. 

13. Limiting Points of an Aggregate. Consider the aggregate 
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such point within the interval (a - e, a -He),, there will be an infinite 
number, since, if there were only n of them, and a n were the 
nearest to a, there would not be in (E) a point other than a whose 
distance from a was less than |a - a n j*. In that case a would not 
be a limiting point, contrary to our hypothesis. 

An aggregate may have more than one limiting point. The 
rational numbers between zero and unity form an aggregate with 
an infinite number of limiting points, since every point of the 
segment (0, 1) is a limiting point. It will be noticed that some of 
the limiting points of this aggregate belong to it, and some, namely 
the irrational points of the segment and its end-points, do not. 

In the example at the beginning of this section, 

11 1 
Ly 2 ’ 3 

the lower bound, zero, is a limiting point, and does not belong to 
the aggregate. The upper bound, unity, belongs to the aggregate, 
and is not a limiting point. 

The set of real numbers from 0 to 1, inclusive, is an aggregate 
which is identical with its limiting points. 

14, Weierstrass’s Theorem. An infinite aggregate , bounded above 
below, has at least one limiting point, 

the infinite aggregate ( E ) be bounded, and have M and m 
its upper and lower bounds. 

We can arrange all the real numbers in two classes relative to 
aggregate (E). A number x will be said to belong to the class A 
m an infinite number of terms of ( E ) are greater than x. It 
be said to belong to the class (B) in the contrary case. 

to belongs to the class A and M to the class B, there are 
of both classes. Also any number in the class A is less 
any number in the class B. 

By Dedekind’s Theorem, there is a number g separating the two 
classes. However small the positive number e may be, g- € 
belongs to the class A, and g +<? to the class B. Thus the interval 
contains an infinite number of terms of the aggregate. 

Hence g is a limiting point. 

*It is usual to denote the difference between two real numbers a and b, taken 

a - b). With this 
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As will be seen from the example of § 13, the bounds M and m 
may be limiting points. 

An infinite aggregate, when unbounded, need not have a limiting 
point; e.g. the set of integers, positive or negative. But if the 
aggregate has an infinite number of points in an interval of finite 
length, then it must have at least one limiting point. 

15. Convergent Sequences. We speak of an infinite sequence 
of numbers «„ «„ « 3 , ... u„ ... 

when some law is given according to which the general term u n 
may be written down. 

The sequence Ml> u% , u z , ... 

is said to he convergent and to have the limit A, when, by indefinitely 
increasing n, the difference between A and u n becomes, and thereafter 
remains, as small as we please. 

This property is so fundamental that it is well to put it more 
precisely, as follows: The sequence is said to be convergent and to 
have the limit A, when, any positive number t- having been chosen, 
as small as we please, there is a positive integer v such that 
I A - u n | < e, 'provided that n^v. 

For example, the sequence 

11 1 
’ 2’ 3’ n’ 

has the limit zero, since 1 fn is less than e for all values of n greater 
than 1/e. 

The notation that is employed in this connection is 

lim u n =A, 

• n— >oo 

and we say that as n tends to infinity, u n has the limit A.* 

The letter e is usually employed to denote an arbitrarily small 
positive number, as in the above definition of convergence to a 
limit as n tends to infinity. Strictly speaking, the words as small 
as we please are unnecessary in the definition, but they are inserted 
as making clearer the property that is being defined. 

We shall very frequently have to employ the form of words 
which occurs in this definition, or words analogous to them, and 


*The phrase “ u n tends to the limit A as n tends to infinity” is also used. 
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the begi nn er is advised to make himself familiar with them by 
formally testing whether the following sequences are convergent 
or not : 

X 1 X 

(“) 1. 22 < e ) t 1+ 2’ 1+ 2 + 2 4 ’"" 

(b) 1, 3,.... (4 1, -1, 1. -1 

A sequence cannot converge to two distinct limits A and B. 
If this were possible, let e'<\\A-B\. Then there are only a 
finite number of terms of the sequence outside the interval 
(A - e, A +e), since the sequence converges to the value A. This 
contradicts the statement that the sequence has also the limit B, 
for we would only have a finite number of terms in the interval 
of the same length with B as centre. : 

The application of the test of convergency contained in the 
definition involves the knowledge of the limit A. Thus it will 
frequently be impossible to use it. The required criterion for 
the convergence of a sequence, when we are not simply asked to 
test whether a given number is or is not the limit, is contained 
in the fundamental general principle of convergence:— * 

A necessary and sufficient condition for the existence of a limit 
to the sequence Ul , u 2 , u 3 , ... 

is that a positive integer v exists such that \u n+v - u n \ becomes as 
small as we please when w ig v,for every positive integer p. 

More exactly; 

4 necessary and sufficient condition for the existence of a limit 
to the sequence Uv u 2 , u 3 , ... 

is that, if any positive number e has been chosen, as small as we 
please, there shall be a positive integer v such that 

\u n+v - u n \ < e, when n~~v, for every positive integer p. 

We shall first of all show that the condition is necessary; i.e. if 

*This is one of the most important theorems of analysis, In the words of 
Pringsheim, “Dieser Satz, mit seiner tlbertragung auf beliebige (z.B. stetige) 
Zahlenmengen — von du, Bois-Reymond als das ‘ allgemeine Convergenzprinzip' 1 
bezeichnet (Allg. Funct.-Theorie, pp., 6, 260) — ist der eigentliche Fundamentalsatz 
der gesamlen Analysis und sollte mit geniigender Betonung seines fundamentalen 
Characters an der Spitze jedes rationellen Lehrbuches der Analysis stehen,” 
loc. cit., Enc. d. math. W iss. p. 66. 
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the sequence converges, this condition is satisfied; secondly that, 
if this condition is satisfied, the sequence converges; in other 
words, the condition is sufficient. 

(i) The condition is necessary. 

Let the sequence converge to the limit A. 

Having chosen the arbitrary positive number e, then take -|e. 
We know that there is a positive integer v such that 
| A - « w j < -|e, when n^v. 

But («»+, - «») = («»+p - A) + (A - u n ). 

Therefore | u n+v - u n \ ^ \u n+J) -A\+\A- u n | 

< |e + |e, 

if n g v, for every positive integer p, 

< e. 

(ii) The condition is sufficient. 

We must examine two cases; first j when the sequence contains 
an infinite number of terms equal to one another; second, when 
it does not. ■ ■ 

(а) Let there be an infinite number of terms equal to A. 

Then, if 

\u n +v ~ < e, when n s' v, and p is any positive integer, 

we may take u n+p ~ A for some value of p, and we have 
j A-Un\<€, when 

Therefore the sequence converges, and has A for its limit. 

(б) Let there be only a finite number of terms equal to one 
another. 

Having chosen the arbitrary positive number e, then take h. 

We know that there is a positive integer N such that 
l w »+*»- «»!<&<?> when n^N, for every positive integer p. 

It follows that we have 

\u n - w jd<ib> when n^N. 

Therefore all the terms of the sequence 

? LV|-i> Mn+2) ^W+3>’** 

lie within the interval whose end-points are u N - | e and u N + |e. 

There must be an infinite number of distinct terms in this 
sequence. Otherwise we would have an infinite number of terms 
equal to one another. 


40 


INFINITE SEQUENCES AND SERIES 


[CH. II 


Consider the infinite aggregate (E) formed by the distinct 

tCTmS '» «!, «» «* 

This aggregate is bounded and must have at least one 
limiting point J within, or at an end of, the above interval. 
(Cf. § 14.) 

There cannot be another limiting point A', for if there were 
we could choose <? equal to l\A - A'\ say, and the formula 

\u n+p - u n | <6, when n a v, for every positive integer p, 
shows that all the terms of the sequence 

U l> w 2> U 3> ••• j 

except a finite number, would lie within an interval of length 
i\A-A'\. This is impossible if A, A' are limiting points of the 
aggregate. 

Thus the aggregate (E) has one and only one limiting point A. 
We shall now show that the sequence 

U V W 2> w 3> ••• 

converges to A as n tends to oo . 

We have u n - A = (u n - u N ) + (u N - A). 

Therefore \u n - A\^\u n -u N \ +\u N -A\ 

< ie + when n^N, 

< when n^N. 

Thus the sequence converges, and has A for its limit. 

We have therefore proved this theorem: 

A necessary and sufficient condition for the convergence of the 

se v uence y u 2 , % ... 

w that > t0 the arb tt™ry positive number e, there shall correspond a 
positive integer v such that 

I w »+j> “ u n\ < ' e ’ when v, for every positive integer p. 
foHowin t0 Sh0W that the ab ° Ve condition ma y he replaced by the 
In order that the sequence 

U l> U 2t U 3 > ••• 

may converge, it is nmssary and sufficient that, to the arbitrary positive number , 
there shall correspond a positive integer n such that 

f M n+j> ~‘ u n\ < c/or every positive integer p. 

It is clear that if the sequence converges, this condition is satisfied by « = v. 
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Further, if this condition, is satisfied, and e is an arbitrary positive number, 
to the number there corresponds a positive integer n such that 
\ u n+p f° r every positive integer p. 

But i%+ 2 >" ~ u n+ v'\ =5 \ u n+i>" ~ u n\ + ! u n+tp' ~ u n\ 

< |e + |e, when p', p” are any positive integers. 

Therefore the condition in the text is also .satisfied, and the sequence con 
verges. 

16. Divergent and Oscillatory Sequences.* When the sequence 

w l> u 2> ••• 

does not converge, several different cases arise. 

(i) In the first place, the terms may have the property that 
if any positive number A, however large, is chosen, there is a 
positive integer v such that 

u n >A , when n'z.v. 

In this case we say that the sequence is divergent , and that it 
diverges to + °o , and we write this 

lim u n = +oo . 
n— *■ 

(ii) In the second place, the terms may have the property that 
if any negative number ~ A is chosen, however large A may be, 
there is a positive integer v such that 

u n < - A , when n js v. 

In this case we say that the sequence is divergent, and that it 
diverges to - oo , and we write this 

lim u n = - oo . 

n—K» 

The terms of a sequence may all be very large in absolute value, 
when n is very large, yet the sequence may not diverge to + °o or 
to - oo . A sufficient illustration of this is given by the sequence 
whose general term is ( - l) n n. 

After some value of n the terms must all have the same sign, 
if the sequence is to diverge to h-oq or to -oo, the sign being 
positive in the first alternative, and negative in the second. 

(iii) When the sequence does not converge , and does not diverge 
to +oo or to - oo , it is said to oscillate. 

*Tn the first edition of this book, the term divergent was used as meaning 
merely not convergent. In this edition the term is applied only to the case of 
divergence to + oo or to - oo , and sequences which oscillate infinitely are placed 
among the oscillatory sequences. 
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An oscillatory sequence is said to oscillate finitely, if there is 
a positive number A such that \u n \<A.Jor all values of n: and it 
%s s ® ld t0 oscillate infinitely when there is no such number. 

JT exa ^ ple> the se< * uence whose general term is ( ~ 1 )» oscillates 

lately ^ SeqUeQCe Wh ° Se g6neral term k ° SeiUates 

We may distinguish between convergent and divergent se- 
quences by saying that a convergent sequence has a finite limit 
Un ~ A ’ wiiere A ls a definite number; a divergent sequence 
an infinite limit , i.e. lim u n ~ +oo or lim u n ^ - oo 

T > • «-»• 00 n -->05 ” 

But it must be remembered that the symbol co , and the terms 

rfa“in’ ^ teml t0 infiWity ’ W pUrely conve ntionaI 
meanings. There is no number infinity; Phrases in which the 

term is used have only a meaning for us when we have previously 

by definition, attached a meaning to them. 7 ' 

aay tbat n t0 infinity, we are using a short and 
«w«t pk« io express the fact that » assumes an endless 
enes of values which eventually become and remain greater than 

any arbirraryaarge, positive number. 

mtegra) m # ^ 

A amilar remark applies to the. phrases divergence to +«, or 
-=0, and osnUatvng infinitely, as well as to our earlier use of 

In Z T?"’ infinUe se 1 uence and ^finite aggre- 

- szpsszaizi: — a * 

antroiet^^LTt^lr;: 1 "^ 11 * b ; r piified . by tte 

“ Ce the f “ g P “ ntS " P ° n which’ we ' W 

numbers, aid thelnteodtrti^ ^fth ' Creat '° n ° f these 

for separate definition. 6 pomts ’ would be a matter 

17. 1. Monotonic Sequences. If the terms of the seguenee 

r ,t * „ Ux> W 2> w 3j 
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In the first case, the terms never decrease, and the sequence may 
be called monotonic increasing-, in the second case, the terms never 
increase, and the sequence may be called monotonic decreasing* 
Obviously, when we are concerned with the convergence or 
divergence of a sequence, the monotonic property, if such exist, 
need not enter till after a certain stage. 

The tests for convergence or divergence are extremely simple in 
the case of monotonic sequences. 

If the sequence Ml , Mg> ... 

is monotonic increasing , and its terms are all less than some fixed 
number B, the sequence is convergent and has for its limit a number 
ft such that u n xi ft ^ B for every positive integer n. 

Consider the aggregate formed by distinct terms of the sequence. 
It is bounded by u x on the left and by B on the right. Thus it 
must have an upper bound ft (cf. § 12) equal to or less than B, 
and, however small the positive number e may be there will be a 
term of the sequence greater than ft - 
Let this term be u v . Then all the terms after u v _ x are to the 
right of (3 ~ <? and not to the right of (3. If any of them coincide 
with ft, from that stage on the terms must be equal. 

Thus we have shown that 

when n^v, .. 

and therefore the sequence is convergent and has ft for its limit. 
The following test may be proved in the same way : 

If the sequence Ml , Mg> u 3 , ... 

is monotonic decreasing, and its terms are all greater than some fixed 
number A, then the sequence is convergent and has for its limit a 
number a such that u n s a^A for every positive integer n. 

It is an immediate consequence of these theorems that a mono- 
tonic sequence either tends to a limit or diverges to + co or to - co . 

17. 2. The Upper and Lower Limits of Indetermination of a Bounded Sequence , 

Let «!, « a , m 3 , ... be a sequence, bounded above and below. 

Let M % be the upper bound of u v %, u 3 , u t , , 

and be the upper bound of u 2 , u 1} , u 4 , ... , 

and so on. 

♦The words steadily increasing and steadily decreasing are sometimes employed 
in this connection, and when none of the terms of the sequence are equal, the 
words .in the stricter sense are added. 
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Similarly let rn v m 2 , m 3 , ... be the lower bounds of the corresponding 
sequences. 

Then M, g M t ~ M 3 g . .. ~ m v 

Thus lim M n exists (§ 17. 1.). 

ft—* 00 

Let this limit be A. 

To the arbitrary positive number e there corresponds a positive integer i\ 
such that 

A = M n < A + e, when n 

But M v is the upper bound of u v , u v ^. lt ?i„ 42 , ... i 

Therefore u n S M,„ when n g v. 

Thus u n < A + €, when n g v. 

Also at least one of the set u v , m„ 41 , u v ± 2 , ... (say «. v ) is greater than M v ~ e, 
and thus greater than A - e. 

Take / a positive integer > N. 

Then A.~ M v ' ^ M v . 

And at least one (say u y ) of the set u v >, u„' +1 , iv 42 , ... is greater than A - c. 

In this way we have the infinite set 


all greater than A - e. 

We have thus shown that there is a number A associated with the bounded 
sequence u v u 2 , u s ... which has the following properties : 

If € is an arbitrary positive number, u n < A + e, for all positive integers greater 
thun a definite integer depending on e; and u n > A - e, for an infinite number of 
positive integers. 

Similarly for the lower bounds m v m 2 , m 3 , ... we see that lim m n exists. 

1 l —*00 

Denoting this limit by A, we have the corresponding result; u n > A - e, for 
all values of n greater than a definite value depending on e; ami u n < A + e, for 
an infin ite, number of values of n. 

The numbers A and A are called the upper and lower limits of indetermination 
of the sequence * and we write 

A = limM M , A = Lm u n . 

n— n-Aoo 

Tt is clear that A ~ A. 

17. 3. Let u v u 2 , m 3 , ... , v lf v 2 , v 3 , ... be sequences of positive terms, the first 
sequence being bounded above , and in the second lim v n being equal to unity. 

Then Urn (u n v n ) =lim u n . 

n— >oo 

it is clear that as u v u 2 , u 3 , are positive and the sequence u v u 2 , u 3 , ... is 
bounded above, the sequence of positive terms u 1 v u u 2 v 2 , u 3 v 3 , ... is bounded 
above. 
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fl — >00 71 —>00 

Take 2e = pf - p, and let the upper bound of %, u 2 , u s , . 
Since lim u n = l, there is a positive integer v v such that 


be K . 


I v « 


■ 1 1 C when n\ 


v v 


Thus | u n v. 
Therefore 


: \ ll n\\ v n - 1 1 < K x < he, when n 


u n v n < u n + when n~~ v v 
But since lim u n ~p, there is a positive integer v 2 , such that 
u n < p + Je, when n ~ i' 2 . 

Therefore u n v n < p + e, when n ~i> } 

where v is the larger of the integers i x and i/ 2 . 

But since lim {u n v n )-p, we know that u n v n > /// ~ e, for an infinite number 

n-~>x 

of values of n. 

Therefore fi cannot be greater than jx. 

Similarly it can be shown that ja' is no£ less than /x. 

Hence /x' = /x and the theorem is proved. 

17. 4. (i) If the sequence u v u 2 , u 3 , ... converges, then lim %=lim u w =lim u n . 

n->o c> m—s-oo n — >oo 

Since u lt n z , u a , ... converges, it must be a bounded sequence, and lim u n , 
lim u n both exist. re “ >a) 

n~>ao • 

We have to show that they are equal to lim 

ft— >00 

Letlim%„~Z, lima n =A, and lima n =X. 

«—K0 

If possible, let A > l, and take 2e~ A - 1. 

Then there is a positive integer v, such that 

« n <l + £, when n i£ v. 

But we are given that u n > A -€, for an infinite number of values of n. 
These two inequalities cannot both be true. 

Thus A cannot be greater than l. , 

In a similar way we can show that X cannot be less than l. 

But A A; 

Therefore we must have A = A=Z. 

(ii) Conversely, if the upper and lower limits of indeterminaiion of the bounded 
sequence u v u 2 , u 3 , ... are equal, then the sequence converges to their common 
value . 

We are given that 

lim u n = A = X =lim w rt . 

■ «->-». «— >• oo 

Thus, to the arbitrary positive number e, there correspond positive integers 
iq and y 2 , such that u n <A + e, when n 


*a;u 
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Hence | u n - A| < t, when n^u, 

where v is the larger of the two positive integers and v a . 

^ kus Km u n =ljm u n =lim u n . 

n-+oo n—> oo n— >oo 

(iii) With this notation it is easy to establish the general principle of con- 
vergence (p. 38), namely that a necessary and sufficient condition for the exist- 
ence of a limit to the sequence u v w 2 , u s ... is that , if any positive number e has 
been chosen, as small as tee please, there shall be a positive integer u, such that 
l^n+j) — ^ when n ~ i* and p is any positive integer. 

There is no difficulty in showing that this condition is necessary for the 
convergence of the sequence. (Cf. p. 39.) 

The difficulty in our former proof was to show that the condition was 
sufficient. 

But, it is clear that with this condition, the sequence u u u 2 , u 3 , ... is bounded. 
Its upper and lower limits of indetermination therefore exist. 

With the same notation as before, let A and A be unequal. 

Take 2e=A- A. 

There is a positive integer v, such that 

\ u n+v ~' u n\ < € > when and p=l, 2, 3 ... . 

u n < A + h> for an infinite number of values of n 

u n > A ~ for an infinite number of values of n 


But 
And 

^ PMitiVe tategere gMa * et f* U Tii ° h < 2 > “d 

Then |iv , -«i/|>€, contrary to (1). 

Therefore A and A are equal, and by (ii) lim u n exists. 

X f- i 1 ’ A ‘; Ast 'r be an in J inUe set of dosed internals, each 
lying entirely mthm the preceding, or lying within it and having 
it a common end-point ; also let the length of A„ tend to zero 

Tellguol 7h nil t «*** 

elongs to all the intervals, other as an internal point of all, or, from 

fier a definite stage, as a common end-point of all 


Fig. 3. 
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Thus the sequence of end-points 

a 2> a 3 — (I) 

has a limit, say a, and a n a for every positive integer n (§ 17. 1). 
Also the sequence of end-points 

^2? ^3”* 5 (2) 

has a limit, say ft, and b n A- ft for every positive integer n (§ 17. 1). 

Now it is clear that, under the given conditions, ft cannot be 
less than a. 

Therefore, for every value of n, 

b n -a n >ft-a~0. 

But lim ( b n - a n ) - 0. 

71— 

It follows that a— ft.* 

Therefore this common limit of the sequences (1) and (2) satisfies 
the inequalities 

a n A a b n for every positive integer n, 
and thus belongs to all the intervals. 

Further, no other point (e.g. y) can satisfy a n ^y^ b n for all 
values of n. 

Since we would have at the same time 

lim a n si y and lim b n gs y, 

n— 

which is impossible unless y~a. 

19. The Sum of an Infinite Series. 

Let "Wj, Vrt, Mg, ... 

be an infinite sequence, and let the successive sums 

5 2 = M 1 +«2, 


— Wj +W- 2 "t^3 d - •*• +W»j 

beformed. 

If the sequence. s lt s 2 , <s 3 , ... 

is convergent and has the limit s, then s is called the sum of the infinite 
series , +« 2 +?* 3 +... 

and this series is said to be convergent . 


"'This result also follows at once from the fact that, if lim a n = a and lim b n =p 
then lim (a n - b n )-a - fi. (Cf . § 26, Theorem I.) 
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It must be carefully noted tliat wliat we call tile sum of the 
infinite series is a limit, the limit of the sum of n terms of 

u l + w 2 +^3 + ... , 

as n tends to infinity. Thus we have no right to assume without 
proof that familiar properties of finite sums are necessarily true 
for sums such as s. 

When lim s n = + oo or lim s n = - a o, we shall say that the 

infinite series is divergent, or diverges to + oo or - oo , as the case 
may be. 

If s n does not tend to a limit, or to + oo or to - oo, then it 
oscillates finitely or infinitely according to the definitions of these 

terms m § 16. In this case we shall say that the series oscillates 
finitely or infinitely .* 

Ihe conditions obtained in § 15 for the convergence of a sequence 
afiow us to state the criteria for the convergence of the series m 
either of the following ways: 

(i) The series converges and has s for its sum, if, any positive 

number « having been chosen, as small as we please, there is a positive 
integer v such that |*-, n |< 6} when ^ 

(n) A necessan J and sufficient condition for the convergence of 
the senes is that, if any positive number e has been chosen, as small 
as we please, there shall be a positive integer v such that 

. I Sn+ v w h e ‘ n n & v, for every positive integer p.'\ 

It is clear that, if the series converges, lim u n == 0. This is con- 
tained in the second criterion. It is a " necessary condition for 
convergence, but it is not a sufficient condition; e.g. the series 

1 +| + !• + ... 

is divergent, though lim u n ~Q. 

If we denote n "~° ” , 

+- +««+*, or s n + p -s n ,by p R r 
e above necessary and sufficient condition for convergence of 
the senes may be written b 

when n ^ v, for every positive integer p. 

*Cf. footnote, p. 41. 

fAs remarked in §15, this condition can be replaced bv 

nur^r , tier, correspond a positive ‘ 

l s n+v ~ s n\< e for every positive integer p. 
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Again, if the series w 1 +w 2 +w 3 +... 

converges and has s for its sum, the series 

u n+l +«n+2 + w n+3 + 

converges and has s - s n for its sum. 

For we have *«+»=*» 

Also keeping n fixed, it is clear that 

lim s n + p =s, 

p -+ 00 

Therefore lim ( p R„)*=8-s n . 

jj— >00 

Thus if we write R n for the sum of the series 

u n+l +^ th -2 +•*• f 

we have s=s n +R n . 

The first criterion for convergence can now be put in the form 
| R n | < e, when n'^ v. 

R n is usually called the remainder of the series after n terms, 
and p R ni or s n+p ~ s n , a partial remainder. 

20. Series whose Terms are all Positive. 

Let Wj -j-Wg -)- Wg + » •• 

be a series whose terms are all positive. The sum of n terms of this 
series either tends to a limit , or it diverges to + co . 

Since the terms are all positive, the successive sums 

' s l = ' ii X> ■ 

5 3 = W 1+M 2 +M 3} 

, 

form a monotonic increasing sequence, and the theorem stated 
above follows from § 17. 1. 

When a series whose terms are all positive is convergent, the. series 
we obtain when we take the terms in any order we please is also 
convergent and has the same sum. 

This change of the order of the terms is to be such that there 
will be a one-one correspondence between the terms of the old 
series and the new. The term in any assigned place in the one 
series is to have a definite place in the other. 

' " C.X. IX 
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H^rm +Wg +w 3 , 


Then the aggregate (27), which corresponds to the sequence 

^l> ^2J ^3> **• ’ 

is bounded and its upper bound s is the sum of the series. 

Let (U‘) be the corresponding aggregate for the series obtained 
by taking the terms in any order we please, on the understanding 
we have explained above. Every number in ( U ' ) is less than s. 
In addition, if A is any number less than s, there must be a number 
of (U) greater than A, and a fortiori a number of (V) greater than 
A. The aggregate ( V) is thus bounded on the right, and its upper 
bound is s. The sum of the new series is therefore the same as the 
sum of the old. 

It follows that if the series 

Ui +w 2 +W3 + ••• » 

whose terms are all positive, diverges, the series we obtain by changing 
the order of the terms must also diverge. 

The following theorems may be proved at once by the use of 
the second condition for convergence (§ 19): 

If the series + « 3 + ... 

is convergent and all its terms are positive, the series we obtain from 
this, either 

(1) by beeping only a part of its terms , 
or (2) by replacing certain of its terms by others, either positive 
or zero, which are respectively equal or inferior to them, 
or (3) by changing the signs of some of its terms, 
are also convergent. 

21. Absolute and Conditional Convergence. The trigono- 
metrical series, whose properties we shall investigate later, belong 
to the class of series whose convergence is due to the presence of 
both positive and negative terms, in the sense that the series would 
diverge if all the terms were taken with the same sign. 

A series with positive and negative terms is said to be absolutely 
convergent, when the series in which all the terms are taken with the 
same sign converges. 
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In other words, the series 

U 1 + W 2 +«3 +••• 

is absolutely convergent when the series of absolute values 
l W ll "i~ ! W 2 1 +'| w s! + •" 

is convergent. 

It is obvious that an absolutely convergent series is also con- 
vergent in the ordinary sense, since the absolute values of the 
partial remainders of the original series cannot be greater than 
those of the second series. There are, however, convergent series 
which are not absolutely convergent: 

e.g. 1 - | + 1 ... is convergent. 

1 +i ... is divergent. 

Series in which the convergence defends upon the presence of both 
positive and negative terms are said to be conditionally convergent. 

The reason for this name is that, as we shall now prove, an 
absolutely convergent series remains convergent, and has the same 
sum, even although we alter the order in which its terms are 
taken; while a conditionally convergent series may converge for one 
arrangement of the terms and diverge for another. Indeed we 
shall see that we can make a conditionally convergent series have 
any sum we please, or be greater than any number we care to 
name, by changing the order of its terms. There is nothing very 
extraordinary in this statement. The rearrangement of the terms 
introduces a new function of n, say s' n , instead of the old function 
s n , as the sum of the first n terms. There is no a priori reason why 
this function s' n should have a limit as n tends to infinity, or, if it 
has a limit, that this should be the same as the limit of s n * 

22. Absolutely Convergent Series. The sum of an absolutely 
convergent series remains the same when the order of the terms is 
changed. 

Let (S) be the given absolutely convergent series; (S') the 
series composed of the positive terms of (^) in the order in which 
they appear; (8") the series composed of the absolute values of 
the negative terms of (S), also in the order in which they appear. 

If the number of terms either in (S') or (S") is limited, the 
theorem requires no proof, since we can change the order of the 

*Cf. Osgood, Introduction to Infinite Series (1897), 44. 
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terms in the finite sum, which includes the terms of ( S ) up to the 
last of the class which is limited in number, without altering its 
sum, and we have just seen that when the terms are of the same 
sign, as in those which follow, the alteration in the order in the 
convergent series does not affect its sum. 

Let <y be the sum of the infinite series formed by the absolute 
values of the terms of (S). 

Let s n be the sum of the first n terms of (S). 

In this sum let n’ terms be positive and n" negative. 

Let s n > be the sum of these n' terms. 

Let v he the sum of the absolute values of these n" terms, taking 
in each case these terms in the order in ■which they appear in (S). 

Then s n =s«« - s w », 

O', 

O'. 

Now, as n increases s n >, s n - never diminish. Thus, as n increases 
without limit, the successive values of s n >, s n » form two infinite 
monotonic sequences such as we have examined in § 17. 1, whose 
terms do not exceed the fixed number a. These sequences, there- 
fore, tend to fixed limits, say, s' and s". 

Thus . ; lim (s n ) —s' — s" . 

\ ' ‘ ’ n-^oo : 

Hence the sum of the absolutely convergent series (S) is equal to 
the difference between the sums of the two infinite series formed one 
with the 'positive terms in the order in which they appear, and the 
other with the absolute values of the negative terms, also in the order 
in which they appear in (3). 

Now any alteration in the order of the terms of (S) does not 
change the values of s' and s"; since we have seen that in the case 
of a convergent series whose terms are all positive we do not alter 
the sum by rearranging the terms. It follows that (3) remains 
convergent and has the same sum, when the order of its terms is changed 
in any way we please, provided that a one-one correspondence exists 
between the terms of the old series and the new. 

We add some other results with regard to absolutely convergent 
series which admit of simple demonstration: 

Any series whose terms are either equal or inferior in absolute 
value to the corresponding terms of an absolutely comer gent series is 
also absolutely convergent. 
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An absolutely convergent series remains absolutely convergent when 
we suppress a certain number of its terms. 

If 'll i -f- Mo + ... , 

are two absolutely convergent series whose sums are V and V, the 

series (Wj +t’i) +(w 2 +t> 2 ) +... 

and ^'(‘ u s~ v z) + .*• 

are also absolutely convergent and their sums are equal to U±V 

respectively. 

23. Conditionally Convergent Series. The sum of a conditionally 
convergent series depends essentially on the order of its terms. 

Let (S) be such a series. The positive and negative terms 
must both be infinite in number, since otherwise the series would 
converge absolutely. 

Further, the series formed by the positive terms in the order 
in which they occur in (8), and the series formed in the same way 
by the negative terms, must both be divergent. 

Both could not converge , since in that ease our series would be 
equal to the difference of two absolutely convergent series, some 
of whose terms might be zero, and therefore would be absolutely 
convergent (§ 22). Also (8) could not converge, if one of these 
series converged and the other diverged. 

We can therefore take sufficient terms from the positive terms 
to make their sum exceed any positive number we care to name. 
In the same way we can take sufficient terms from the negative 
terms to make the sum of their absolute values exceed any number 
we care to name. 

Let a be any positive number. 

First take positive numbers from ( S ) in the order in which they 
appear, stopping whenever the sum is greater than a. Then take 
negative terms from ($), in the order in which they appear, stopping 
whenever the combined sum is less than a. Then add on -as many 
from the remaining positive terms as will make the sum exceed a, 
stopping when the sum first exceeds a; and then proceed to the 
negative terms; and so on. 

In this way we form a new series (S') composed of the same 
terms as {&), in which the sum of n terms is sometimes greater 
than a and sometimes less than a. 
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Now the series ( S ) converges. Let its terms be u v u 2 , u 3 , ... . 
Then, with the usual notation, 

\u n \ <e, when n A v. 

Let the points B v and A v (Fig. 4) correspond to the sums obtained 
in (S'), as described above, when v groups of positive terms and 
v groups of negative terms have been taken. 


a 

1'IG. 4. 


Then it is clear that ( a~A v ) and ( B v -a ) are each less than e, 
since each of these groups contains at least one term of ( S ), and 
(a - A v ), (B v ~ a) are at most equal to the absolute value of the last 
term in each group. 

Let these 2v groups contain in all v' terms. 

The term u' n > in (S'), when n' i? /, is less in absolute value than e. 
Thus, if we proceed from A,., the sums s' n > lie within the interval 
(a - e, a +<■), when n' g v'. 

In other words, |/ n , _ a \ < e, when n' =£ v. 

Therefore lim s' n > = a. 

n r ~+oo 

A similar argument holds for the case of a negative number, 
the only difference being that now we begin with the negative 
terms of the series. 

We have thus established the following theorem; 

If a conditionally convergent series is given , we can so arrange 
the order of the terms as to mahe the sum of the new series converge 
to any value we care to name. 
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CHAPTER III 

FUNCTIONS OF A SINGLE VARIABLE 
LIMITS AND CONTINUITY . 

24. The Idea of a Function. In Elementary Mathematics, when 
we speak of a function of x, we usually mean a real expression 
obtained by certain operations, e.g. a 2 , Jx, log x, sin" 1 *. In 
some cases, from the nature of the operations, the range of the 
variable * is indicated. In the first of the above examples, the 
range is unlimited; in the second, x S: 0; in the third *>0; and 
in the last |x| A 1. 

In Higher Mathematics the term “function of x” has a much 
more general meaning. Let a and b be any two real numbers, where 
b>a. If to every value ofx in the interval a ^ x b there corresponds 
a (real) number y, then we say that y is a function ofx in the interval 
(a, b), 'and we write y=f(x). 

Sometimes the end-points of the interval are excluded from the 
domain of x, which is then given by a<x<b . In this case the 
interval is said to be open at both ends; when both ends are 
included (i.e. aS x -d b) it is said to be closed. An interval may be 
open at one end and dosed at the other (e.g. a<x d b). 

Unless otherwise stated, when v T e speak of an interval in the 
rest of this work, we .shall refer to an interval closed at both ends. 
And when we say that x lies in the interval (a, b), w r e mean that 
a ~x~ b, but when * is to lie between a and b , and not to coincide 
with either, we shall say that * lies in the open interval (a, &).* 

Consider the aggregate formed by the values of: a function f(x ) , 


*In Oh. II, when a point x lies between a and b, and does not coincide with 
either, we have referred to it as within the interval (a, b). This form of words is 
convenient, and not likely to give rise to confusion. 
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given in an interval {a, b). If this aggregate is hounded (cf. § 11), 
we say that the function f(x) is bounded in the interval. The 
numbers M and m, the upper and lower bounds of the aggregate 
(cf. §12), are called the upper and lower bounds of the function in the 
interval. And a function can have an upper bound and no lower 
bound, and vice versa. 

The difference (M - m) is called the oscillation of the f unction in 
the interval* 

It should be noticed that a function may be determinate in an 
interval, and yet not bounded in the interval. 

E.g. let 0)=0, and f{x) = - when jc>0. 

Then /(sc) has a definite value for every x in the interval 0 55 x £f a, 
where a is any given positive number. But f(x) is not bounded in 
this interval, for we can make f(x) exceed any number we care to 
name, by letting x approach sufficiently near to zero. 

Further, a bounded function need not attain its upper and 
lower bounds; in other words, M and m need not be members of 
the aggregate formed by the values of/(a:) in the interval. 

E.g. let /(0)=0, and f(x) = l-x when 0<x — 1. 

This function, given in the interval (0, 1), attains its lower bound 
zero, but not its upper bound unity. 

25. limf(x). In the previous chapter we have dealt with the 

"■■A.-.'../,. 

limit when >oo of a sequence w 1} u % , u 3 , ... . In other words, 
we have been dealing with a function f(n), where n is a positive 
integer, and we have considered the limit of this function as n->c o . 

We pass now to the function of the real variable x and the limit 
off(x) when x—>a. The idea is familiar enough. The Differential 
Calculus rests upon it. But for our purpose we must put the 
matter on a precise arithmetical footing, and a definition of what 
exactly is meant by the limit of a function of sc, as a: tends to a 
definite value, must be given. 

f(x) is said to have the limit b as x tends to a, when, any positive 
number e having been chosen, as small as we please, there is a positive 
number ?] such that \f(x) - b\ <e, for all values of xfor which 

Q<\x-a\^ri. 


* Hobson, he. cit. 1 (3rd ed., 1927), 280, uses the term fluctuation. 
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In other words \f(%)- b\ must be less than e for all points in 
the interval (a ~ r], a +rj) except the point a. 

When this condition is satisfied, we employ the notation 
lim f(x) = b, for the phrase the limit of f{x), as x tends to a, is b, and 

X — HZ 

we say that /(a;) converges to 6 as a? tends to a. 

One advantage of this notation, as opposed to lim/(ic) = 6 ) is 

x—a ■ 

that it brings out the fact that we say nothing about what happens 
when x is equal to a. In the definition it will be observed that a 
statement is made about the behaviour oif(x) for all values of x 
such that 0< \x - a\ si ?]. The first of these inequalities is inserted 
expressly to exclude x = a. 

Sometimes x tends to a from the right-hand only (ie. x>a), or 
from the left-hand only (i.e. x<a). 

In these cases, instead of Q<|«-a| si rj, we have 0 <(x- a) 
(right-hand) and 0<(a - x) ^ ?? (left-hand), in the definition. 

The notation adopted for these right-hand and left-hand limits 

is lim f(x) and lim f(x). 

x->a+0 x~*a— 0 

The assertion that limf(x) — b thus includes 

' X—Xt , ■ ' 

lim f(x) = lim f(x) = b. 

x— >a+0 x—>a— 0 

It is convenient to use /(a +0) for lim f(x ) when this limit exists, 

x — Hi -f*0 

and similarly f(a - 0) for lim f(x) when this limit exists. 

wi— 0 ■ 

When f(x) has not a limit as x->a, it may happen that it diverges 
to -f oo, or to -oo , in the sense in which these terms were used 
in § 16. Or, more precisely, it may happen that if any positive 
number A, however large, is chosen, there corresponds to it a positive 
number ?/ such that 

f(x)>A, when 0<\x-a\^rj. 

In this case we say that lim/(a:) = + oo . 

%~>a 

Again, it may happen that if any negativenumber —A is chosen, 
however large A may be, there corresponds to it a positive number ij 
such that f(x) < - A, when 0<|aj-aj ~rj. 

In this case we say that lim f(x)~ - oo . 

x->a 

The modifications when f(a ±0)— ±°° are obvious. 
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When Yimf(x) does not exist, and when f{x) does not diverge 

X-+U 

to +oo, or to -oo, as x—^a, it is said to oscillate as x->a. It 
oscillates finitely if f(x) is bounded in'some neighbourhood of that 
point.* It oscillates infinitely if there is no neighbourhood of a in 
which /(a:) is bounded. (Cf. § 1G.) 

The modifications to be made in these definitions when x—>a only 
from the right, or only from the left, are obvious. 

26. Some General Theorems on Limits. I. The Limit of a Sum. 
If — a and lim g(x) — /?, then lim [f(x) +g{x)] = a + /3.f 

x— *a x—Hi x—*n 

Let the positive number e be chosen, as small as we please. 
Then to le there correspond the positive numbers ?j v ?/ 2 such that 
j f(x) - a | < when 0< jh - a] = rj v 
|< 7 (£) - f}\ <|-e, when 0< \x - a\ rj 2 . 

Thus, if ?] is not greater than rj 1 or g. 2 , 

I M + </(•*) ~a~P\~\ f{x) - a | + 1 g{x) -p | , 

< when 0<|a?-a| ^kr), 

< e, when 0<|a-aj 

Therefore lim [f{x) +g(x)] — a + p. 

x-+a 

This result can be extended to the sum of any number of 
functions. The Limit of a Sum is equal to the Sum of the Limits. 

II. The Limit of a Product. If lim f(x)=a and lim g(x) — p, 

£-+<i x—ya 

then \im.[f(x)g(x)]~ap. 

x-+a 

Let fix ) = a + <j>(x) and g(x) — ft +ip(x). 

Then lim (p(x) ~ 0 and lim yj(x) — 0. 

X—Ht X~Ht 

Also f(x)g(x)=aP +p<p(x) +ayj(x) +f(x)ip(x). 

From Theorem I our result follows if lim [<p(x)ip(x)]=0. 

x~*a 

*/(*) is said to satisfy a certain condition in the neighbourhood of x=a 
when there is a positive number h such that the condition is satisfied when 
0 < ja: - a( :+ h. CV.:-.':': : i : 

Sometimse the neighbourhood is meant to include the point x— a itself. In 
this case it is defined by j* - a\ h. 

fThe corresponding theorem for functions of the positive integer n, as n-y oo , 
is proved in the same way, and is useful in the argument of certain sections of 
the previous chapter. 
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Since <j>{x) tends to zero as x~>a and y)(x) tends to zero as x~>a, 
a proof of this might appear unnecessary. But if a formal proof 
is required, it could run as follows : 

Given the arbitrary position number e, we have, as in (I), 
|</>{r)!< je'y when 0<\x-a\ -S7] v 
[?/!(.r)j < Je, when 0<|a; — «| 

Thus, if ■)] is not greater than rj 1 or r/ 2 , 

|</>(.r)yi(*<')i<D when 0<\x-a\ ^ 7 }. 

Therefore lim [<f>{x)'ip(x))=0. 

z-*-a 

This result can be extended to any number of functions. The 
Limit of a Product is equal to the Product of the Limits. 

III. The Limit of a Quotient. 

1 1 

(i) If lim f{x)~ a A' 0, then lim 

x—>a %-+a J \£) a 

This follows easily on putting /(£) = </>(£) +a and examining the 
expression I 1 


(ii) If limf(x)=a, and lim g(x) — ft • ^ 0, then lim r-yx 

,r— v ( j ;E — HI X—Hl p 

This follows from (II) and (III (i)). 

This result can obviously be generalised as above. 

IV. The Limit of a Function of a Function, lim f[(/)(x)]. 

. X~~+tl 

Let lim<j>(z)~b and lim f(u)—f(b). 

Then lim/[#r)]=/[ lim <£(*)]. 

z~*a 'y z~*a - 

We are given that lim f(u) ~f(b). 

u~~>b 

Therefore to the arbitrary positive number e there corresponds a positive 
number rfo such that 

j /c#»)3 -/(&) 1 < when . 1 #») - b\^ih ( ■ 1 ) 

Also we are given that lim <£>{x) =6. 

aj—wt 

Therefore to this positive number ijj there corresponds a positive number 

7] such that jc^(x) — 6| when 0 <\x~a\'~ : tj. (2) 

Combining (1) and (2), to the arbitrary positive number € there corresponds 
a positive number ?/ such that Xv 

lf[ ( M z )]~f(b)\< e > when 0<\x-a\~7). 
lim f[<f>(x)]=f(b)=f{lim 4>{x)}. 


Thus 
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EXAMPLES. 

1. If n is a positive integer, lim x n —Q. 

,r~v() 

2. If n is a negative integer, lim x n ~ + oo ; and lim x n = - co or + oo 

x ~~> — 0 

according as n is odd or even. 

[If n — 0, then x n = 1 and lim x n — 1.] 

.r-^-0 

3. lim (a 0 x n + a x x n ~ l + ...+ <x n _ x x + a n ) =a n . 

, r — >0 

4. i 

?V“ -M" ■ • ••• • K, / i„ 

5. lim x n —a n , if n is any positive or negative integer. 

P(x) =a Q x m + + . . . + a JH _ x x + a m , 

lim P(x)—P(a). 

X— HI 

P(x) = a 0 x m + a^x™- 1 + . . . + a ljl _ 1 x + a m , 

Q(x) = b 0 x n + b x x n - 1 + . . . + b n _ x x + b n . 

ItMrm “ <3<a)+0 - 

8. If lim f(x) exists, it is the same as lim f(x + a). 

x-hi .r-*o 


then 


7. Let 


and 


Then 


f (x) < g(x) for a - h<x <a + h, 
lim f(x)~a, lim g (%)==&, 


and 

■ £-»« X~Kl 

then : a'S* fi. 

10. If lim /(*) = 0, then lim \f(x)\~0, and conversely . 

X ->«■ X-Wl 

11. If lim f(x)—l< 0, then lim \f{x)\ — |Zj, 

: x-*n : : x~*a y. ■ 

The Converse does not hold. 


12. Let f(x) be defined as follows: 

f{x)—x sin 1/x, when x :_i 0 

/(0)= 0 

Then lim f(x) =f(a) for all values of a. 


27. limf(x). A precise definition of the meaning of the term 

X— > f » 

limit of fix) when x tends to + oo (or to - oc )” is also needed. 
) is said to have the limit h as x lends to + oo , if, any 'positive 
e having been chosen, as small as we please, there is a positive 
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When this condition is satisfied, we write 


A similar notation, 


lim f(x) ~ b. 

X- “*-4-ao 

lim f(x)~b. 


is used when f(x) has the limit b as x tends to - co , and the precise 
definition of the term can be obtained by substituting “a negative 
number -X” and “x 'A - A” in the corresponding places in the 
above. 

When it is clear that only positive values of x are in question, the notation 
lim f(x) is used instead of lim f(x). 

2— *00 %—> + 05 

From the definition of the limit of f(x) as x tends to ±oo , it follows that 

lim f(x) = b 
X — co 

lim /(“)= & - 
x-y + 0 ' x ' 

lim — 

:r~> + 0 

V 


carries with it 
And, conversely, if 

then 


lim 

-> + 00 


Similarly we have lim f(x) = lim /(*)• 

The modifications in the above definitions when 

(i) lim f(x)—+cc or -co, 

:r— > + oo 


and (ii) 


lim f(x)~+ oo or - oc 
x — * — oo 

will be obvious, on referring to §25. 

And oscillation, finite or infinite, as x tends to + oo or to - co , is treated 
as before. 

28. A necessary and sufficient condition for the existence of a 
limit to f(x) as x tends to a. The general principle of convergence.* 

A necessary and sufficient condition for the existence of a limit 
tof{x) as x tends to a is that, when any ‘positive number e has been 
chosen, as small as we please, there shall be a positive number rj such 
that | f{x") -f (%') | <e for all values of x', x" for which 
Q<\x" -a\<\x' -a\ 

(i) The condition is necessary. 

Let lim/(a;) = &.■ 



I ii&m s m p 
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Let e be a positive number, as small as we please. 

Then to §e there corresponds a positive number such that 
\f(%) - 6 | < when 0 <|ic - a| -M t/. ■ 

Now let x', x" be any two values of x satisfying 
0<\x" -a\<\x’ -a\ —i]. 

Then | f{x H ) -/(»') j m | f{x") -b\ +\f(x')~b\ 

< 

< e. 

(ii) The condition is sufficient. 

Let e^, e 2 , e 3 , ... 

be a sequence of positive numbers such that 
f n+ 1 <c n and lim e„ = 0 . 

co 

Let ? h , ? ?2 , ??3 , ... 

be corresponding positive numbers such that 

\f(x")-f(x')\<e n , when 0 <|x" — «| < Ja?' — a| ^r\ n } 

(n=l, 2, 3, ...)./ 

Then, since e n+l < e n , we can obviously assume that ?] n 5 ?: rj n+1 . 
Now take and the corresponding 
In the inequalities ( 1 ) put x' = a+?) 1 and x"-x. 
we have AyAC:;/-- 

°<l/( a; ) -/(« +Vi)\ <H> when 0<|a;-~ a| < 

Therefore A.-. 'V; 

f(a+Vi)-^i<f(x)<f{a+r] 1 )+e 1 , when 0<ja-a| < J y 1 . ...(2) 
In Fig. 5/(x) lies within the interval A 1 of length 2e v with 
centre at/(a +?^i), when 0 <|a? < 77 ^^. 


f(a+ V ,)-e, 


f( a +V,) 

Fig. 5. 


m 


fC a +v,) +e i 


Now take e 2 and the corresponding rj 2 , remembering that 
We have, as above, /2 ~ 11 

f( a +V2) ~ e 2<f( x )<f(a +1I2) + f 2s when 0<ja;-a.|<j/ 2 . ...(3) 
= interval for x in (3) cannot extend beyond 
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Therefore, in Fig. 6, /(sc) now lies within the interval A 2 , which 
lies entirely within A v or lies within it and has with it a common 
end-point. An overlapping part of 

{f( a +^2) ~ e 2 > f( a + r ) 2)+^} 

could be cut off, in virtue of (2). 


/ 


Ai 

_A_ 


f(a+vO~ e i f( a ^ 

Fig. 6. 


f(a+vO +e 1 


In this way we obtain a series of intervals 
A v A 2 , A 3 , ... , 

each lying entirely within the preceding, or lying within it and 
having with it a common end-point; and, since the length of 
A n ^2e n , we have lim A n = 0, for we are given that lim e n = 0. 

>co n— >ao 

If we denote the end-points of these intervals by a l3 a 2 , a 3 , ... 
and / 2 , / 3 , ... , where fi n >a n , then we know from § 18 that 

lim a n = lim fi n . 

n— >00 n— >00 

Denote this common limit by a. 

We shall now show that a is the limit of f(x) as x->a. 

We can choose e n in the sequence e 1} e 2 , e 3 , ... so that 2e w O, 
where <• is any given positive number. 

Then we have, as above in (2) and (3), 

an<f{%)<Pn, when 0<\x-a\<r) n . 

But a„~ a =/?«• 

Therefore | f{x) - a | < - a n 

<2e n 

< e, when 0< \x-a\<. rj n . 

It follows that limf(x) = a. 

x-ya 

As a matter of fact, we have not obtained 

| f(x) -a| <€, when 0<\x-a\^r^ n 

in the above, but when 0 <|a - <x| <*/„. 

However, we need only take 1 / smaller than this t) n , and we obtain the 
inequalities used in our definition of a limit. 

29. 1. In the previous section we have supposed that x tends to 
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a from both sides. The slight modification in the condition for 
convergence when it tends to a from one side only can easily be 
made. 

Similarly, a necessary and sufficient condition for the existence 
of a limit to f(x) as x tends to + oo , is that , if the -positive number e 
has been chosen , as small as we please, there shall be a positive 
number X such that 

\f(x") ~f(x')\<€, ivhen x">x' i' X. 

In the case of lim /( x), we have, in the same way, the condition 

i f{x") -f(x!)\ <e, when x"<qc! g - X. 

The conditions for the existence of a limit to f(x) as x tends 
to +oo or to - oo can, of course, be deduced from those for the 
existence of a limit as x tends to +0 or to - 0. 

Actually the argument given in the preceding section is simpler 
when we deal with +oo or - oo ,* and the case when the variable 
tends to zero from the right or left can be deduced from these 

two, by substituting x=~; when it tends to a, we must substitute 

i M 

x~a+ . 
u 

29.2. The Upper and Lower Limits of Indetermination of the Bounded 
Function f(x), when x->a. 

As in § 17. 2, there is some advantage to be obtained by using what are 
called the upper and lower limits of indetermination of the function at the point 
considered. They are defined in much the same way as in that section. 

Take a sequence 7/l , , ht 

where Vi> >) 2 >Vs “• and lim y n —Q. 

oo 

Let M i be the upper bound of fix), when 0 < \x - a | + >/ u and J/ 2 its upper 
bound, when 0<jx~a| S>/ 2 , and so on. 

Similarly let m v m z , ... be the corresponding lower bounds. 

Then M x *£ M z i 1 il/ 3 ... IS m v and this monotonia sequence is bounded 
below. 

Therefore lim M n exists, and we denote it by A. 

It is clear that any other sequence yf, yf, 

where yf> yf> yf and lim y n '~0 

n— 

will give the same limit A. 


*Cf. Osgood, Lehrbuch der Funktionentheorie, 1 (4 Aufi, Leipzig, 1923), 33. 

The general principle of convergence of § 15 can also be established in this way. 
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To the arbitrary positive number e, there corresponds a positive integer v, 
such that A 'A M n < A + e, when n 15 v. 

Thus f(x) M P < A + €, when 0< \x-a\ 

Now take a positive number u < j j v , and let r/.,- A : a. 

Then A ~ J/. v -:5i M v . 

And f(x) > J/.v ~e for at least one value x x in 0 < |ac -a| 'frrj. v . 

Therefore f(x) > A - e for at least one value « v in 0 < \x -o| 55 a. 

If we now take f) < |.r. v - a | and proceed in the same way, we see that 
j'{x) > A ~€ for at least one value xf in 0 < | x - a | f- f. 

It is thus clear that when 0 < | x~a j Act, there are an infinite number of 
points at which f(x) > A - e. 

This number A is called the upper limit of indeler mination of f{x), when 
x-±a, and we write A = lira f{x). 

X—Hl 

If e is an arbitrary positive number, there is a neighbourhood 0 <|x -a\~ r/, 
such that for every point of this neighbourhood f(x) < A + e; and in, every neigh- 
bourhood of a, however small, there is a point {other than, a) at -which /(x) > A - e. 

The lower limit of indetermination A of f{x), when x~>a, is obtained in a 
similar wav, arid we write A = lira f{x). 

x~>a 

If e is an arbitrary positive number, there is a neighbourhood 0 < \x -a\ =? y, 
such that for every 'point of this neighbourhood f(x) > A - e; and in every neigh- 
bourhood of a , however small, there is a point {other than a) at which f{x) < A + e. 
It is clear that lim f{x) =5 lira f{x). 

X—Hl ' X — XI 

These definitions may also be extended to the ease when we approach a from 

the right-hand or the left-hand. In this way we have lim j{x) and lim f{x), 

x-ya+0 ■ rr—Hi-i-O 

which are conveniently written f{a + 0) and f(a -0). Similarly for lim f{x) 

x — xi — 0 

and lim f{x), which are written f{a - 0) and f{ a- 0). 

. x—>a— 0 ' 

29. 3. The following theorems are obtained at once {cf. § 17. 4). 

(i) If lim f{x) exists, then lim /(x) =lim f{x) =lim f{x). 

x—xt x~-+a x—*a x~>a 

(ii) Conversely, if lim f(x) = lim f(x), then lim f{x) exists and is equal to their 

x—*a x—Hi ' x—ya 

common value. 

(iii) The general principle of convergence for lim f{x), w'hen x^-a: 

A necessary and sufficient condition far the existence of a limit to f{x) as x tends 
to a is that, when any positive number e has been chosen,, as small as we please, 
there shall be a positive number ?j such (hat \f{x") -/(*')[ <e for all values of 
x r , x" for which 0 < jas' 1 ' -a] < \x' - a\ ~ rj. 

When the upper and lower limits ofindeterminationare used the proof that 
this is a sufficient condition for the convergence of /(a) as x->a is much shorter 
and simpler than that given in § 28. See also § 17. 4 (iii). 


r 

i: 
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29. 4. The Oscillation of a Bounded Function at a Point. In §24 wo 
have defined the oscillation of n function in an -interval. We now define the 
oscillation at a point. 

Let a be a point in the interval in which /(a-) is given, and ijv q 3 , ... a 
sequence, where >/x> ? /2> y h ••• an( ^ 1 tn For any positive integer n let 

M n and m n be the upper and lower bounds of f(x) in the neighbourhood of 
x—a, defined by |<7 — ar| ' ij n , the point a itself now being a point of the 
neighbourhood. 

Then as in § 29. 2, we have 

vt 1 "P. hi 2 ~ m 3 ... ~ M v 

Also lim M n and lim m n exist and are independent of the particular sequence 

/. >e~> r, 

») v ?) 2 , ?; 3 ... chosen. 

If these limits are M and m respectively, then (M -m) is called the oscillation 
of f(x) at the point a.* 

It is clear that the oscillation at a is the limit of the oscillation of the function 
in the interval (i-»)' = a: = a + tj, as q -> 0. 

Also the oscillation at a is the difference between (i) the greater of f{a) 
and lim f(x) and (ii) the smaller of /(«) and lim f(x). 

,r~ti 

At a point where f(x) is continuous, the oscillation is zero, and at any other 
point it is different from zero. 

If the oscillation at x = a is k, then in every neighbourhood a -y'~. x a 4- //, 
the oscillation of f(x) is greater than or equal to k. 

30. Continuous Functions. The function /( x) is said to be 
continuous when x=Xq, if f(x) has a limit as x tends to ;r 0 from 
either - side, and each of these limits is equal to f(x Q ). 

Thus f{x) is continuous when x=x 0 , if, to the arbitrary positive 
number <-, there corresponds a-positive number p such that 

\f(x) ~f{x 0 )\<c, when \x - a* 0 | --2 ip 

When /(a?) is defined in an interval (a, b), we shall say that it 
is continuous in the interval (a, b), if it is continuous for every value 
of x between a and b (a<,x<.b) ) and if f (a +0) exists and is equal 
tof(a), andf(b - 0) exists and is equal to f(b). 

In such cases it is convenient to make a slight change in our 
definition of continuity at a point, and to say that f(x) is con- 
tinuous at the end-points a and b when these conditions are 
satisfied. 

It follows from the definition of continuity that the sum or 


*It may be noted that, Hobson {loc. cit. i (3rd ed., 1927), 309) uses the term salt us. 
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product of any number of functions, which are continuous at a 
point, is also continuous at that point. The same holds for the 
quotient of two functions, continuous at a point, unless the deno- 
minator vanishes at that point (ef. §26). A continuous function 
of a continuous function is also a continuous function, (cf. §'26 
(IV)). 

The polynomial 

P{x) —a Q x n +a l x n ~ 1 +... +a n _ 1 x +a„ 
is continuous for all values of a;. 

The rational function . 

R(x)=P(x)/Q(x) 

is continuous in any interval which does not include values of x 
making the polynomial Q (a:) zero. 

The functions sin a:, cos as, tana;, etc. and the corresponding 
functions shrVr, cos -hr, tan~Ir, ‘etc, are continuous except, in 
certain cases, at particular points. 

e x is continuous everywhere; log x is continuous for the interval 

£»> 0 . 

31. 1. Properties of Continuous Functions.* We shall now prove 
several important theorems on continuous functions; to which 
reference will frequently be made later. It will be seen that in 
these proofs we rely only on the definition of continuity and the 
results obtained in the previous pages. 

Theorem I. Let f(x) be continuous in the interval (a, 6)f, and 
let the 'positive number e be chosen, as small as we please. Then 
the interval (a, b) can always be broken up into a finite number of 
partial intervals, such that |/(a/j -f(x")\<e, when x' and x" are any 
two points in% the same partial interval. 

Let us suppose that this is not true. Then let c~ |(« +b). 
At least one of the intervals (a, c ), (c, b) must be such that it is 
impossible to break it up into a finite number of partial intervals 
which satisfy the condition named in the theorem. Denote by 
(a v b x ) this new interval, which is half of (a, b). Operating on 

*TMs section follows closely the treatment given by Goursat, loc. cit 1 (4* ed., 
1923), § 8. 

tin these theorems the continuity of /( x) is supposed given in the closed 
interval (a^ x-^b), as explained in § 30. 

| i.e. in or at t/he ends of the partial interval. 
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(a p bj) in the same way as we have done with ( a , b), and then 
proceeding as before, we obtain an infinite set of intervals such 
as we have met in the theorem of §18. The sequence of end- 
points a, dp a 2 , ... converges, and the sequence of end-points 
b, bp b 2 , ... also converges, the limit of each being the same, say a. 
Also each of the intervals (a n> b n ) has the property we have ascribed 
to the original interval (a, b). It is impossible to break it up into 
a finite number of partial intervals which satisfy the condition 
named in the theorem. 

Let us suppose that a does not coincide with a or b. Since the 
function f(x) is continuous when x = a, we know that there is a 
positive number rj such that \f(x) -f(a)\ <-|e when \x~a\^ij. 
Let us choose n so large that (b n - a n ) is less than rj. Then the 
interval ( a n , b n ) is contained entirely within (a-?y, a +■?/), for we 
know that a n Sia^ b n . Therefore, if x' and x" are any two points 
in the interval ( a n , b n ), it follows from the above that 

: l/(*')-/(c.)l<^ and \f(x")-f(a)\<le. 

But |/M-/(*')|S|/M-/(a)|+|/(*')-/( a )[. 

Thus we have |/( %') -f(x")\< e, 

and our hypothesis leads to a contradiction. 

There remains the possibility that a might coincide with either 
a or b. The slight modification required in the above argument 
is obvious. 

Hence the assumption that the theorem is untrue leads in every 
case to a contradiction, and its truth is established. 

Corollary I. Let a, aq, a; 2 , ... x n _ v b be a mode of subdivision 
of (a, b) into partial intervals satisfying the conditions of* 
Theorem I. 

Then 

\f(x) |^| f{d) | +|/(s) -/(«)[ 

<\f( a ) 1+ e, when 0 <(&-«) § (aq - a). 

Therefore 

I /K)l <!/(«) 1+ e. 

';\:,lnlfbe;same ; .why : : b 

\R X ) I ^ I/M +(/(&) -f(x dl 

< I f( x i) I + when 0 < {x - aq) g (x 2 - aq) 

< I f( a ) I + - 2r, W'hen 0 < (x - aq) g (aq - x , ). 
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Therefore 

\fM\<\f(a) I + 2e. 

Proceeding in the same way for each successive partial interval 
we obtain from the «. th interval 

\f(x)\<\f(a)\+m, when 0<(a;-a; n _ 1 ) S (fc-av^). 

Thus we see that in the whole interval (a, 6) 
l/(*)l<U(o)l +We. 

It follows that a function which is continuous in a given interval 
is bounded in that interval . 

Corollary II. Let us suppose the interval (a, b) divided up 
into n partial intervals {a, x ± ), (x x , x 2 ), ... {x n _ v b), such that 
| '/(a;') ~f(x") | < | e for any two points in the same partial interval. 
Let i] be a positive number smaller than the least of the numbers 
(a-j-a), ... ■(b-x n _ 1 ). Now take any two points x' 

x" in the interval (a, b), such that \x r -x"\ Mr). If these 
points belong to the same partial interval, we have 

On the other hand, if they do not belong to the same partial 
interval, they must lie in two consecutive partial intervals. In 
this case it is clear that j f(x f ) <-|e+ -|e= e. 

Hence, the positive number e having been chosen, as small as we 
please . there is a positive number ?] such that \f(x')-f(x")\<:e, 
when x' , x" are any two values of x in the interval ( a , b) for which 
\x[ -x"\ ^fj. 

We started with the assumption that f(x) was continuous in 
( a, b ). It follows from this assumption that if x is any point in 
this interval* and e any arbitrary positive number, then there is 
a positive number r\ such that 

I f( x> ) ~ f( x ) I < when \x' 

To begin with, we have no justification for supposing, that 
same could do for all values of x in the interval. But 
theorem proved in this corollary establishes that this is the case. 
This result is usually expressed by saying that f(x) is uniformly 
continuous in the interval ( a , b). 

We have thus shown that a f unction which is continuous in 
interval is also uniformly continuous in the interval. 
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Theorem II. Iff {a) andf(b) are unequal and f(x) is continuous 
in the interval (a, 6), as x passes from a to b,f(x) lakes at least once 
every value between f(a) andf(b). 

First, let us suppose that f(a) and f{b) have different signs, 
e.g. f(a)< 0 and /(&)>0. We shall show that for at least one 
value of x between a and b,f(x) = 0. 

From the continuity of f(x), we see that it is negative in the 
neighbourhood of a and positive in the neighbourhood of b. Con- 
sider the set of values of x between a and b which makes f(x) 
positive. Let X be the lower bound of this aggregate. Then 
a< X<b. From the definition of the lower bound /( x) is negative 
or zero in aS-x <X. But lim f(x) exists and is equal to f(X). 

x—>\ —0 

Therefore/( X) is also negative or zero. But /( X) cannot be negative. 
For if f(X) — - m, m being a positive number, then there is a 
positive number rj such that 

|/(£c) -/(A)J <m, when \x-X\^r], 

since f(x) is continuous when x-X. The function f(x) would then 
be negative for the values of x in (a, b) between X and X +rj, and X 
would not be the lower bound of the above aggregate. We must 
therefore have/(2)— 0. 

Now let N be any number between f(a) and f(b), which may 
be of the same or different signs. The continuous function 
(j>(x) =f(x)~ N has opposite signs when x — a and x — b. By the 
case we have just discussed, (j>(x) vanishes for at least one value 
of x between a and b, i.e. in the open interval (a, b). 

Thus our theorem is established. 

Again, if f(x) is continuous in {a, b), we know from Corollary I 
above that it is bounded in that interval. In the next theorem, 
we show that it attains these bounds. 

Theorem III. If f(x) is continuous in the interval (a, b), and 
M, m are its upper and lower bounds , then f{x) takes the value M 
and the value m at least once in the interval. 

We shall show first that /(a:) -M at least once in the interval. 

Let c = l(a+b); the upper bound of f(x) is equal to M, for at 
least one of the intervals (a, c), (c, b). lteplacing (a, b) by this 
interval we bisect it, and proceed as before. In this way, as in 
Theorem I, we obtain an infinite set of intervals (a, 6), (a lt bj), 
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(® 2 ; ... tending to zero in. the ■limit, each, lying entirely within 

the preceding, or lying within it and having with it a common end- 
point, the upper bound of f(x) in each being M. 

Let A be the common limit of the sequences a , a x , a 2 , ... and 
b, b v b 2 , .... We shall show that/( A} = M. 

For suppose /( A) = M -h, where h> 0. Since f(x ) is continuous 
at x— A, there is a positive number rj such that 

\f(x) -/(A)|<p, when \x- Aj 

Thus f(x)<M- \h, when \x-X\ 

Now take n so large that ( b n ~a n ) will be less than The 
interval (a n ,b n ) will be contained wholly within (A -rj, A -hr}). 
The upper bound of f(x) in the interval (a n , b n ) would then be 
different from M , contrary to our hypothesis. 

Combining this theorem with the preceding we obtain the 
following additional result: 

Theorem IV. If f(x) is continuous in the interval (a, b), and M. 
m are its upper and lower bounds, then it takes at least once in this 
interval the values M, m, and every value between M and m. 

Also, since the oscillation of a function in an interval was defined 
as the difference between its upper and lower bounds (cf. §24), 
and since the function attains its bounds at least once in the 
interval, we can state Theorem I afresh as follows: 

If fix) is continuous in the interval (a, b), then we can divide {a, b) 
into a finite number of partial intervals 

(a, %), (%, x 2 ), -..i. (®* rl , b), 

in each of which the oscillation of f(x) is less than any given positive 
number ,* 

And a similar change can be made in the statement of the 
property known as uniform continuity, 

31 . 2. The Heine-Borel Theorem. Let an interval {a, b) and an infinite 
set A of intervals, all in (a, h), be given such dial every point x of a is an 

interior point of at least one of the intervals of A. (The ends a and b being 
regarded as interior to an interval of the set, when a is the left-hand end of an 
interval, and b the right-hand end of another interval.) 

Then a set consisting of a finite number of the intervals of A has the same 

*The argument of Theorem I, adapted to fchi3 case, leads to the theorem ; If the 
oscillation at every point of a -- x^b is less than a giv m number k, then the interval can 
be divided up into a finite number of partial intervals in each of which the oscillation 
is less than k. 
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property ; namely, every point of the dosed interval (a, 6) is an interior point of 
at least one of the intervals of this finite set ( with the same convention as to the 
ends a and b). 

Let us suppose that this is not true. Then let c = §(a + b). 

At least one of the closed intervals (a, c) and (c,b) must be such that all its 
points are not interior points of at least one interval of a finite set of intervals 
of the set A. 

Denote by (a v bf) this new interval, which is half of (a, b). 

Operating on (a v bf) as we have done on (a, b), and then proceeding as 
before, we obtain an infinite set of closed intervals (a, b), (a v b x ), (a», bf) ... 
such that their ends a, a v a. 2 , ... form a bounded monotonic ascending sequence 
(or from and after some value of n are all identical), and their ends b, b x , & 2 ,... 
form a bounded monotonie descending sequence (or from and after some value 
of n are all identical). 

Thus lim a n and lim b n exist, and they are equal, since b n 

n— >oo yoo 

Suppose that lim a n = a, different from a and b. 

7 ?.—* >00 

Then a is an interior point of one of the intervals of A, say («', b'). And by 
taking n large enough, we can bring a n and b n inside [of, b'). Then all the 
points of this interval («„, b n ) are interior points of one of the intervals of A, 
contrary to our hypothesis. 

A similar argument applies to the case when a coincides with a ox b. 

Thus our theorem is proved. 

Special cases of the Heine- Borel Theorem are the first theorem of §31. 1 and 
the theorem stated in the footnote on p. 71. 

It can he at once extended to the case of a rectangular domain instead of 
the linear interval ; and is equally useful in dealing with the properties of 
functions of two variables (Cf. § 37). Indeed the proof is independent of the 
of dimensions. And it finds a place also in the general theory of sets 
points.* 

The title Heine- Bore! Theorem is so generally used by English writers that 
it has been adopted in the text. But German and French mathematicians 
refer to it as Borel’s Theorem, and there is no doubt that this is the better 
name. The theorem (for the case of a countably infinite set of intervals) was 
first enunciated and proved by Borel. [These, Paris, 1894 ; Annales Sci. de 
PE cole Nor male (3), 12 (1895), 51 : Legons sur la thiorie des fonctions (Paris, 
1898).] Because of the similarity of Borel’s proof and that by means of which 
Heine t established the uniformity of the continuity of a function, given as 
continuous in a closed interval, it became customary to call it the Heine-Borel 
Theorem. But it may well be the case that the theorem is contained im- 
plicitly in similar demonstrations by authors previous to Heine. And, as 
Lebesgue remarks, the theorem is not one of those of which the demonstration 


(3rd ed„ 1927), §73. 
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offers great difficulties.* The merit lay in perceiving it, enunciating it, and 
divining its interest, not" in demonstrating it. He refers to it always as 
Borel’s Theorem, and regards the other title as unsuitable. 

32. Continuity in an Infinite Interval. Some of the results ot the last 
section can be extended to the case when f(x) is continuous in x ^ a, where 
a is some definite positive number, and lim f(x) exists. 

;r->co 

Let u—afx. When *Sa,we have 0<«;5i 1. 

With the values of u in 0 — 1, associate the values of f(x) at the corre- 

sponding points in sg a, and to u—Q assign lim f(x). 

x~+<x> 

We thus obtain a function of u, which is continuous in the closed interval (0, 1 ). 

Therefore it is bounded in this interval, and attains its bounds M, m. Also 
it takes at least once every value between If and m, as u passes over the 
interval (0, 1). 

Thus we may say that f(x) is bounded in the rangef given by x a and the 
new “point” x = oo , at which /(a?) is given the value lim f(x). 

X — >00 

Alsof(x) takes at least once in this range its upper and lower bounds, and 
every value between these bounds. 

2*2 

For example, the function ^ is continuous in (0, oo ). It does not 

attain its upper bound — unity — when 0, but it takes this value when 

x = oo , as defined above. 

33. Discontinuous Functions. When f(x) is defined for 
x Q and the neighbourhood of x 0 (e.g. 0<|a?-a: 0 | ~±h), and 
f(x 0 +0)—f(x 0 -0) =/(* 0 ), then f(x) is continuous at x Q . 

On the other hand, when f(x) is defined for the neighbourhood 
of x 0 , and it may be also for a: 05 while f(x) is not continuous at 
x Q> it is natural to say that f{x) is discontinuous at x 0> and to call £c 0 
a point of discontinuity of f{x). : 

Points of discontinuity may be classified as follows: 

I. /(® 0 +0) and /(a’ 0 -0) may exist and be equal. If their 
common value is different from f(x 0 ), or if f(x) is not defined for x 0) 
then we have a point of discontinuity there. 

Ex. f(x) = (x- x 0 ) sin l/(x - x 0 ), when x < x 0 . 

Here f(x Q + 0) == f(x 0 - 0) =0, and if we give f(x) Q any value other than zero, 
or if we leave f(x 0 ) undefined, x 0 is a point of discontinuity of f{x). 


* In a review of W. II. and G. C. Young’s “ Theory of Sets of Points ” in the 
Bull, das sciences math. (2) 31 (1907), 134. 

fit is convenient to speak of this range as the interval (a, oo ), and to write 
/(<* ) for lim f(x). 
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II. f(x Q +0) and f(x 0 - 0) may exist and be unequal. Then x 0 is a 
point of discontinuity oif(x), whether f(x 0 ) is defined or not. 

E*- ; ' ■ wkm * S«r: 

Here f(x 0 +0)=0 and f(x 0 - 0) = 1. 

In both these cases f(x) is said to have an ordinary or simple 
discontinuity at % And the same term is applied when the 
point x Q is an end-point of the interval in which f(x) is given, and 
f(x 0 +0), or f(x 0 ~ 0), exists and is different from f(x 0 ), if f(x) is 
defined for £ 0 . 

III. f{x) may have the limit + oo , or - oo , as x-^>x 0 on either 
side, and it may oscillate on one side or the other. Take in this 
section the cases in which there is no oscillation. These may be 
arranged as follows: 

(i) f( x Q +0) =/(®o - 0) = + oo (or -oo). 

Ex. f{x) — lj(x-x 0 ) z , when x^ x 0 , 

(ii) /(« 0 +0)= 4-ex) (or -oo)and f(x 0 ~Q)= -oo (or + oo). 

Ex. f(x) — lj(x-x 0 ), when x x 0 . 

(iii) f{x Q +0) = +co (or - oo j j or f(x 0 - 0) = + oo (or - oo ) ) 

f(x 0 -0) exists /■ / f(x 0 +0) exists / * 

Ex. ■ /(*)== l/(* - * 0 )» when x >a? 0 \ : 

f(x)=x~x 0 , when x~x 0 r 

In these cases we say that the point x 0 is an infinity of f{x), 
the same term is used when x 0 is an end-point of the interval 
in which f(x) is given, and/(ic o +0), or/(sc 0 -0), is +oo or - oo . 

It is usual to say that f(x) becomes infinite at a point % of the 
kind given in (i), and that/(® 0 ) = +oo (or - oo ). But this must be 
regarded as simply a short way of expressing the fact that f(x) 
diverges to +oo (or to - oo ) as x->x Q . 

It will be noticed that tan x has an infinity at § 7 r, but that 
tan |tt is not defined. On the other hand, 

tan (\tt - 0) = + oo and tan {\ir +0) = - oo . 

IV. When /(a) oscillates at x 0 on one side or the other, rr 0 is said 
to be a point of oscillatory discontinuity. The oscillation is finite 
when f(x) is bounded in some neighbourhood of sr 0 ; it is infinite 
when there is no neighbourhood of x 0 in which f(x) is bounded 
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(i) /(.«) =sin 1 l(x -~x 0 ), when x y * 0 . 

(ii) /(&') — 1 !(x - x 0 ) sin lj(x - x 0 ), when x^x 0 . 

In both these examples x 0 is a point of oscillatory discontinuity. 
The first oscillates finitely at x 0 , the second oscillates infinitely. 
The same remark would apply if the function had been given only 
for one side of x 0 . 

The infinities defined in (III) and the points at which /( k) oscillates 
infinitely are said to be ‘points of infinite discontinuity . 

34. Monotonic Functions. The function fix), given in the interval 
(a, h), is said to be monotonic in that interval if 

either (i) fix') Zs fix"), when a^x'<x"^b; 
or (ii) fix') : =-fix"), when a £x' <x" ±ib. 

In the first case, the function never decreases as x increases 
and it is said to be monotonic increasing ; in the second case, it 
never increases as x increases, and it is said to be monotonic de- 
creasing* 

The monotonic character of the function may fail at the end- 
points of the interval, and in this case it is said to be monotonic 
in the open interval. 

The properties of monotonic functions are very similar to those 
of monotonic sequences, treated in § 17.1, and they may be estab- 
lished in precisely the same way. 

(I) If fix) is monotonic increasing when x^X, and fix) is less 
than some fixed number A when x X, then lim fix) exists and is 
less than or equal to A. - 

(ii) If fix) is monotonic inoreasing when x X, and fix) is greater 
than some fixed number A when xziX, then lim fix) exists and is 
greater than or equal to A. a y“* > 

(Hi) If fix) is monotonic increasing in an open interval (a, b), 
and fix) is greater than some fixed number A in that open interval , 
then fia+0) exists and is greater than or equal to A. 

(iv) If fix) is monolonic increasing in an open interval (a, 6), 
and fix) is less than some fixed number A in that open interval, then 
fib- 0) exists and is less than or equal to A. 


‘•The footnote, p. 43, also applies hero. 
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These results can be readily adapted to the case of monotonic 
decreasing functions,, and it follows at once from (iii) and (iv) that 
iff(x) is bounded and monotonic in an open interval, it can only have 
ordinary discontinuities in that interval, or at its ends. 

It may be worth observing that if f(x) is monotonic in a closed 
interval, the same result follows, but that if we are only given that 
it is monotonic in an open interval, and not told that it is bounded, 
the function may have an infinity at either end. 

E.g. f(x) = I jx is monotonic in the open interval (0, 1), but not 
bounded. 

At first one might be inclined to think that a function which 
is bounded and monotonic in an interval can have only a finite 
number of points of discontinuity in that interval. 

The following example shows that this is not the case: 

Let f(x) = 1 , when -| < 1; 

let f(x) = | , when < x 
and, in general, 

1 11 
let f(x) = 2~ n , when ^ TI < 

(n being any positive integer). 

Also let /(0) = 0. 

Then /(a:) is monotonic in the interval (0, 1). 

This function has an infinite number of points of discontinuity, 

namely at x = ~(AWiig any positive integer). 

Obviously there can only be a finite number of points of dis- 
continuity at which the jump would be greater than or equal to k, 
where k is any fixed positive number, if the function is monotonic 
(and bounded) in an interval.* 

35. Inverse Functions, Let the function /(x), defined in the interval (a, b), 
be continuous and monotonic in the stricter sen$e\ in (a, b). 

For example, let y-f(x ) be continuous and continually increase from A 
to £ as x passes from a to 6. . 

Then to every value of y in {A, B) there corresponds one and only one 
value of x in (a, b). [§ 31. 1, Theorem II.] 


*It follows that if there are an infinite number of points -q discontinuity, this 
set of points is countably infinite. 

fCf. footnote, p. 75. 
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This value of a: is a function of y — say <b(y) — which is itself continually 

increasing in the interval (A, B). 

The function is called the inverse of the function f(x). 

We shall now show that 4 >{y) is a continuous function of y in the interval in 

which it is defined. 

For let ?/ 0 be any number between A and B, and x 0 the corresponding 
value of x. Also let e be an arbitrary positive number such that x 0 — e and 
x 0 + € lie in {a, b) (Fig. 7 ). 

Let y 0 - >h and y 0 + be the corresponding values of y. 

Then, if the positive number r/ is less than the smaller of 171 and 17 2 , 1 is 

clear that {ac — sc 0 ] < e, when \y-ys,\ = >?• 

Therefore \4>(y) ~ 4>(Vo)\ < £ > when \V " ^1 = V- 

Thus <f>(y) is continuous at y 0 . 



A similar proof applies to the end-points A and S, and it is obvious : that 
the same argument applies to a function which is monotonic m the stricter 

sense and decreasing. . ( 

The functions sin-te, cos-'*, etc., thus arise as the inverses of the functions 

sin x and cos x, where 0 ^ * ?§ £ir, and so on. 

In the first place these appear as functions of y, namely am ?/>J he 
05,^1, cos- 4 , where 0 ^ etc. The symbol y is then replaced by 
the usual symbol x for the independent variable. 

In the same way log * appears as the inverse of the function e . 

There is a simple rule for obtaining the graph of the 
when the graph of /W is known. /->(*) « «* °ffW m tU lM y ~ x ' 

The proof of this may be left to the reader. 

The following theorem may be compared with that of § ^t> ( 1 V ). 

Let f(u) be a continuous function, monotonic in the stricter sense, and let 

lim /[#*)]=/(&) 
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/(* 1 ) -/(* 2 ) .+/(*) /(**) ~A x 2 ) X 2 r~ x £ x a 

f( x 1 ) -/(* a) +/(a: 3 ) f(x x ) ~f{x z ) +/{x a ) ~f(x) x a x b 


*Cf. Hobson, Plane Trigonometry (7th ed., 1028), p. 130. 

an alternative treatment, of the. subject matter of this section, see § 36. 2. 


Then lim <f>(x) exists and is equal to b. 
x—>a 

A strict proof of this result may be obtained, relying on the property proved 
above, that the inverse of the function f(u) is a continuous function. 

The theorem is almost intuitive, if we are permitted to use the graph of f(u). 
The reader is familiar with its application in finding certain limiting values, 
where logarithms are taken. In these cases it is shown that lim log «=log 6, 
and it is inferred that lim u=b.* 


36, l.f Let the bounded function f(x), given in the interval (a, b), be such 
that this interval can he divided up into a finite number of open partial 
y intervals, in each of which 

f(x) is monotonic; or, in 
accordance with the more 
jr | / ' usual but less exact expres- 

, ; \ / 1 J sion, let the function have 

I 1 j 1 ; only a finite number of 

■. \ 1 | 1 t maxima and minima in the 

1 1 ’!i interval. 

1 | 1 ! ! Suppose that the points 

; j 1 | J x v x z , . . . a: n _ x divide this in- 

; 1 I 1 terval into the open intervals 

1 1 1 (®j ( X V ( x n—v ^)j 

I ! j J [ | in which f (x) is monotonic. 

a x i *2 x 3 b Then we know that ,/’(•») can 

Fl0, 8 ' only have ordinary discon- 

which can occur at the points a, x v x 2 , ... %_ 1} b, and also at any 
number of points within the partial intervals. (§ 34.) 

I. Let us take first the case where/(.r) is continuous at a, x x , ... x n _ t ,b, and 
alternately monotonic increasing and decreasing. To make matters clearer, 
we shall assume that there are only three of these points of section, namely 
x v x z , x s , f(x) being monotonic increasing in the first interval (a, x x ), decreasing 
in the second (a^, x 2 ), and so on (Fig. 8). 

It is obvious that the intervals may in this case be regarded as closed, 
the monotonic character of f(x) extending to the ends of each. 

Consider the functions F(x), Q(x) given by the following scheme: 

F(x) G(x) I 
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It is clear that F(.r) and G(x) are monotonic increasing in the closed interval 
(a, b), and that f(x) = F(x) - G(x) in (a, b). 

If /(as) is decreasing in the first partial interval, we start with 

F(x) —f(a), G(x) —f(a) ~f(x), when a^x^x x , 

and proceed as before, i.e. we begin with the second line of the above diagram, 
and substitute a for x x , etc. 

Also, since the function f(x) is bounded in (a, b), by adding some number 
to both F(x) and G(x), we can make both these functions positive if, in the 
original discussion, one or both were negative. 

It is clear that the process outlined above applies equally well to n partial 
intervals. 

We have thus shown that when the bounded function f(x), given in the interval 
(a, b), is such that this interval can be divided up into a finite number of partial 
intervals, f(x) being alternately monotonic increasing and monotonic decreasing 
in these intervals, and continuous at their ends, then ive can express f(x) as the 
difference of two (bounded) functions , which are positive and monotonic increasing 
in the interval (a, b). 

II. There remains the ease when some or all of the points a, x x> a 2 , . . . x n ~ x , & 
are points of discontinuity of f(x), and the proviso that the function is alter- 
nately monotonic increasing and decreasing is dropped. 

We can obtain from f(x) a new function fix), with the same monotonic 
properties as f(x) in the open partial intervals (a, x x ), (x x , x 2 ), ... (x n __ x , b), but 
continuous at their ends. 

The process is obvious from Fig. 9. We need only keep the first part of 
the curve fixed, move the second up or down till its end-point (.r.j, f(x x + 0)) 



coincides with (x x , f(x x - 0)), then proceed to the third curve and move it up 
or down to the new position of the second, and so on. 

If the values of f(x) at a, x x , x 2 , ... x n -i> & are not the same as 

f(a + 0), f(x x + 0) or f(x x -0), etc., 
we must treat these points separately. 
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In this wa£, but arithmetically,* we obtain the function #r) defined as 
follows: 

In a .x < x v <f>(x) =f(x), supposing for cleamess/(a) ~f(a + 0). 

At % , <}>(x)=f(x) + a v 

In x t <x <x 2 , <l>(x)~f(x)+a 1 + a 2 . 

At x 2 , f(x)=f(x) + a 1 +a i + a 5 . 

And so on, 

n l5 a 2 , a 3 , ... being definite numbers depending on f(x x ±0), etc. 

We can now apply the theorem proved above to the function <j>(x) and 

write 4>(x)= <P(x) - 'F (x) in (a, b), 

<P(x) and \F(;r) being positive and monotonic increasing in this interval. 

It follows that: 

In a r~x<x v f(x)=<l'(x) - *ir{x). 

At x t , f(x)=^{x)- i i r (x)~a l . 

In ^ <a:<a: 2 , f(x)=&(x)-'ir(x)-a l -a s . 

And so on. 

If any of the terms a v a 2 , ... are negative we put them with the 

positive terms we leave with typx). Thus finally we obtain, as before, that 
/(*) = F(;c) - 6(x) in (a, b), 

where Fla) and G(x) are positive and monotonic increasing in this interval. 
We have thus established the important theorem: 

If th-e bounded' function- f(x), given in the interval (a, b), is such that- this 
interval can be divided up into a finite number of open partial intervals, in each 
of which f(x) is monotonic, then we can express f(x) as the difference of two (bounded) 
functions, which are positive and monotonic increasing in the interval (a, b). 

Also it will be seen from the above discussion that the discontinuities of 
F(x) and G(x), which can, of course, only be ordinary discontinuities, can 
occur only at the points -where /(.c) is discontinuous. 

It should, perhaps, also be added that, while the monotonic properties 
ascribed to f(x) allow it to have only ordinary discontinuities, the number 
of points of discontinuity may be infinite (§ 34). 

36. 2, Functions of Bounded Variation.t The functions discussed in § 36. 1 
are a special case of the class of functions known as functions of bounded varia- 
tion introduced into Analysis by Jordan,^ and used by him in the treatment 
of Fourier’s Series . The principal properties of such functions are obtained 
in this section, which may replace § 36. 1, 


*It will be noticed that in the proof the curves and diagrams are used simply 
as illustrations. 

fThere is a very complete treatment of functions of bounded variation (fonctions 
a variation bornee) in Lebesgue’s Lemons sur V Integration, (2‘* eci, Paris, 1928), 
Ch. IV. See also de la Vallee Poussin’s Cours d’ Analyse 2 (4 U ed., 1922), Ch II, 
§ 2 . 

JCf. Jordan, Cours d’ Analyse, 1 (2 e ed., Paris, 1893), 54. 
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Definition. Let f(x) be bounded in {a, b) awl leta~x Q , x v x 2 , ... x n ^ v x n =b, 
be a mode of division of this interval. Let y 0 , y x , ... y n -x,y n be the values of f(x) 
at these -points. 

Then £ (t/ r+1 - y r ) =f{b) -f(a) =p-n, 

0 

where p is the sum of the positive differences , and - n the sum of the negative 
differences . 

n-\ 

The sum S|^r+i w denoted by t, and we have 
o 

ft-i 

t^llvr-n-yA^p +n. 
o 

To every mode of division, of (a, b) into such partial intervals, there correspond 
sums t, p and n. 

When the sums t, corresponding to all possible modes of division of (a, b), are 
bounded and their upper bound is T, we say that T is the total variation of f(x) 
in (a, b), and that f(x) is of bounded variation in this interval. 

Since 2p —t +f(b) -f{a), 

and 2 n — t ~f{b) +f(a ) , 

it is clear that, if f(x) is of bounded variation, the sums p and n are also 
bounded. 

If their upper bounds are P and N, we have 
2P = T+f(b) -f(a), 
and 2N -T -f(b) +f(a), 

P and - N are sometimes called the positive variation and the negative varia- 
tion in the given interval. 

Again it is clear that a bounded monotonic function is of bounded variation. 
And that, if/(x) is of bounded variation in {a, b), it is also of bounded variation 
in (a, fl) where a ~ a < ~ b. Further f(x) does not cease to be of bounded 
variation, if its value is altered at a finite number of points. 

These facts follow at once from the definition just given, and we proceed 
now to establish further properties of such functions. 

I. If f(x) is of bounded variation in ( a , c ) and ( c , b), where a <c<b, it is of 
bounded variation in (a, b). 

Take any mode of division of (a, b), say, a = x Q , x L , x 2 , ... x n „ 1 , x n — b. 

If one of these points coincides with c, then its sum t satisfies t=t 1 + t 2 , 
where f and t, % are the sums for this mode of division of (a, c) and (c, b ) respec- 
tively. 

If c lies between two points x r and x r+1 , since 

\yr+x~yr\ = |lfr+i — /(«)! + l/(c) ~Vrk 
it is clear that i % t x + t z , with the same notation as before. 

But if T 1 and are the total variations in (a, c) and (c, b) respectively, 
ti .== T\ and t 2 ~ T 2 . 

Therefore,., y t~T x + T v 

Thus we have shown that f(x) is of bounded variation in (a, b ). 
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II. Let c be t a point between a, b andf(x) be of bounded variation in (a, b), 
T, T 1 and J\ being its total variations in {a, b), (a, c) and (c, b). 

Then T = T X + T 2 . 

We have seen that if f{x) is of bounded variation in {a, b), it is also of bounded 
variation in (a, c) and (c, b) % and the concluding line of the argument of 
Theorem I shows that 

T^T X + T Z .(i) 

Now take the usual arbitrary positive number e. 

There is a mode of division of (a, c) and also of (c, b), for which the sums 
t j and to satisfy 

T x -^<h> T 2 -&<t v 

Thus T x + T i -e<t x + t i . 

But these modes of division of (a, c) and (c, b) form a mode of division of 
a,b). 

Therefore i\ + t z ~ T. 

Thus T x + T z -e^T (ii) 

It follows from the inequalities (i) and (ii) that 

T-T x + T 2 . 

III. lf f(x) is bounded in (a, b), and this interval can be broken up into a 
finite number of partial intervals ( open or closed) in which the f unction is mono- 
tonic, then f(x) is of bounded variation in (a, b). 

This follows from Theorem I, since in all these intervals f(x) is of bounded 
variation.* 


*It might be thought that a function with an infinite number of turning points 
in a finite interval could not be of "bounded variation in that interval. But the 
following example shows that this is not the ease. 

Let f(x) —a: 2 sin when * > 0, and/(0) =0. 

■ . a'*: • ■ 

It is easy to show that there is one turning point and only one in 

/ 1 — _L 

\({» + 1)t)* (nvf 
where n is any positive integer, ; 

If the interval extends to the origin, the number of turning points is infinite 

But the absolute value of the maximum or minimum in the interval 

is less than — - 

(nirfj 


2-1 


((?H- Dt)* (jit) 4 / (jit) 2 

follows that the total variation in any interval, (0, a), where a > 0, is less than 
' 2 ~ 1 
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IV. Iff(x) is of hounded variation in (a, b), it is the difference of two positive, 
monoionic increasing functions; and the difference of two bounded monoionic 
increasing functions is a function of bounded variation. 

(i) First, let P(x) and - N(x) be the positive and negative variations for the 
interval (a, x), where a<x<b. 

Then, by the definition of P and N, we have 

f(x)-f(a)=P{x)-N(x). 

Also P(x) and N(x) are positive and monotonic increasing functions of x. 
Thus f{x) = [P(x) +f(a) + | f(a)\] - [N(x) + \f(a ) |], 

which establishes the first part of the theorem. 

(ii) Nest let f(x) = F(x) - G(x), 

where F{x) and G(x) are bounded, monotonia increasing functions in (a, b). 
Take any mode of division of the interval 

a=x Q , x lf x z , ... %„!, x n =b . 

Then /(* rW ) ~f{x r )=\F{x r +x ) -'F(%)] - [£(a-V+i) - G{x r )'\, 

and sV(*r+x) ~/(*r) I £ 2 [F(x r+1 ) - F(x r )] + ^[G(x r+1 ) - G(x r )) 

0 0 0 

^[F(6)-F(a)] + [f?(6)-^(a)]. 

Therefore/(a;) is of bounded variation in (a, b). 

V. If fi(x) and f 2 (x) are two functions of bounded, variation , so are ffx) ±f 2 (x) 
and ffx) f,(x). 

Also, if f(x) is of bounded variation , and |/(a;)j < some definite positive, number 
in the interval, then 1 jf{x) is of bounded variation. 

(i) Let fiiosy-F^-Gjfx) and Mx)~F z {x) -G z ix), 

where Ffx), Ffx), Gfx) and Gfx) are positive monotonic increasing 
functions. 

Then ffx) +f 2 (x) = [ jy*) + F s (a)] - [Gfx) + Gfx)}, 

and the sum of the given functions is of bounded variation by Theorem IV. 
Similarly for the difference and product. 

(ii) With the usual notation, 

I _! * | _l ?A+i -yrl 1 | I 

I Vr+x Vr I \yr+x\\y r \ /* 2 |,/r+1 

if \fix) | >/a>0. 

Tims the sum t for 1/fix) is less than Tjp 2 , where T is the total variation 
of f(x) in the interval. 

VI. A function of bounded variation has only ordinary discontinuities. 

This follows at once from Theorem IV, for the discontinuities of f{x) must 
also be discontinuities of F(x) and G(x), and these are ordinary discontinuities. 

(§34.) 
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If the discontinuities of f(x) are infinite in number, they are countably 
infinite. 

For, if we have a sequence 7/ x , 7/ 2 , ?/ 3 , ... when 

'H >7 l2 >7 h-“ and lim >7»=0, 

n— >•» 

we know that there is only a finite number of points at which 
F(x +0) - F{x - 0)j > 7) n , 
where n is any positive integer. 

VII. Iff(x) is of bounded variation in ( a , b) and continuous at a point c of that 
interval, then T[x), P(x) and N(x) are also continuous at c. 

Take the arbitrary positive number e. There is a mode of division of (a, c), 
say a, x v x s , ... %_ x , c, such that the sum i for it satisfies 

T(c) - 1 6 <t g T(c). 

Also there is a neighbourhood of c such that 

\f{x) -/(c)| <|e, when 0<c~x^=r). 

It is clear that we can take x n _ 1 within this neighbourhood, for if it were 
outside it, by adding a point of section within it, we do not diminish the sum t. 

Also / t = 2i y r+1 -y T \ + | /(c) 


gT(c-0) + K 

since T(x) is a monotonic increasing function. 

Thus T(c) - < T(c - 0) + Jc, 

and T(c) < T(c - 0) + e. 

It follows that T(c)MT(c- 0). 

But, since T(x) is monotonic increasing, T(c) <{; T(c - 0). 

Therefore we must have T(c) — T{c- 0). 

Taking a neighbourhood to the right of a, we find in the same way that 
T(c)=T(c+0). 

Thus T(x) is continuous at x = c, and the same holds for P(x) and N{ x). 

37. Functions of Several Variables. So fax we have dealt only 
with functions of a single variable. If to every value of ce in the 
interval a if x~-fb there corresponds a number y, then we have said 
that y is a function of x in the interval {a, b), and we have written 
y=f(x). 

The extension to functions of two variables is immediate : 

To every ‘pair of values of x and y, such that 


let there correspond a number z. Then, z is sm 
x and y in this domain, and we write z=f(x, y) 


36.2, 37] LIMITS AND CONTINUITY 85 

If we consider x and y as tlie coordinates of a point in a plane, 
to every pair of values of x and y there corresponds a point in the 
plane, and the region defined by a^x^a', b^y^b’ will be 
a rectangle. 

In the case of the single variable, it is necessary to distinguish 
between the open interval (a< x< b) and the closed interval 
(a^x^b). So, in the case of two dimensions, it is well to 
distinguish between open and closed domains. In the former the 
boundary of the region is not included in the domain; in the latter 
it is included. 

In the above definition we have taken a rectangle for the domain 
of the variables. A function of two variables may be defined in 
the same way for a domain of which the boundary is a curve C\ 
or again, the domain may have a curve 0 for its external boundary, 
and other curves, O', C", etc., for its internal boundary. 

A function of three variables, or any number of variables, will 
be defined as above. For three variables, we can still draw upon 
the language of geometry, and refer to the domain as contained 
within a surface S, etc. 

We shall now refer briefly to some properties of functions of 
two variables. 

A function is said to be bounded in the domain in which it is 
defined, if the set of values of z, for all the points of this domain, 
forms a bounded aggregate. The upper and lower bounds, M and 
m, and the oscillation , are defined as in § 24. 

f{x, y) is said to have the limit l as (x, y) tends to (% y 0 ), when, 
any positive number e having been chosen, as small as we please + 
there is a positive number rj such that j f(x, y) -l j < e for all values 
of (x, y) for which 

\y-Vo\ = V and 0 <\x~x 0 \ +|y-?/ 0 j. 

In other words, \f(x, y) - 1\ must be less than e for all points in 
the square, centre at (x 0 , y 0 ), whose sides are parallel to the co- 
ordinate axes and of length 2 y, the centre itself being excluded 
from the domain. 

A necessary and sufficient condition for the existence of a limit 
to f(x, y) as (z, y) tends to (x Q , y 0 ) is that, to the arbitrary positive 
number e, there shall correspond a positive number y such that 
\f{x',y')-f(x",y")\<e, where (x',y') and (x", y") are any two 
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points other than (x 0 , y 0 ) in the square , centre at (x Q , y Q ), whose sides 
are parallel to the coordinate axes and of length 2 rj. 

The proof of this theorem can be obtained in exactly the same 
way as in the one-dimensional case, squares taking the place of the 
intervals in the preceding proof. 

A function f(x, y ) is said to be continuous when x—x 0 and 
y~y 0 , if f{x, y) has the limit f(x 0 , ?/ 0 ) as (x, y) tends to (x 0 , y Q ). 

Thus, fix, y) is continuous when x=x 0 and y~y Q , if, to the arbi- 
trary positive number e, there corresponds a positive number rj such 
that j f(x, y) ~f(x Q , y Q )\<e for all values of ( x , y) for which 

\x-x 0 \^rj and \y-y 0 \'Sr). 

In other words, \f(x, y) - /(% y Q )\ must be less than e for all 
points in the square, centre at (x 0s y Q ), whose sides are parallel to 
the coordinate axes and of length 2rj* 

It is convenient to speak of a function as continuous at a point 
(x Q , y Q ) instead of when x=x Q and y=y Q . Also when a function 
of two variables is continuous at ( x , y), as defined above, for every 
point of a domain, we shall say that it is a continuous function of 
(x, y) in the domain. 

It is easy to see that we can substitute for the square, with 
centre at (x Q , y Q ), referred to above, a circle with the same centre.f 
The definition of a limit would then read as follows: 

f(x, y) is said to have the limit l as (a?, y) tend to (x 0 , y 0 ), if, to 
the arbitrary positive number e, there corresponds a positive number 
?] such that \f{x, y)-l\<e for all values of ( x , y) for which 

<><*/{(* -'® 0 ) 2 +{y- yff) ^ n- 

If a function converges at (% y Q ) according to this definition 
(based on the circle), it converges according to the former defini- 
tion (based on the square); and conversely. And the limits in 
both cases are the same. 

Also continuity at ( x 0 , y 0 ) would now be defined as follows; 

f(x, y ) is continuous at (» 0 , y 0 ), if, to the arbitrary positive number e, 


*There are obvious changes to be made in these statements when we are dealing 
with a point (x Qt y 0 ) on one of the boundaries of the domain in which the function 
is defined... . 

tWe may also use a rectangle, centre at (x 0> y 0 ) f and sides 2rj, 2y" say. 
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there corresponds a positive number i] such that | f(x, y) - f(x 0 , y 0 ) j <e 
for all values of{x, y)for which 

- o: 0 ) 2 77. 

Every function, which is continuous at (%, y Q ) under this de- 
finition, is continuous at ( x Q , y 0 ) under the former definition, and 
conversely. 

It is important to notice that if a function of x and y is continuous with 
respect to the two variables, as defined above, it is also continuous when con- 
sidered as a function of x alone, or of y alone. 

For example, let f(x, y) be defined as follows: 

( 2x7/ 

I f(x, y) = -v~ 2 > w ^ len a t least one of the variables is not zero, 

® tJ 

1/(0, 0) = 0. 

Then /(a* , y) is a continuous function of x, for all values of x, when y has 
any fixed value, zero or not; and it is a continuous function of y, for all values 
of y, when x has any fixed value, zero or not. 

But it is not a continuous function of ( x , y) in any domain which includes 
the origin, since f(x, y) is not continuous when a;=0 and y— 0. 

For, if we put x=r cos 0, y—r sin 0, we have f(x, y) =sin 20, which is inde- 
pendent of r, and varies from - 1 to +1. 

However, it is a continuous function of (x, y) in any domain which does 
not include the origin. 

On the other hand, the function defined by 

f fix, y) = when at least one of the variables is not zero, 

1 /( 0 , 0 )= 0 , 

is a continuous function of (x, y) in any domain which includes the origin. 

The theorems as to the continuity of the sum, product and, in certain 
cases, quotient of two or more continuous functions, can be readily extended 
to the ease of functions of two or more variables. A continuous function of 
one or more continuous functions is also continuous. 

In particular we have the theorem: 

Let u = p(x, y), v~p(x, y) be continuous at (x 0 , y 0 ), and let u 0 ~f(x 0 , y 0 ), 
v 0 = f{x 0 , y 0 ). 

Let z—f(u, v) be continuous in (u, v) at (u Q , v Q ), 

Then z=fl<h(x, y), \p(z, y)] is continuous in (x, y) at (x 0 , y 0 ). 

Further, the general theorems on continuous functions, proved in § 31, 
hold, with only verbal changes, for functions of two or more variables. 

For example: 

If a function of two variables is continuous at every point of a closed domain, 
it is uniformly continuous in the domain. 

In other words, when the positive number c 1ms been chosen, as small as we 
please, there is a positive number ij such that \f(x', y') - f(x", y") \ < e, when 
(x' } y') and (x", y") are any two points in the domain for which 

Vl(x’ -*”)*+(>/ -y"n^v- 
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CHAPTER IV 


THE DEFINITE INTEGRAL 


38. In the usual elementary treatment of the Definite Integral, 
defined as the limit of a sum, it is assumed that the function of x 
considered may he represented by a curve. The limit is the 
area between the curve, the axis of x and the two bounding ordi- 
nates. 

For long this demonstration was accepted as sufficient. To-day, 
however, analysis is founded on a more solid basis. No appeal 
is made to the intuitions of geometry. Further, even among the 
continuous functions of analysis, there are many which cannot 
be represented graphically. 


E.g. let fix) — x sin -, when x < 0, 1 

and /( 0)=0. j 

Then f(x) is continuous for every value of x, but it has not a 
differential coefficient when x—0. 

It is continuous at x=0, because 

1/0*0 ~/(0) | = 1/0*01 3= | * |; 

and ]/(») ~/(0)| <e, when 0<|*| 'My, if g<e. 

Also it is continuous when * < 0, since it is the product of two continuous 
functions [cf. § 30]. 

It has not a differential coefficient at x = 0, because 

/W ~/(Q) I 

h Bm h’ 

and sin 1/h has not a limit as 

It has a differential coefficient at every point where xigO, and at such 
points 

, . 1 1 1 

J m=sm cos -. 

J XX X 
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More curious still, Weierstrass discovered a function, which is 
continuous for every value of x, while it has not a differential 
coefficient anywhere.* * * § This function is defined by the sum of 
the infinite series « 

]>} a 11 cos b n 7rx, 
o 

a being a positive odd integer and 6 a positive number less than 
unity, connected with a by the inequality ab> 1 +f-7r.f 

Other examples of such extraordinary functions have been 
given since Weierstrass’s time. And for this reason alone it would 
have been necessary to substitute an exact arithmetical treatment 
fOr the traditional discussion of the Definite Integral. 

BiemannJ was the first to give such a rigorous arithmetical 
treatment. The definition adopted in this chapter is due to him. 
The limitations imposed upon the integrand f(x) will be indicated 
as we proceed. 

In Higher Analysis the Riemann Integral has now been super- 
seded by the Lebesgue Integral, or by one of the others allied to it. 
This advance dates from Lebesgue’s first memoir, which appeared 
in 1902. § Much has since then been done in this field, but the 
ideas involved are far from elementary; and, though it is especially 
in the rigorous treatment of the Theory of Fourier’s Series that the 
advantages of the new definition of the integral are to be found, 
it does not seem proper to introduce it into this work. In an 
Appendix 1 1 the Lebesgue Integral is defined and some of its 
distinctive properties are obtained; also it is shown in what way 
its introduction simplifies and completes the more elementary 
treatment of the text. 


*It seems impossible to assign an exact date to this discovery. Weierstrass 
himself did not at once publish it, but communicated it privately, as was his habit, 
to his pupils and friends. Du Bois-Reymond quotes it in a paper published in 1874. 

f Hardy has shown that this relation can be replaced by 0< a< 1, 6 > 1 and 
u&^l [cf. Trans. Amer. Math. Soc., 17 (1916)]. An interesting discussion of 
Weierstrass’s function is to bo found in a paper, “Infinite Derivates,” Quart. J. of 
Math., 47 (1916), 127, by Grace Chisholm Young. 

Jin his classical paper, Uber die Darstellbarkeit einer Function dutch erne trigono- 
metrische Feihe. See above, p. 6. 

But the earlier work of Cauchy and Dirichlet must not be forgotten. 

§ “Integrate, Longueur, Aire,” Annuli di Mat. (3), 7 (1902), 230. 

|| See Appendix II, where references to books and memoirs on this subject will 
be found. 
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| 39. The Sums S and s.* Let f(x) be a bounded function, given 

I in the interval (a, b). 

Suppose this interval broken up into n partial intervals 
| (a, x x ), (x x , x 2 ), ... (x n _ x> b), 

where ti<x x <x 2 ... <x n „ x <b. 

Let M, 7n be the upper and lower bounds of f(x) in the whole 
interval, and M r , m T those in the closed interval {x r _ x , x r ) } writing 
cl—Xq and b=x n : 

\ Let 8—M x (x x ~a) +M 2 (x 2 -x x ) +... +M n (b~x n _ x ),} 

|. and s = m x (x x - a) + 7n 2 (x 2 -%)+...+ m n (b - x n _ x ) . / 

‘ To every mode of subdivision of (a, b) into such partial intervals, 

| there corresponds a sum S and a sum s such that s s§ S. 

f The sums S have a lower bound, since they are all greater than 

j m,(b - a), and the sums s have an upper bound, since they are all 

I less than if (6 -a). 

I Let the lower bound of the sums 8 be J , and the upper bound 

« of the sums she I. 

! 

! We shall now show that l g; J. 

Let a , x x , x 2 , ... x n _ x , b 

1 be the set of points to which a certain S and a correspond. 

1 Suppose some or all of the intervals ( a , x x ), (x x , x 2 ), ... ( x n _ x , b) 

to be divided into smaller intervals, and let 

Hi> ••• Vk-i’ x i> Vk> Vk+v ••* v>~ i’ Vb ••• & 

be the set of points thus obtained. 

j The second mode of division will be called consecutive to the 

I first, when it is obtained from it in this way. 

j Let 2, cr be the sums for the new division, 

j Compare, for example, the parts of S and 2 which come from 

j -he interval (a,,x x ). 

| Let M\, m' x be the upper and lower bounds of f(x) in (a, y x ) } 

M'o, m’ 2 in (y x , y 2 ), and so on. 

The part of 2 which comes from (a, x x ) is then 

M\{y x ~a x ) +M' 2 {y 2 -y x ).'. 4 -M' k {x x -y k _ x ). 

But the numbers M\, M' 2) ... cannot exceed M x . 
j Thus the part of 2 which we are considering is at most equal 

i ■. to M x (x x ~a). 

j *The argument which follows is taken, with slight modifications, from Goursat's 

Coura d’Analyae, 1 (4« 6d., 1923), pp. 171 el seq. 
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Similarly the part of 2 which comes from (x v x 2 ) is at most 
equal to M z (x z - x x ), and so on. 

Adding these results we have 2 s S. 

Similarly we obtain o- > 6 >. 

Consider now any two modes of division of (a, b). 

Denote them by 


os l3 x z , ... x m _ x , b, with sums S and s, . 

and a, y x , y Z) ... y n _ x , b, with sums S' and s‘ ^ 

On superposing these two, we obtain a third mode of division (3) 
consecutive to both (1) and (2). ’ 

Let the sums for (3) be 2 and o-. 

Then, since (3) is consecutive to (1), 

8 sS 2 and ar^s. 

Also, since (3) is consecutive to (2), 

8' is 2 and cr s'. 

But 

Therefore Sms’ and S’ ms. 

Thus the sum 5 arising from any mode of division of (a, b ) is 
of division 811 ^ ^ Same ’ 01 “pother, mode 

It follows at once that IgJ, 

For we can find a sum s as near I as we please, and a sum S 

ihlT°Ti>j T n me 7 de o£ division) as nmi J as 

fCwhieh at*. ^ mV ° IVe * he eXiStenCe ° f “ “ and “ 

« «*> reader Mow 

wiU refer to certain rectangles associated with OBoarVeT * ‘ SUmS 8 “ d " 

4 fZTZ’ S ^ 0rem ' r fe 5 “ 5 S and S 

and I , when the points of division are multiplied indefinitely 
such a way that all the partial intervals tend to zero ^ ^ 

Stated more precisely, the theorem reads as follows- 
If the positive number e « chosen, as small as we please there 
alltZZ ri SUCh thatJor aU modes of division in which 

““ € ; md the ! Um s « than I by less than e . 

any positive number as small as we please. 


X m-1> b, 


...( 1 ) 

••( 2 ) 
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Since the sums 8 and s have J and / for lower and upper bounds 
respectively, there is a mode of division such that the sum 8 for 
it exceeds J by less than |e. 

Let this mode of division be 

a, a lf a 2 ,...a S) _ 1 , b, with sums S x and s lv ..(1) 

Then S x <J+%e. 

Let r} be a positive number such that all the partial intervals 
of (1) are greater than rj. 

Let 

a=x 0 , x v x 2 , ... x. n _ ± , b=x n , with sums S 2 and s 2 , ....(2) 
be any mode of division such that 

(x r -~x r _ 1 )^7j, when r = l, 2, ... n. 

The mode of division obtained by superposing (1) and (2), 

e.g . a, x l3 x 2 , a l3 x s , a 2 , x^ ... x n ^ l3 b >t with sums S s and s 3 , .(3) 

is consecutive to (1) and (2). 

Then, by § 39, we have 8 x ^8 a . 

But 8 X < J +|e. 

Therefore 8 S < J ,+'§e. 


But 

Therefore 

Further, 

S 2 ~S 3 


£ 2 -£ 3 =2 [M(x r _ v x r )(x r ~ x r _ x ) - M{x r „ x , a k ){a k ~x r „ x ) 

~M{a k , x r )(x r -a k )] t 

M(x\ x") denoting the upper bound oif(x) in the interval (x', x"), 
and the symbol 2 standing as usual for a summation, extending 
in this case to all the intervals (x r _ l3 x r ) of (2) which have one of 
the points a l3 a 2 , ... a v _ x as an internal point, and not an end- 
point. From the fact that each of the partial intervals of (1) is 
greater than rj, and that each of those of (2) does not exceed r\ 3 
we see that no two of 'then’s can lie between two consecutive #’s 
of (2). 

There are at most (p~ 1) terms in the summation denoted by 
2. Let \f{x)\ have A foT its upper bound in (a, 6). 

We can rewrite S 2 - S 3 above in the form 

^a-5 8 = 2[{Jfcf(a; r _ 1 , x r ) - M(x r _ x , a k )}(a k -x r _ x ) 

+{M{x r _ l3 x r )-M(a k , x r )}(x r - a*)]. 

But {M(x r _ x , x r )-M(x r _ 1 , a*)} and {M(x r _ x , x r )~M(a k , x r )} 
are both positive or .zero, and they cannot exceed 2 A. 
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Therefore -a,.,), 

the summation having at most (p-1) terms, and (x r -* ) being 

at most equal to ?/. 

Thus S 2 -« 3 S2(p-l)^. 

Therefore .S' 2 <./ + J S +2( 2 ) ~ ])yfr/, 

since we have seen that S 3 <J -f 

So far the only restriction placed upon the positive number « 

, as been that the P^ial intervals of (1) are each greater 
than rj. 

We can thus choose rj so that 

^ < 4(p~l)A‘ 

With such a choice of rj, S>J + e . 

Thus ive. have shoivn that for any mode of division sack that the 
greatest of the partial intervals is less than or equal to a certain 

positive number rj, dependent on e , the sum S exceeds J by less 
than e* J 

Similarly for s and /; and it is obvious that we can make the 
same ?7 satisfy both £ and 5 , by taking the smaller of the two to 
which we are led in this argument. 

41. The Definite Integral of a Bounded Function. We now 
come to the definition of the definite integral of a bounded function 
J{x), given 111 an interval (a, b). 

A bounded function fix), given in the interval (a,b), is said lobe 
mjrablem that mterval, when the lower bound J of the sums S 
andtte upper bound I of the sums s o/ § 39 are equal. 

iJ %e co ™ , ' on mlue °f I and: J is called the definite 

integral of fix) between the limits a and b, and is written * 

r f(x)dx* 

Ja 

It follows from the definition that \\f(x)dx cannot be greater 

*f e sum s corresp ° ndin s * o aQ y mo<ie 

defect to^i the integral. 686 aPP “ ti0 “ S * — » d 

*** -A.) -4 the 


|| 

I ] Jmp, , | 
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We can replace the sums 

S = — a) +M z (x 2 — $ 2 ) + ... +M n {b — % n ~i), } 

s=m 1 (x x - a) + m 2 (x 2 -x 1 )+...+ m n (b - x n ^), f 
by more; general expressions, as follows: 

Let £ v £ z , ... £ r , ... i n be any values of x in the partial intervals 
(a, x x ), (x x , x z ), ... (x r _ x , x r ). ... ( x n _ x , h ) respectively. 

The sum 

f(%i)( x i~ a ) +f(£z)( x 2~ x i) + ••■ +/(£«)(& ~%n~i) •••(!) 

obviously lies between the sums S and s for this mode of division, 
since we have m r -y f(£ r ) s; M r for each of the partial intervals. 

But, when the number of points of division (x r ) increases inde- 
finitely in such a way that all the partial intervals tend to zero, 

the sums >S and 5 have a common limit, namely f f(x)dx. 

Ja 

Therefore the sum (1) has the same limit. 

Thus we have shown that, for an integrable function fix), the 
sum fi£ x )(x x ~a) +f(^)(x 2 -x 1 ) + ... +fi£ n )(b-x n _ x ) 

has the definite integral ! f(x)dx for its limit , when the number 

J a 

of points of division (x r ) increases indefinitely in such a way that all 
the partial intervals tend to zero, £ v £ z , ... £ n being any values of x 
in these partial intervals* 

In particular, we may take a, x x , x z> ... a?„_ l3 or x x , x 2 , ... x n „ ly b, 
for the values of. £ x , | 2 . ... £ n . 

42. Necessary and Sufficient Conditions for Integrability. Any 
one of the following is a necessary and sufficient condition for the 
integrability of the bounded function fix) given in the interval 
(a, b ): 

I. When any positive number e has been chosen, as small as we 
please, there shall be a positive number rj such that S~s<e for every 
mode of division of (a, b) in which all the partial intervals are less 
than or equal to p. 

We have S - s<e, as stated above. 

But $ s J and s =s /. 

*We may substitute in the above, for f(^), /(£ 2 ), ... /(£ w ), an y values n v /x 2 , ... y. n 
intermediate between (M v nil), (M 2 , m 2 ), etc., the upper and lower bounds of f(x) 
in the partial intervals. 




THE DEFINITE INTEGRAL 


[OH. IV 


Therefore . J - I<e. 

And J must be equal to /. 

Thus the condition is sufficient. 

Further, if 1 —J, the condition is satisfied. 

For, given e , by Darboux’s Theorem, there is a positive number 
j? such that S -J<\e and J-s<|e for every mode of division 
in which all the partial intervals are less than or equal to rj. 

But S-s=.(S-J)+{l-s), since I-J. 

Therefore S-$<e. 

II. When any positive number e has been chosen , as small as we 
please , there shall be a mode of division of (a, b) such that S ~ s<e. 

It has been proved in (I) that this condition is sufficient. Also 
it is necessary. For we are given I = J, as /(sc) is integrable, and 
we have shown that in this case there are any number of modes 
of division, such that S~s<e. 

III. Let over he. any pair of positive numbers. There shall he. a mode of 
division of (a, h) such that the sum of the lengths of the partial inter vals in - which 
the oscillation is greater than or equal to «> shall be less than erf 

This condition is sufficient. For, having chosen the arbitrary positive 
number e, take 

cr— n T -,/ - — r and «>= *>/, - •• 

2(M-m) 2(o -a) 

where M, m are the upper and lower bounds respectively of f(x) in (a, b). 

Then there is a mode of division such that the sum of the lengths of the 
partial intervals in which the oscillation is greater than or equal to to shall 
be less than c r. Let the intervals (x r _ v x r ) in which the oscillation is greater 
than or eq uni to w be denoted by D r , and those in which it is less than u> by d r , 
and jet the oscillation (M r - m r ) in [x r _ v x v ) be denoted by w r . 

Then we have, for this mode of division, 

■ hi r s ~~ 4. 'Lwy'dy. 


and, by (II), f(x) is integrable in (a, b). 

Also the condition is necessary. For, by (II), if f{x) is integrable in {a, b), 
there is a mode of division such that S ~s < our. Using D„ d T as above, 

S ~ s — 2<o r D r + 2u> fd r 

5? w2D r . 


*Cf. Pierpont, Theory of Functions of Real Variables, 1 (1905), § 498. 
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Therefore 

and 


<oo- > <oh'7) r 
ZD r «r. 


43. Integrate Functions. 

I. If f(x) is continuous in (a, b ), it is integrable in (a, b). 

In tlie first place, we know tliat f(x) is bounded in the interval, 
since it is continuous in (a, b) [cf. § 31. 1], 

Next, we know that, to the arbitrary positive number e, there 
corresponds a positive number y\ such that the oscillation of f (sc) 
is less than e in all partial intervals less than or equal to rj 
[cf. § 31. 1]. 

Now we wish to show that, given the arbitrary positive number e, 
there is a mode of division such that S-s<e [§ 42, II]. Starting 
with the given e, we know that for ej(b-a) there is a positive 
number r] such that the oscillation of f(x) is less than <?/(& - a) in all 
partial intervals less than or equal to ?]. 

If we take a mode of division in which the partial intervals 
are less than or equal to this rj, then for it we have 

S-s<(b-a)r-^~ = e. 
v 'b-a 

Therefore f(x) is integrable in (a, b). 

II. If f(x) is monotonic in (a, b), it is integrable in ( a , &).* 

In the first place, we note that the function, being given in the 
closed interval (a, b), and being monotonic, is also bounded. We 
shall take the case of a monotonic increasing function, so that 
we have f(a\ s' / (x. Is;/ (x,J\ . . . ^ l /(cc 7l _ 1 ) ~if(b) 


we have /(«) ^f(x x ) §/(* 2 ) . 
for the mode of division given by 


Thus we have 

S=f{x 1 ){x 1 -a)^f{x z ){x 2 ~x 1 )...+f[b)(b-x n _ 1 ), \ 

s=f(a) (x 1 ~a)+f(x 1 )(x 2 -x 1 )... +f(x n - 1 )(b-x n _ 1 ).j 
Therefore, if all the partial intervals are less than or equal to r/, 
S-ss [/(6) -/(®)1> 

since /(*,)-/(»), f(x 2 ) -/(%)> -/(*„_,) 

are none of them negative. 

♦Since a function of bounded variation (cf. § 36. 2) is the difference of two 
monotonic functions, it follows from § 45, III that functions of bounded variation 
are integrable. 
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If we take 




. , "M -/'(«)’ 

it follows tjiat .:>■ g~s<€ 

Thus f(x) is integrable in ( a , b). 

The same proof applies to a monotonic decreasing function 
We have seen that a monotonic function, given in la b) 

moor (ct. s 34). tte are thus led to consider other cases in 
foci a bounded function is integrable, when discontinuities of the 
fiinction occur in the given interval. A simple test o nte « 
bihty is contained in the following theorem: ' * * * * " 

r in Tf in »>■ «U its points 
L r ! { ’ b) Cm U enchs ^in « fin ite number* of intervals 

%*?■ °{ Whle, ‘ lS kSS tUn an y ***** Positive number 
Let e be any positive number, as small as we please and W 
the upper bound of |/(*)| i n {a , b) be A . 

Of ft ,° Ur h W> othesis we can enclose all the points of discontinuitv 
J/(.r) in a finite number of intervals, the sum of which is less than 

fl ° m “ * ®t most, 2.4 

(ctedStS; >nd - w is conti,mous in a11 the re “g 
numLTf'SlWmts?^ t T ° f (a ’ b) int0 * 

of A?~5<i e [cf. (I)] ’ hat the corres P°nding portion 

° f divisi ° n | g S'® of 1 6) is 

Hence f(x) is integrable in (a b) 

* 

be ordinary ^contfimltie^bu/^he^fuimt^^b^ “* 
cannot be infinite discontinuities “ ‘ S b ° Unded ’ the T 

*It will be shown in Appendix II Sin fl, + x. 

according to Riemann’s definition of the inteL] 0 ““ded function is also integrable 

can he enclosed in an infinite number of irTf-»r’ j en . tJl i e P omts of discontinuity 

of these intervals can be made a^mal] f if ^ SUm of the lengths 

pomts of discontinuity form a and> in partk:uiar ’ wh - * 


43, 44] THE DEFINITE INTEGRAL 99 

IV. If a bounded function is integrdble in each of the partial 
intervals ( a , a x ), (a l3 a 2 ), ... (a 3 ,_ 1 . b), it is integrable in the whole 
interval (a, b). 

Since the function is integrable in each of these p intervals, 
there is a mode of division for each (e.g. a r _ v a r ), such that S-s 
for it is less than e(p, where e is any given positive number. 

Then S — s for the combined mode of division of the whole 
interval (a, b) is less than e. 

Therefore the function is integrable. 

From the above results it is clear that if a bounded, function is 
such that the interval ( a , b) can be broken up into a finite number 
of open- partial intervals, in each of which the function is monotonic 
or continuous, then it is integrable in (a, b). 

V. If the bounded function f(x) is integrable in (a, b), then \f(x)\ 
is also integrable in (a, b). 

This follows at once, since S ~‘s for |/{a?)| is not greater than 
S - s for f(x) for the same mode of division. 

It may be remarked that the converse does not hold. 

E.g. let f(x) = 1 for rational values of x in (0, 1), 
and /(*) = - 1 for irrational values of x in (0, 1). 

Then |/(*)| is integrable, but f(x) is not integrable, for it is obvious that 
the condition (II) of § 42 is not satisfied, as the oscillation is 2 in any interval, 
however small. 

44. If the bounded function f(x) is integrable in (a, b), there are an infinite 
number of points in any partial interval of (a, b) at which f(x) is continuous.* 

Let (t>!> tog> <t) 3 ... be an infinite sequence of positive numbers, such that 

lim w_ = 0. 

Let (a, p) be any interval contained in (a, b) such that a a < ft <b. 

Then, by § 42, III, there is a mode of division of (a, b) such that the sum 
of the partial intervals in which the oscillation oif{x) is greater than or equal 
to oq is less than (/? - a). 

If we remove from (a, 6) these partial intervals, the remainder must cover 
at least part of (a, ft). We can thus choose within (a, ft) a new interval 
(a 1? Pi) such that (/b -a x ) < -a) and the oscillation in (a l5 /b) is less 

than m v 

Proceeding in the same way, we obtain within (cq, pi) a new interval (a 2 , /b) 
such that ( p 2 - a 2 ) <|(/b ~ a i ) ar *d ^be oscillation in (a 2 , ft 2 ) is less than co 2 . 
And so on. 


*Cf. Pierpont, be. ciL, § 508. A more general theorem is given in Appendix ll, 

§ 10 . 
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Thus we find, an infinite set of intervals A lt A z , ... , each contained entirely 
within the preceding, while the length of A n tends to zero as n-> oo , and the 
oscillation of f(x) in A n also tends to zero. 

By the theorem of § 18, the set of intervals defines a point (e.g. c) which 
lies within all the intervals. 

Let e be any positive number, as small as we please. 

Then we can choose in the sequence w v w 2 , ••• a number w r less than e. 
Let A r be the corresponding interval ( a r , ft r ), and a positive number smaller 
than { c~a r ) and (ft r -c). 

Then | f(x) -f(c ) | < <■, when |x-cj 

and therefore we have shown that f(x) is continuous at c. 

Since this proof applies to any interval in (a, b), the interval (a, ft) contains 
an infinite number of points at which f(x) is continuous, for any part of (a, ft), 
however small, contains a point of continuity. 

45, Some Properties of the Definite Integral. We shall now 

Cb 

establish some of the properties of j f(x)dx, the integrand being 
hounded in (a, b) and integrable. 

I. Iff(x) is integrable in (a, b), it is also integrable in any interval 
a, ft) contained in {a, 6). 

From § 42, I we know that to the arbitrary positive number e 
there corresponds a positive number r\ such that the difference 
-s<e for every mode of division of (a, b) in which all the partial 
are less than or equal to rj. 

We can choose a mode of division of this kind with (a, ft) as 
ends of partial intervals. 

Let 2, a- be the sums for the mode of division of (a, ft) included 
in the above. 

Then we have 0 ^ 2 - <r Si 8 - $<e. 

Thus f(x) is integrable in (a, ft) [§ 42, II]. 

II. If the value of the integrable function f(x) is altered at a finite 
number of joints of {a, 6), the function <p(x) thus obtained is integrable 

(a,b) } and its integral is the same as that of f(x). 

We can enclose the points to which reference is made in a 
number of intervals, the sum of which is less than e/4 A, 
where e is any given positive number, and A is the upper bound 
)j in (a, b). 

part of S-s for <p(x), arising from these intervals, is at 
most 2A multiplied by their sum, i.e. it is less than Je. 
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On 'the 'other hand, /(a;) and which is identical with f(x) 
in the parts of (a, b ) which are left, are integrable in each of these 
parts. 

Thus we can obtain a mode of division for the whole of them 
which will contribute less than f e to S-s, and, finally, we have 
a mode of division of (a, b) for which S~ s<e. 

Therefore <p(x) is integrable in (a, b). 

Further, j cj>(x)dx= f f(x) dx. 

J a J a 

For we have seen in § 41 that j (p(x)dx is the limit of 

Ja 

<(>(£ l)( x l~ a ) +<i>(h)( x Z~ x l) + ••• +<t>(£n)(b-X n _ i) 

when the intervals (a, xf), (x v x 2 ), ... (x n _ lt b) tend to zero, and 
| l5 ... i n are any values of x in these intervals. 

We may put /(£,), /(£ 2 ), .../(!„) for «/>(^), 0(| a ), ... <£(£») in 
this sum, since in each interval there are points at which <p{x) and 
f(x) are equal. 

In this way we obtain a sum of the form lim H,f(i r )(x r ~ a: r _i), 

which is identical with j f(x) dx. 

J a 

III. It follows immediately from the definition of the integral, 
that if f(x) is integrable in {a, b), so also is Cf(x), where C is any 
constant. 

Again, if f x (x) and f 2 (x) are integrable in (a, b), their sum is 
also integrable. 

For, let ($, s), (S', s') and (2, or) be the sums corresponding to 
the same mode of division for f x (x),f 2 (x) &nd.f x (x) +f 2 (x). 

Then it is clear that 

'E- ( r^(S-s)+(S'~s , ) i 
and the result follows. 

Also it is easy to show that 

[ Cf(x)dx=oi f(x)dx , 

J a J a 

and f { f x (x) +f 2 (x)} dx= f f x (x) dx + f f 2 (x) dx. 

J a J a * a 

IV. The product of two integrable functions f x (x), ffx) is integ- 
rable. 

To begin with, let the functions f x (x), f 2 (x) be positive in (a, b). 
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Let M r , m r ; M' r , m' r \ M r , m r be. the upper and lower bounds of 
and/i(«)/ 2 (cr) in the partial interval (3? r _ l5 x r ). 

Let (S, s), (S', s') and (2, or) be the corresponding sums for a 
certain mode of division in which (x T _ % , x T ) is a partial interval. 
Then it is clear that 

M r ~ m r Si M r M\ - «X=I r (f r - m' r ) +m' r (M r - m r ). 

4 fortiori, M f - m r gg Tf(ii' r - m' r ) + M'(M r - m r ), 

where M, M' are the upper bounds of f x (x),f z (x) in (a, 6). 

Multiplying this inequality by (x r ~x r _f) and adding the corre- 
sponding results, we have 

2-cr^M(S'-s')+M'(S-s). 

It follows that S-o- tends to zero, and the product oif x (x), f 2 (x) 
is integrable in (a, b). 

If the two functions are not both positive throughout the 
interval, we can always add constants c x and c 2 , so that/^x) +c x , 
fz( x ) +c 2 remain positive in (a, b). 

The product 

. , (/ i( x ) +Cj )(f 2 (x) +C z )-f 1 (x)f 2 (x) +c 1 f 2 (x) +C 2 f 1 (x) +CjC 2 

is then integrable. 

But c x f 2 (x) +cj 1 (x) +CjC 2 is integrable. 

It follows that i / 1 (a?)/ 2 (£c) is integrable. 

On combining these results, we see that if f x (x), f 2 (x) ..,f n (x) 
are integrable functions, every polynomial in 

. 7 A (»)/■■>,(*).../«(*) 

is also an integrable function^ ( 

46. Properties of the Definite Integral ( continued ). 

f f(x)dx=z - \ a f(x)dx. 

the definition of the sums S and s, and of the definite integral 
dx, we assumed that a was less than b. This restriction is, 
however, unnecessary, and will now be removed. 

If a>b, we take as before the set of points 


we deal with the sums 

S=M 1 (x 1 -a) +M 2 (x 2 -x ± ) + ... +M n (b-x n _ 1 ),) 
s — mfXj ~a)+m 2 (x a ~x x )+... + w B (fe-a? n _ 1 )J 


reSUlt ° an be extended to any continuous function of the n functions 
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The new sum S is equal in absolute value, but opposite in sign, 
to the sum obtained from 

The existence of the bounds of £ and s in (1) follows, and the 
definite integral is defined as the common value of these bounds, 
when they have a common value. 

It is thus clear that, with this extension of the definition of 

f f(x)dx= - f f(x)dx ,* 

•'a Jb 

a, b being any points of an interval in which f(x) is bounded and 
integrable. 

II. Let c be any point of an interval [a, b) in which f(x) is bounded 
and integrable. 


41, we have 


Then f(x)dx— f(x)dx + f(x)dx. 

* a a • c 


Consider a mode of division of (a, b) which has not c for a point 
of section. If we now introduce c as an additional point of section, 
the sum S is certainly not increased. 

But the sums S for (a, c) and ( c , b ), given by this mode of 

division, are respectively not less than [ f(x)dx and j f(x)dx. 

•' a Jc 

Thus every mode of division of (a, b) gives a sum S not less than 


It follows that 


f f(x)dx + \ f(x)dx. 

•' a .I a 

| f(x) dx S [ f(x) dx + [ f(x) dx, 

J a J a .J c 


If we consider the sum s, in the same way we find that every 
mode of division of (a, b) gives a sum s not greater than 


It follows that 


f f(x) dx + \ f(x)dx. 
f /(®)dxgf f(x)dx+ f f(x)da 

J a J a v c 


Thus we must have 


[ f(x)dx={ f(x)dx + \ f(x)dx. 

J a J a I c 


*The results proved in §§ 42-45 are also applicable, in some cases with slight 
verbal alterations, to the Definite Integral thus generalised. 
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If c lies on (a, b) produced in either direction, it is easy to 
show, as above, that this result remains true, provided that' f(x) 
is mtegrable in (a, c) in the one case, and (a, 6) in the other. 

47. If f(x)s=g(x), and both functions are mtegrable in (a, b), 
then J f(x) dx :s I g(x) dx. 

if* /> . <!>(z)=M-9(x) 3 0. 

ihen fa) is mtegrable in (a, 6), and obviously, from the sum s 

’ 

<p(x)dx5: 0. 

J a 

Therefore \ f(x)dx~ f g( x )dx s 0. 

“ a J a 

Corollary I. If f( x ) is integrahle in {a, b), then 

C b „ rt> 

]J(x)dx sj \f(x)\dx. 

is Si™ 8een “ § 43 ” that if ' ^ is »■ («, 6), so also 

utn M\. 

I he result follows from, the above theorem. 

Corollary II. Letf(x) be integrahle and never negative in (a, b). 
///W is c in (a, b) andf(c)> 0, then f(x)dx>0. 

6 se f in § 44 if /(*) is mtegrable in (a b) it must 

thatTo ° f f !f “ U1 ^ “ interVa! ' Wllat is assumed here 

Let tbl ! ^ P0 “ tS ° f oontinuit y/W is positive. 

Let this point c be an internal point of the interval / \\ j 

not an end-point. Then there l * l 

Tb°' <C<C " <b ’ SUCil that fM> k for every poii ’of 
& being some positive number. ' P * { 

Thus, since /(*)6G in (a, c'), f f(x)dxS0. 

And, since /(a) > A: in (o’, c*),£ f(x)ixS.k(c' -c')> 0 . 

Also, since /( k) s 0 in (c", b), f‘ /(*)<& go. 

«r c w 

Adding these results, we have J 4 /(*) ^ 0 

m the argument when c is an end-point of (a, b ) 
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Corollary III. Let f(%) = g(x), and both be integrable in («, &)• 

At a point c in (a, b), let f(x) and g(x) both be continuous, and 

f{c)>g{c). Then f f(x)dx> f g(x)dx. , ?i 

This follows at once from Corollary II by writing 

</>(x)=f(x)-g(x). 

By the aid of the theorem proved in § 44, the following simpler result may 
be obtained: 

Iff(x) >g(x), and both are integrable in (a, b), then 
I f(x)dx> f g(x)dx. 

a J a 

For, if f(x) and g{x) are integrable in (a, b), we know that f(x) ~g(x) is 
integrable and has an infinite number of points of continuity in (a, b). 

At any one of these points /(x) - g(x) is positive, and the result follows from 
Corollary II. 

48. The First Theorem of Mean Value. Let (p(x), \fs(x) be two 
bounded functions, integrable in (a, b), and let \j/(x) keep the same 
sign in this interval; e.g. let \fs(x) i^O in {a, b). 

Also let M, m be the upper and lower bounds of <p(x) in (a, b). 

Then we have, in (a, b), 

m g <{>(x) g M, 

and multiplying by the factor \f/{x), which is not negative, 
m\fs(x) g <j>(x)\]s{x) g M\Js{x). 

It follows from § 47 that 

mi \J/(x) dx g | <f>(x)\J/(x)dx^ m{ \p-{x)dx, 

J a J a J a 

since <p(x)\js{x) is also integrable in (a, b). 

Therefore [ (j)(x)\fs(x)dx=jui \Jr(x) dx 

where p is some number satisfying the relation m g p g M . 

It is clear that the argument applies also to the case when 

\fr(x) g 0 in (a, 6). 

If <p(x) is continuous in (a, b), we know that it takes the value 
p for some value of x in the interval (cf. § 31). 

We have thus established the important theorem: 

If (b{x), \}s(x) are two bounded functions, integrable in (a, b ), (b{x) 
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being continuous and \tAx) keemmn ilo • . 

/ U the same sign m *&> * nfen , aZ 

then 1° • • <** 


fi ^ 


wfe f* some dejinite mlue tftfraslsb. 

further, if </>( x ) i s not contim • ( f 

Jj,(x)dx~(b- a), /,((), where asfsj. 

in §47 that in certain 

ta ° l th “ r ™- .«■ more general statement 

, . •%= f/(r)&, 

where xw any point ; n fc jj * 
ion if (is +A) is alsQ in the intervaI ^ 

F(x+b,)- F(x) = V +h f {x)dx _ 

ThUS : ^+^)-^)=M, 

.WSjtSM, the numbers If ,« t t 
bounds of /(it) in fc x +i) “ bem g ^ «Pper and lower 

Further, ^ itt (“> *)• 

F(x +h)~ F{ x )=hf(§) j where x ^ x +h 
h tends to ■»,/(;, has the limit /(it). " 

Therefore ij m F i x +h) - jF^) 

A-»a A ~f{ x )- 

bl’ZT iS f ntim0US in 4 >> />)& continuous 

Ms differential t Tffc. ** 0/ * *" 
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This is one of the most important theorems of the Calculus. 
It shows that every continuous function is the differential coeffi- 
cient of a continuous function, usually called its primitive, or 
indefinite integral. 

It also gives a means of evaluating definite integrals of con- 
tinuous functions. For if f(x) is continuous in (a, b) and 

= f f(x)dx, 

J a 

we know that y F(x)=f(x). Suppose that, by some means or 
other, we have obtained a continuous function fi(x) such that 

=/(*>• 

We must then have F(x) = <J,(x) + C, since ( f (F(x) - <p(x))~ 0 in 

(a, b)* 

To determine the constant C, we use the fact that F(x) vanishes 
at x—a. 


Thus we have f(x) dx = </ ’>(x ) - </»(a). 

Ja 


50. 1. The Second Theorem of Mean Value. We now come to a 

theorem regarding the integral f <jj(x)\]s(x)dx of which frequent use 

J a 

will be made, especially in the more symmetrical form given in (III). 
The proof is simpler, when we begin with the special case taken in 
(I), where <p(x) is monotonic decreasing and never negative in (a, b). 

I. Let <j>{x) be bounded, monotonic decreasing, and never negative in 
(a, b ) ; and let fi{ x ) be bounded and integrable, and not change its sign 
more than a finite number of times in (a, 6).f 

Then 1^ <p(x) d/{x)dx ~g>(a) f \fs(x)dx, 

J a 

where | is some definite value of x in a-%. x ^b. 

Since we are given that \]/(x) does not change sign more than a 
definite number of times in (a, b), w e c an take 
a = ctQ j tq, fflg, ... a n ==b, 

such that \fs(x) keeps the same sign in the partial intervals 
(a, «j), (eq, a 2 ), ... {a n ~ii a n ). 


*Cf. Hardy, loc. c.it. (5th ed., 1928), 228. 

fThis limitation will bo removed in the proof of § 50. 2. 


J.XN XJUUKAii 


Then fy {x )- Hx)dx ^^ + (xmx)ix . 

Now, by the First Theorem of Mean Value, 

/ <f>(x)\jr(x)dx=fi r P* \fr(x)dx, 

a r - 1 J «r-1 

wiierc ^ <j>( a r- 1 ) § Si 0(a r ). 

Therefore £ ^ </>(«) ^(a;) <foj = ^ [ F(a r ) - F(a r-1 )], 
where we have written F(x) = j \f/(x)dx. 

<i a 

Tlius we have £ </>{*) f/(x)dx='^ i ft . [F(a r ) - (! 

8in<» *■(«)=<>, we may add on the term F(a)d>(a), and we rewrit 
( I ) m the form 

£ #r) *= W«) - ft) m + £ (ft-i - ft) +ft J (4) . (2 

But none of these multipliers of F(a), F(c h ), ... F(b) are negative 
V e may, therefore, replace the right-hand side of (2) by 

, - fh) + ([*■! - Hi) + • • . + (fin-1 ~Fn) +/*„], ( 3 ; 

’? S °^ efiniten ™ ber between the s reat ®t and least oi 
{a) > ,-ybh ••• *(*)> or coinciding with one or other. 

Since F(x)-j^\},(x)dx, we know that F(x) is continuous in (a, b). 

Therefore there is a number g satisfying a^x^b, such that 

M=F(g) [cf. § 31. 1], 

It follows from (2) and (3), that 

£ #») ffc) dx= 0(a) P yjs( X ) dx, 
where g is some definite value of a; in a^x^L b 

in ,’IS* th T“ fOT th ° — Wten is mon °touio 
-rang and never negative m (a, b) is' stated in (II) It can be 

mblw t" * he Same ™ y 38 (I) ’ or deduoed from it by the 

substitution y=b~xm the integral ■ 

P <p{x) \jf(x) dx. 

(a ”) t! i-il, and never negative in 

(ft b) , and kt i,(x) satisfy tie same conditions as in (I). 
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fb n 

Then <p(x)\f/(x)dx=(f>(b) \ \Js(x)dx, 

J a J $ 

where £ is some definite value of x in a ~x ^b. 

We now come to the more general case where 0(») is monotonic, 

but not necessarily of the same sign in {a, b). 

III. Let f(x) be bounded, and r , nonotonic in (a, b ) ; and let'fs(x) 
satisfy the same conditions as in (I). 

Then f <p(x) fs(x) dx = <p(a) I* fs(x) dx + <j>(b) I* \Js(x) dx, 

J a J a J £ 

where £ is some definite value of x in a — x^b. 

Let (j>{x) be mono tonic decreasing, and f(x) = <f>(x)-<j>(b). 

Then f(x) is monotonic decreasing, and never negative in (a, b). 

Using (I) we have 

f /(®) M x ) dx =J (a) P f(x) dx, 

J a J a 

where £ is some definite value of x in a = x s: 6. 

It follows that 

f <f>(x)\fs(x)dx=(<f>(a)- <f>(b)) f \Js(x)dx+<p(b) f \Js(x) dx. 

Ja Ja J a 

Thus J <j>(x) fi(x) dx= <p(a) j" dx + (j>(b) \]s(x) dx, 

where £ is some definite value of x in a s ^ x b. 

If (}>{x) is monotonic increasing, we put f(x) = <f>(x) - f(a), and 
use (II). 

The form of the Second Theorem of Mean Value given in (III) is 
the most useful and easily remembered. 

Other modifications may be mentioned : 

Since <p(x) is monotonic in (a, b), <j>(a +0) and <p(b - 0) exist. Also 
we may give <f>(x) these values at x=a and x=b respectively, without 
changing the monotonic character of </>(x), or the value of the 
integral n 

<p{x)\f(x)dx. 

J a 

We thus obtain the theorem : 

IV. Let <f>(x) be bounded and monotonic in (a, b) ; and let \fs(x) be 

bounded and integrable, and not change its sign more than a finite 
number of times in (a, b). jfk 
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where ( is some definite value of x in a x b* ' * 

and 1 "respectively^ T 77* * ( ° +0) 

that AsMa+ 0) and b7L m 7 Wd B ’ P rovi « 
increasing function; andsfa 0 ( a |m ‘ h ^^ e “ftinmonotonic 

the monotonic decreasing function ’ ~ ° ln the °“e of 

leZl *" ^ ** * — '«"**» on *) ^ i4x) as 
V ' ). < ^ x W x )< i i:=eij^<fi(x)dx + Bj > ' f,(x)dx, 

and A^Z+O 

£ being some definite volte of x in a si 2 b. m ° M ° me <fecre ®*%, 

7 samei and 

em ^r e 12 a^) w ~,t were 

Bo 13 -Eey m0 nd,:f independently oiTand “ 7 “ d dU 

it is assumed that the secorid functitJ^lTd ^ ^ aI “ 6 given in § 50 - 1. 

finite number of times in the interval (/ft) ^ n0t Chang0 sign more tlla * a 

f ™m (I). P Ve f 1 * as the ^her results (II) . ( V) folIow directIy 

let K*) be bounded and ^nt^abUiT^X % "**" "*“*** *’* ( ®’ 6 > 


Then 


‘a , M x )'H*)4x=<Ha) f 1 \j,{x),lx, 


"?.*** *'« » . -rr. “ 

. . be cllosen , „ „ „, e 

•Corresponding result, hold for (I) „nd (II, . 

.. , '■»' [ ^W*)rf* = 4(« + 0,|% W *, oS 

takes the place of (I). • « — s — o, 

cowr. ^4carf. roy, Bruxelles, 23 (1850) 8- il j 
249, ( 0)> 8 ’ aIso Journal de Math., 14 ( 1849 ) 

Vounalfur Math., 69 (IS69), 81; and 79 (1875), 42 . 
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There is a mode of division of (a, b), say 

a = x 0 , a- ls ;r 2 , ... x„_ v x n —b, 

such that for it 


the sum S for <{>(x) \p(x) < j (]>(x) i p(x) dx + e, 'j 

and the sums for <j>(x)yj/(x)> f </>(*) \j/(x) dx -e J 


also the sum S for \f/(x) < \fr(x)dx + - T — , \ 

; "t" h P) 

and the sum s for \[s(x) > j \f/(x)dx - J 

n- l 

Let <r — (ji(x r ) ^(x r ) (x r+1 - x r ) 
o 

n- 1 

= £ ^(x r )c~, where c r = ) (x r+1 - a r ), 

o 

n - 1 

=d 0 <l>(x 0 ) + V, (l>(x r )(d r - d r _ j), where rf r =c 0 + c t + ... +c r . 

l 

=d 0 [</>(*„) — r/>(*i)] + {//'(*].) — + ■ •• 

+ d„_ 2 [<l>(x n _ 2 ) - + d n _ 1 c/ J (:r n _ 1 )]. 

None of the multipliers of d 0 , d v ... d n _ t are negative. 

Let d p and d a be the smallest and largest of d 0 , d v ... d n _ v 
Then we have 

(n - 2 (n-2 t 

dp [ V [<f>(x r ) - 4>(x r+1 )] + <K x n-i) • s <r r-- d a { 2 bH x r) ~ <K x r+l)l + <K x n-l) ( > 

l 0 J l 0 J 

i.e. d v (f)(a) a- ~ d Q (f>(a) (3) 

Thus <r=//. <t>(a), where /i is some number satisfying d p fx ~ d (l . 

v p 

Now d v = Z.c r = '2‘i'(x r ) (x r+1 - x r ). 
o o 

Therefore the sum s for yjr(x) for (x 0 , x v ... d p ~ the sum S for 

f(x) for (x a , x v ... x v+1 ). 

And 1 p ' 1 \f/(x)dx lies between these numbers s and S. 

)a 

Also (S ~s) for t js(x) for (x 0 , x v ... Xj, +1 ) Si (S - s) for ^(x) for 

(ar 0 , a - !, ... x n ) < by (2). 

Therefore d v > [ ?, + 1 dr{x)dx - -.f e -.-, 'i 

* J« ^ ' #0 I (4) 

and similarly d q < j 1 \js(x)dx + j 

Therefore, by (3) and (4), 

1 jf(x)dx -2e< d p ^(a) Si rr ~. d q (j>(a) < l" <7 ’ 1 1 ij/(x)dx + 2e (5) 


But the sum s for 

<j>(x)y}s(x) for (x a , x v ... x n ) "i <r the sum $ for <p(z)-*p-(x) for (x 0 , ... #„). 


.J, 
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Therefore by ( 1 ), V-f 
and 

Therefore by (5), 
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ir ~ € < I <K X ) i'( x ) dx<ir + 1. 

,'a 

%+.i t , 

y{x) dx - 3« < o- - e < ifo) ^( X ) dx <(r + €< 

.a 

#‘)[*" +1 >/-(»■)*+ s, (6) 

Let M, m be the largest and smallest values of £ *(*)& in (<j> 4) . 

Then and #of* +1 

Thus we have from (6), ‘ a 

. , . mcl>(a) ~ 3e < T </*(*) < !/</,(«) + 3e . 

-And it follows that a 

> n 4>[a) S <j*(x)f(x)dx^M<f>(a). 

HCMe £ *m{*)dx^ia) 

where £ is some definite value of a; in a § a; S&. 

infinite integrals, integrand bounded 
interval INFINITE. 

51. In the definition of the ordinary integral f/(*) <fe, and in 
from one Xeh p„t t 1 M ! “T™' ° f mtegration ^hds 

md dejir to 

W the interval increases without limit, 

f) ° “ tegrand a fi “ te num ber of infinite discontinuities.* 

I* Integrals to + oo , J f (x) dx. 

Tfr V *" 

f 00 _ rx J m a ‘ We de f in * the integral 

J. f(x)dX “j™ J/W*. «*» to* trote.f 

the definition of the tern, “infinite discontinuities •' see 5 <n 
theTn^ToSmX* may ^“th" etZTw ' * * 
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We speak of | f(x)dx in this ease as an infinite integral, and say that it 
converges. 

fj; 

On the other hand, when j f(x)dx tends to oo as x-xx,, we say that the 
infinite integral f(x)dx diverges to oo , and there is a similar definition of 

J a .-X 

divergence to - oo of j f(x)dx. 


Ex. 1. 

For 

And 

Ex. 2. 

For 

And 

Similarly 


1 /T* 

I e~ x dx — lim J e~ x dx = lim (1 = 

»' o a*~->ao J q x— **oc 

f ^ =H m f‘^=lim2('l-I)=2. 

J, z- *->*> V as*'. 


e x dx — oo 


’ dx 
y/x 


e x dx— lim j e*dx— lim (e x - 1) = co . 
a:— >ao • o x — 

— lim j — = lim 2( y/x - 1) = oo . 

V ^ X-~>00 • ] X—+O0 


log - dx = - oo 
° x 


> . 


dx 

1 -x' 


These integrals diverge to oo or - oo , as the case may be. 

Finally, when none of these alternatives occur, we say that the infinite 

integral | f{x)dx oscillates finitely or infinitely, as in §§ 16 and 25. 

| sin x dx oscillates finitely. 

-* a 

x sin x dx oscillates infinitely. 

33. Integrals to -oo. f f(x)dx. 

J - 00 

When f(x) is hounded and integrable in the interval (a, b), where 
6 is fixed and a is any number less than b, we define the integral 
rb rb 

f(x)dx as lim f(x)dx, when this limit exists. 

J “CO ~ 00 J 2 

We speak of j f(x)dx as an infinite integral, and say .that it converges. 

The cases in which f f{x)dx is said to diverge to oo or to - oo , or to oscillate 
J — x 

finitely or infinitely, are treated as before. 


•o 

e x dx = \, 


dx 


( 1 - 2x) 2 2 



Ex. 1, 
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| e—' dx diverges to oo . 

l'0 

sinh x dx diverges to - oo . 

J —5C 

;o 

| sin x dx oscillates finitely. 

i'n 

I x sin x dx oscillates infinitely. 
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III. Integrals from - oo to oo . f(x)dx. 

J - oo 

frt f 00 

I f the infinite integrals f ( x ) dx and f(x) dx are both convergent, 

•'-» J-oO J«. 

we say that the infinite integral f(x) dx is convergent and is equal 
to their sum. _cc 

Since j f(x)dx=\ f{x)dx + \ f{x)dx , a<a<x, 

J a J a J a 

|*x POO 

it follows that, if one of the two integrals f{x)dx or f(x)dx 
converges, the other does. * 11 

Also f /(r)dr=[ f(x)dx + \ f(x) dx. 

Ja Ju J a . 

Y> /(.r) dx = f(x)dx + j f(x)dx, x<a<a, 

J* J X Ja 

j if one of the two integrals J f{x)dx or J f(x)dx converges, 
.other does. "A”* 

Also f f(x)dx= f f(x) dx + \ f(x) dx. 

Thus [ / (x)dx -f [ f(x) dx = f f(x)dx + \ f(x)dx, 

J -03 J a J J tt 

value of f(x) dx is independent of the point a used in 
the definition. “°° 

Ex* j | fi”® 1 dx = 2 1 e~ x 'dx. 

52. A necessary and sufficient condition for the convergence 


F{x) = f / (x) dx. 

J a 

under which F(x) shall have a limit as r->oo 
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have been discussed in §§ 27 and 29. 1. In the case of the infinite 
integral we are thus able to say that: 

poo 

I. The integral f(x) dx is convergent and has the value I, when, 

J a 

any positive number e having been chosen, as small as we please , there 
is a positive number X such that 

7-1 f{x)dx <e, provided that x^X. 

I J a 

And further: 

II. A necessary and sufficient condition for the convergence of 

poo 

the integral 1 f(x)dx is that, when any positive number e has been 
Ja 

chosen, as small as we please, there shall be a positive number X 
such that 

I f(af) dx <e 
|J X ' 

for all values of x', x" for which x”>x' ^ X. 

poo 

We have seen in § 51 that if f(x)dx converges, then 

J a 

foo r°o 

f(x)dx— J f(x)dx + \ f{x)dx , a<a. 

J a J a J a 

pbo 

It follows from (I) that, if f{x)dx converges, to the arbitrary 

J a 

positive number e there corresponds a positive number X such 
If f{x)dx <e, when x^X. 

\S X 

Also, if this condition is satisfied, the integral converges. 

These results, and the others given in §§ 53-58, can be extended 
immediately to the infinite integral 

f f{x)dx. 

J -00 
poo 

53. f(x)dx. Integrand Positive. If the integrand f(x) is 

Ja fx . 

positive when x>a, it is clear that f(x)dx is a monotonic in- 

rx J a 

creasing function of x. Thus f{x)dx must either converge or 

J.* Ja 


e to co . 


I. It will converge if there is a positive number A such that 
f* . r°° 

] f{x)dx<A when x>a, and in this case f(x)dx^A. 
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It will diverge to oo if there is no such number . 

These statements follow from the properties of monotonic 
functions {§ 34). 

Further, there is an important “comparison test ” for the con- 
vergence of integrals when the integrand is positive. 

. Let f( x )> d( x ) be two functions which are positive , bounded and 
mtegrable in the arbitrary interval (a, b). Also let g{x) ^f(x) when 

x ^a. Then , if J f(x)dx is convergent, it follows that f g(x)dx is 
a J a 

convergent, and I g(x)dx^ f(x)dx. 

Ja J a 

For from § 47 we know that 

j g(x)dx^ f f(x)dx, when x>a. 

Ja J a 

Therefore ^g(x)dx< j* f( x )dx. 

Then, from (I), ^g{x)dx^ f( x )dx. 

V 9( x )~ f(x), and J ’^f(x)dx diverges, so also does 
I g{x)dx.* 

This follows at once, since f g(x)dx ^ \* f{x)dx. 

Ja J a 

One of the most useful integrals for comparison is f — , where 
a^>0. Ja x n 

We have £ {a 1 - - a 1 -}. when n+1, 

j '■ ■ r® ; • 

and J a ~x =lo 8 x - % when n= 1. 

r ? MVe be , h + avi0,lr of * he Positive integrands /(*) and g(x) matters 
y -*co , these conditions may be expressed in terms of limits: 

When g{x)jf{ x) has a limit as j^(a:) dx converges, if [ f(x)dx converges. 

When g(x)jf(x) has a limit, not zero, or diverges, as x->oo, f g{x)dx diverges, 
if j f(x) dx diverges. * n 
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Thus, when n>\, lim I — = 

*-*«> Ja % »-l 




And, when ngl, 


y dx__ a 1 ~ n 
dx 


lim 

C— H30 

. fa® 

&.e. J — diverges. 


X — HJO la S' 

i 


^ '■ f.i V(r+ g) conver « es > 8inoe sv(T+3j < ?’ when * e “>°- 

. v^-l) ** 8 * 1 ' ™ ee V(x»-I) >g ^hen*S2. 

'sin 2 * , . sin 2 * 1 , ^ 

a* converges, since - —3 — § when * S a > 0. 


1*00 

54= Absolute Convergence. The integral J /(z) dx is said to 

be absolutely convergent when f(x) is bounded and integrable in the 

arbitrary interval (a, b), and 1 \f{x)\dx is convergent. 

Ja 

faf faf 

Since I f(x)dx ^ I j fix) j dx, for x" >i'5a 

J *' (cf. § 47, Cor. I), 

r® 

it follows from § 52, II that if J/(a?) j dx converges, so also 

f*00 * & 

f (x) dx. 

J a 

But the converse is not true. An infinite integral of this 
may converge, and yet not converge absolutely. 

Bor example, consider the integral 

f * sin a? ^ 

Jo x 

The Second Theorem of Mean Value (§ 50. 1) shows that this 
integral converges. 

For we have 

f* sin a: , 1 f* . , 1 f*' . , 

j - — - dx=— t 1 8mxdx+-„ I sm x dx, 

Jx' ® V Jxf ® Jf 

where 0 < x' si x". 

But 
rf 


rf 

si 
J a? 


sin xdx 
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Therefore 

Titus 

provided that 
Therefore 


the definite integral 

p'si 
J X ' 
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since 

x' X 


< 


X 


p’ since , ( 

L' x dx \< e > when x"> x 'z:X, 


X>t 

e 


sin x 


dx converges, and we shall find in § 88 that 


0 X 

its value is f-r. 

But the integral £ diverges. 

To prove this, it is only necessary to consider the integral 
( nn Jsinccl _ 

J o ~S~ dx > 

where n is any positive integer. 

f ^-sr , tea fc 


P* £ x=z P sin y 

‘'fr-ii* x Jo (^ — 1)7 T+yty* 


But 

^ (f— l)rr X 

on putting x=(r~ 

Therefore f Igina?} , Ip. 


Tir’ 


Thus 


p^S! &> 2A_l 

Jo X rjp y.' 


But the series on the right hand divLgJto ||||^ 
Therefore li m MnzJ 

tl—KGJ 0 X 

But when x>mr, 


Um [‘ISEll 

x~kdJ 0 X 


Therefore 


oo . 


a?-x©J o 


54 , 55 ] 


THE DEFINITE INTEGRAL 


When infinite integrals of this type converge, but do not con- 
verge absolutely, the convergence must be due to changes of sign 
in the integrand as x~>co . 

55. The /u - Test for the Convergence of [ f(x) dx. 

J a 

I. Let f(x) be bounded and integrable in the arbitrary interval 
(a, b) where «>0. If there is a number /u greater than 1 such that 

xrfix) is bounded when x s.; a, then [ f(x)dx converges absolutely. 

J a 

Here |a? M /(a;)|<H 5 where A is some definite positive number and 

x^,a. 

Thus I /(*)!<“• 


f=° g x 

But we know that I — converges. 

J a 

r°° 

It follows that | f(x ) [ dx converges. 

J a 

r°° 

Therefore f(x) dx converges, and the convergence is absolute. 

J a 

II. Let f(x) be bounded and integrable in the arbitrary interval 
(a, b), where a>Q. If there is a number y less than or equal to 1 

such that x tl f(x) has a 'positive lower bound when x 's^a, then J f(x)dx 
diverges to oo . a 

Here we have, as before, 

x>f(x) is H>0, when x^a. 

It follows that — < fix). 


lx converges. 


r=° 

But — diverges to co when /tgl. 

Ja x ^ 

It follows that I f(x) dx diverges to oo . 

J a 

III. Let f(x) be bounded and integrable in the arbitrary interval 
(a, b), where a> 0. If there is a number y less than or equal to 1 

r°° 

such that x>f(x) has a negative upper bound when x^a, then f{x)dx 
diverges to - oo . 

This follows from (II), for in this case 

- xrf(x) 

must have a positive lower bound when x s a. 
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But, if lim (.^/(.r)) exists, it follows that J' ! f( x ) is bounded in 

x'^-n: also, by properly choosing the positive number X, xrf(x) 
will either have a positive lower bound, when this limit is positive, 
or a negative upper “bound, when this limit is negative provided 
that x : ±nX. 

Thus, from (I) -(III), the following theorem can be immediately 
deduced: 

Let f(x) be bounded and integrable in the arbitrary interval {a, b ), 
where a> 0. 

If there is a number g greater than 1 such that lim (x<f(x)) exists, 

/*SQ iT— >00 

then J f(x)dx converges, 

■ i a 

If there is a number u less than or equal to 1 such that lim (x>f(x)) 

>oo ,r— «o 

exists and is not zero , then I f(x)dx diverges ; and the same is true 

J a 

if x»f{x) diverges to -foo , or to - oo , as x~->ao , 

We shall make very frequent use of this test, and refer to it 
as the -test.” It is clear that we are simply comparing the 

integral f f{x)dx with the integral 


and deducing the con- 


Ex< L i 0 ^verges, dneeUm = 

T 6 ® / j,! \ i 

3 ' j, S mceHm(*!x 4T? _ ! j= s ,. 

It should be noticed that the theorems of this section do not appfy to the 

f* sin x . ‘ 
mtegml \ — — ax. 


is some definite positive 


55, 56] 


when % n >x'>a. 
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J* , 1 <?.(#) I \'H x )\d £ <A^ \\Js(x)\dx, 
r 30 

given that | \j/ (x) \ dx converges, the result 

J a 


Since we are given that \\js(x)\dx converges, the result 
follows. a 

Ex. 1. ( f dx converge absolutely, when n and a are 

positive. 

2. | e~ ax cos bx dx converges absolutely, when a is positive. 

3. i C °f~^ dx converges absolutely. 

J.q 'T~ 

II. Let <p{x) be monotonic and bounded when x^a. Let \fs(x) be 
bounded and integrable in the arbitrary interval (a, b), and not change 
sign more than a finite number of times in the interval. Also let 
f 30 

I \J/(x) dx converge. 


c 

Then I g>{x)f/(x)dx converges. 
J a 


This follows from the Second Theorem of Mean. Value, since 
f (}>(x)\fs{x) dx— <f>{x r ) [ \fi(x)dx +<p(x"){ \fi(x)dx, 

•' i' Jx' 

where a<x’ s £ x". 

But \cj)(x')\ and \<f>{x")\ are each less than some definite positive 
number A. 

Also we can choose X so that 


f£ jV 

fir(x)dx and \fi(x)dx 
* x' 


are each less than e/2 A, when x">x , ^X ) and e is any given 
positive number, as small as we please. 

It follows that 

<p(x)\fi(x)dx <e, when x">x' ^ X, 

J xf 

and the given integral converges. 

Ex. 1. ( dx converges. 


2.1 ( 1 - e~ x ) dx converges when a > 0. 



x 


IV 


the definite integral 

But, if lim WW) exists, it follows that *./(*) i s hounded in 

a L? S0 : by P ro P° rl y choosing the positive number X 
will either have a positive lower bound, when this limit is p oJi’ 

It TIT UP ^- b0ll “ d ’ wh “ ** - negative p'ovidld 

deduc U ed: fr0I “ <IHIII) ’ ^ follow “g tteOTe “ “an be immediately 

wUre f l>t b ° Unded ^ intCambk iU t,W mUlmnJ interml »). 

7/ ? re “ ° nUmber t‘ ***« a™ 1 sue/i ite hm (»-«,)) eM - stej 
j f{x)dx converges, >c ° 

Ifthm “ “ number t‘ less "■ equal to l such that lim (*-/(*)) 

exists and is not zero then f * ft A ft , , T 

’ 1 J a XCX c lver fJ es > an< d the same is true 

ifx^f(x) diverges to + 00 , or to - 00, as x~>oo 

- the“ e ;rr s and ^ *» « 

fx . ar tllat are simply comparing the 

integral f(x)dx with the integral f* on 1 i j • , 

^rai j — , and deducing the con- 

vere'enr.a nr d 


Ex. 1. 


I ^2 

] 0 ( a 2 +a ^p rfa! converges, since lim ( 

■ x—>cq \ 

f T' . ■ 3 

*>x, 

(a~+x 2 ) z J 

1 ar* 

Jo (a 2 + X 2 ) 2 dx dive $= BS > since lim ( 

: •. 'X-~ >00 v 

■. ' ;l ,s \ 

X X 

(a- + x 2 ) 2 / 


= 1 . 


ar-i 


3 I ;C2 / 

Jo + c 2 Merges, since lim (zi x — 

T . , ,, , *-*ocA b 2 x 2 + c s / o a 

integral^ ^ ^ ^ f ^ A ° ^ ^ to 


I 

~ 6 2 ‘ 


56. Further Tests for the Convergence of |°°f(x)dx. 

0(>£) hounded when x-~a ini* 7,7 

P 5 Aitegrable in the arbitrary 

i-s absolutely convergent. ' a 

numbered WKere 4 “ 80me definit e positive 
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j I #*01 W{x)\dx<A\ \\!s(x)\i 

J x' J (tf 


Since we are given that 
follows. 


\[s(x)\dx converges, the result 


;■[+),' dx converge absolutely, when n and a are 


positive. 


2. j e ax cos bx dx converges absolutely, when a is positive. 

„ f x cos mx , , . , _ 

o. - 2 ■ ■ o dx converges absolutely. 

II. Let fi(x) be monotonic and bounded when x^a. Let \fs(x) be 
bounded and integrabh in the arbitrary interval (a, b), and not change 
sign more than a finite number of times in the interval. Also let 

f ee 

-fix) dx converge. 


Then <p(x)\fs(x)dx converges. 

J a 

This follows from the Second Theorem of Mean Value, since 

</>(x)fi(x)dx = </>(x')[ r \f,(x)dx+<p(x")^ \],(x)dx, 
where a<x' £ g: x". 

But \<f>(x')\ and |</>(a'")| are each less than some definite positive 
number A. 

Also we can choose X so that 


\Js(x) dx 


are each less than ej2A } when x">x' 
positive number, as small as we please. 
It follows that 


e is any given 


I <p(x)\Js(x)dx <« 
I J %' \ 

and the given integral converges. 


dx converges when a > 0. 
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III. Let <p(x) be monotonic and bounded when x^a, and 
lim fi(x)—0. 


[OH. IV 


Let \fi(x) be bounded and integrable in the arbitrary interval (a, b) } 
and not change sign more than a finite number of times in the interval. 

Also let I \{/(x)dx be bounded when x>a. 

* a 

f 00 

Then J <f> (x)fs(x)dx is convergent. 

As above, in (II), we know that 

^<p{x)\j,{x) dx = </>(x')^fis(x) dx +0(«")f* \fi(x)dx, 
where a<x r g £ g x". 


*Z 

^\fs(x)dx <A, when x>a, where A is some definite 


positive number. 


And 

Similarly 

Also 


\f{x)dx § j [\}Ax)dx + f * \js(x) dx 

® I “ CL J n 


<2 A. 
fi(x) dx 


<2 A. 


Iim (f>{x)— 0. 


Therefore, if « is any positive number, as small as we please, 
there will be a positive number X such that 


l#*0l<22, when x^X. 

It follows that 

<P(%)\l'(x) dx 
J x' 

j* d>(x)\f (x)dx converges. 


<e, when x">x' ==: X, 


cos x 


X 


;« dx converge, when n and a are positive. 



Let <j>(x) be bounded when x ~ a, and intcgrable in the arbitrary interval (a, b). 
Let \j/(x) keep the same sign in x 'LL a, and [ \j/(x)dx converge. 


Then 


(}){x)\l/(x)dx — jx \p(x)dx, 


ivhere m ~ p ~ M, the upper and lower bounds of <j>(x) in x~a being M and in. 

We have m = f{x) ^ ill, when x a, 

and, if tp(x) = 0, 


Therefore m j \{/{x)dx | <fi{x)f{x)dx SS AZj \l(x)dx 7 when xfla. 

But, by § 56, I, <fi(x)if (x)dx converges, and we are given that 

J a 

\fr(x)dx converges. 

Thus we have from these inequalities 

m | f(x)dx ^ j d)(x)f(x)dx-L~: J/j \f/(x)dx. 

<j)(x)yj/(x)dx—ii f \b(x)dx, 


In other words, 
where m Ss ^ gS Jf . 

58. The Second Theorem of Mean Value. 

Lemma. Let | f(x)dx be a convergent integral, and F(x) — \f(x)dx(x~a). 

Then F(x) is continuous when a: =5 a, and bounded in the interval [a, oo). Also 
it takes at least once in that interval every value between its upper and lower 
bounds, these being included. 

The continuity of F{x) follows from the equation 


x-f h 


F(x +h)~ F(x) == - J f{x)dx. 

Further, lim F(x) exists and is zero. 

It follows from § 32 that F(x) is bounded in the interval (a, oo), as defined 


in that section, and, if M, m are its upper and lower bounds, it takes at least 
once in (a, oo ) the values M and m and every value between M, m. 

Let <f){x) be bounded and monotonic when x = a. 

Let ^r(x) be bounded and intcgrable in the arbitrary interval {a, b), and not 
change sign more than a finite number of times in the interval. Also let \ ty(x)dx 


I! ^ 


converge. 


■ r$ . m • 

Then l L(xyj/{x)dx-=(b(a+0) 1 \I/(x)d%+4>(°o)\ i {j(x)dx, 
J a ' la ■ ■ ■ ".Jf ■ 

where a ^ oo .* 




*Cf. Pierponfc, loc. cit., § 654. 
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Suppose <}>(x) to be monotonic increasing 
(a, »; i!>P,y the Se00nd The ° re “ ° f M «> Value to the arbitrary interval 
Then we Lave 

where aS£Sb. Jf 

Add to both sides *=«„) ("fl*)*, 

dS n™ «^i^e Md 

Als °j 1 ^' 5 ~ 0 and j 3 4>(x)M x )dx converges [§ 56, II]. 

Then <j>(x)\j,(x)dx 

=* (a+ °€ **)*>+&■ - 0 )£ Mx)dz + 44ao )£#.)*. 

= «* + °)|~£ ~ 

+ <£(oo)| 6 f(x)dx 

= 0(a + O) ip{x)dx + U+ V 

, a ’ - ( 1 ) 

U = {<ftb - °) - cf>( a + 0)} | *\ftx)dx, 

and V={<i>(«>)-<j>(b~Q )}\*Mz)dx. 

now w from the above Lerama th ; t f « ^ ig bouaded in v ■ ^ 

Let M, m be its upper and lower bounds. 

Then —f 00 , 

f(x)dx^M, 

"*»*?(■ b 'l'(x)dx^M. 

Therefore {«» - ■ 0) - £ +0))w a ff S «6 - 0) - + 

Adding these, we see that " 

Therefore ^ + FS W(p0 > ~ «<* + 0)}Jf. 

Insert this value for ^"iintatd”’ llT 

b— too 

hunt must exist, since the other terms in (1) have limits when 


58, 59] 

Also, since 
it follows that 
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3e m =§ //, ~ M, 

lat m ~ /l~ M. 

\j/(x)dx takes the value // at least once in the interval (a, jx > ). 


Thus we may put // = | -^(x)dx, where a £' -Si ao . 

Therefore we have finally 

TOO |-CD 

<^{x)^r{x)dx=(f){a + 0)\ \p(x)dx + ct(oo ) \L(x)dx, 

Jo Jo J£' 

where a ~ g = oo . 

It is clear that we might have used the other forms (III) and (V), § 50. 1, 
of the Second Theorem of Mean Value and obtained corresponding results. 

INFINITE INTEGRALS. INTEGRAND INFINITE. 

59. f f(x)dx. In the preceding sections we have dealt with 
J a CM r a f *> 

the infinite integrals f(x)dx, f(x)dx and f(x)dx, when 
J a J —,-qc J — x 

the integrand f(x ) is bounded in any arbitrary interval, however 
large. 

A further extension of the definition of the integral is required 
so as to include the case in which f(x) has a finite number of infinite 
discontinuities (cf. § 33) in the interval of integration. 

First we take the case when a is the only point of infinite 
discontinuity in (a, b). The integrand f(x) is supposed bounded 
and integrable in the arbitrary interval (a + £, b), where 
a<a + £<&. 

On this understanding, if the integral fix ) dx has a limit as 

n p 

£ ->-0, we define the infinite integral f(x) dx as lim f(x) dx. 

J a £— >0 J a+$ 

Similarly, when the point b is the only point of infinite discon- 
tinuity in (a, b), and f(x) is bounded and integrable in the arbitrary 
interval [a, b ~ |), where a<b- £<b, we define the infinite integral 
Cb . i ' 

f(x)dx as lim 1 f{x)dx, when this limit exists. 

Again, when a and b are both points of infinite discontinuity, we 

define the infinite integral f f(x) dx asthesumoftheinfinite integrals 

J a . . ' ■ ■ 

tc fb v .. ■'/ y ^ 

f(x) dx and f(x) dx, when these integrals exist, as defined above, 
J a J c 

c being a point between a and b. 
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b, s“ W “ indePendent ° f tte P ° Siti0n 0f 0 * and 

£/(*):*>=£/(*)*. + J” 'f( x )i Xi 

where a<c'<c (cf. § 51, III). 

Finally, let there be a finite number of voints of in fa v , 7 * 
Unuity in tie interval (a, b). Let these points be x { x f[ Xn fiZ 

ICnu^n" ^ tke ***** ime 9^\ b mdx by 

£/(*)&=! V (a)(fo+ j y(x)dx+...+f 

inte9mlS “ * **** «*"«*» * definitions 

It should be noticed that with this definition there are only to 
be a finrte number of points of infinite discontinuity 2d Z 
to he bounded m any partial interval of In h\ I’ , nd ^( x ) 18 

Of these points as a/„Lyal p" an *“ ^ « 

discontinuity, but the case given in the tevt ■ umber of points of infinite 

The modern treatment of SITntS ha Tr * 7* our P ur m e. 
Riemann’s discussion chiefly of historical interest generaIisation «f 

It is convenient to speak nf tlia • . 

the succeeding section as convergent as we did T** 8 ° f an ' 1 
of the limits of integration ? r «er 

and oscillatory are employed as before. ’ terms divergent 

Some writers use the term proper integral for the ordinary integral f(x)dx 
when f(z) is bounded and integrable in the interval In J\ a- “ ’ 

for the case when it has points of infinite disoontinlity in 1 

infinite integral for UIty m ®)» reserving the 

J /(x)dx, \_J(x)dx or ["/(*)*:, 

French mathematicians refer +n both • „ 

refer to both as uneigcntliche Integrale, to distinguish Germa ns 

Integrate or ordinary integrals. t>«ish them from eigentliche 

.!>- f./wfe ff^dx. 

Let f(x) have infinite discontinuities at o fini+o « i 
in any interval, however lar ff e. nUmber ° f P oints 
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For example, let there be infinite discontinuities only at x x , 
x», ■ ■■ x n i n x -■ f( x ) being bounded in any interval (c, b), where 
c>x n . 

Let a^x x <x 2 , ... <x n <b . 

Then we have, as above (§ 59), 

f fix)dx= f f(x)dx + f fix)dx +...+[ fix) dx + \ fix) dx, 

Ja J< i J Jx„ J c 

where x n <.c<.b, provided that the integrals on the right-hand 
side exist. 

Cb 

It will be noticed that the last integral f(x) dx is an ordinary 

J e 

integral, fix) being bounded and integrate in (c, b). 

f GO 

If the integral I fix) dx also converges , we define the infinite integral 

foo 

I fix)dx by the equation: 

Jfl 

f f(x) dx~[ 'fix) dx + \ *fix) dx + ... +f C fix) dx -f fix) dx . 

J ft J (l Jx\ J X t t J £ 

It is clear that this definition is independent of the position of c, 

since we have 

[ fix) dx + [ fix) dx= j* fix) dx + [ fix) dx, 

J -x, , Jc J x„ J C' 

where x n <c<c\ 

Also we may write the above in the form 

f fix) dx= j* 'fix) dx + f ^ fix) dx + ...+[ fix) dx. 

" a J a J x i J x„ 

The verbal alterations required in the definition of j fix)dx 

J —00 

poo 

are obvious, and we define fix)dx, as before, as the sum of 

J -00 

Ca 

the integrals J fix)dx and fix)dx. 

J - oo J a 

It is easy to show that this definition is independent of the 
position of the point a. 

61. Tests for Convergence of j f(x)dx. It is clear that we 

J a 

need only discuss the case when there is a point of infinite discon- 
tinuity at an end of the interval of integration. 
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If x=a is the only point of infinite discontinuity, we have 
b . n 

f(x) dx—Yim I / (x) dx, 


f x 

f 

A a 


when this limit exists. 

It follows at once, from the definition, that: 

I. The integral [ f(x)dx is convergent and has the value I when, 

J a 

any positive number e having been chosen , as small as we please, 
there is a positive number y\ such that 

f(x)dx <€, provided that 

J d+f 

And further: 

II. A necessary and sufficient condition for the convergence of 

the interval f f(x) dx is that, if any positive number e has been chosen, 

J a ■ ■ ■ ■■• 

as small as we please, there shall be a positive number rj such that 


Cd~\~£' 

f(x)dx <e, when 0<£"<$' 

Ja+r 

Also, if this infinite integral f(x) dx converges, we have 

J a 

Cb Cx Cb 

1 f{x)dx~\ f(x)dx + \ fix) dx, a<x<b. 

J a J a J x 

n 

It follows from (I) that, if f(x)dx converges, to the arbitrary 

positive number e, there corresponds a positive number g such that 

| f(x)dx <e, when 0 <(x~a)^rj. 

3 n 

' ^ 7 Cb 

Absolute Convergence. The infinite integral f(x)dx is said 

to be absolutely convergent, if f(x) is bounded and integrable in the 

interval (a + £, b), where 0< | < b - a, and f j f(x) j dx 

converges. 

It follows from (II) that absolute convergence carries with it 
convergence. But the converse is not true. An infinite 
integral of this kind may converge, but not converge absolutely,* 
as the following example shows. 


§ 47, Cor. I; and § 54. 
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An example of such an integral is suggested at once by § 54. 
It is cleat that ( — U ^ 
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dx 


converges, but not absolutely, for this integral is reduced to 

.'l x 

by substituting 1 [x for x. 

C b 

Again, it is clear that J ^ converges, if 0<w<l. 


For we have 


a+ t{x-a) n 1 -n 


{(b-af-n-p-*}. 


Therefore lim 


I 

P dx (6 - a) l ~ n , 

, when 0<»<1. 


f-vo Ja+f (&“«)* 1 -n 

Also the integral diverges when »§1. 

From this we obtain results which correspond to those 
of § 55. 

III. Let f(x) be bounded and integrable in the arbitrary interval 
{a + i, b), where 0< £<6 - a. If there is a number ft between 0 and 1 

such that (x-aYf(x) is bounded when a<x^b, then J f{x)dx 
converges absolutely. a 

Again, 

IV. Let f(x) be bounded and integrable in the arbitrary interval 
(a + £, b), where 0 <$<b~a. If there is a number ft greater than 
or equal to 1 such that (x - af f(x) has a positive lower bound when 

a< x~-b, or a negative tipper bound, then [ f(x)dx diverges to + go in 

ml (t 

the first case, and to ~ oo in the second case. 

And finally, 

V. Let f(x) be bounded and integrable in the arbitrary interval 
(a + |, b), where 0 <£<b - a. 

If there is a number p between 0 and 1 such that lim (x~ayf(x) 

n x—xt , + 0 

exists, then f{x)dx converges absolutely. 

J a 

If there is a number fi greater than or equal to 1 such that 

rb 

lim (x -ay f(x) exists and is not zero, then j f(x)dx diverges-, and 
the same is true if (x - ayf(x) tends to +co , or to - oo , as >a +0, 
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We shall speak of this test as the /,-test for the infinite integral 

J /(*)*■’ wten x = a is a P“nt of infinite discontinuity. It i s 

clear that in applying this test we are simply asking ourselves 
the order of the infinity that occurs in the integrand. 

The results can be readily adapted to the case when the upper 
limit b is a point of infinite discontinuity. 

Also, it is easy to show that 

VI. If $(x) is bounded and integmble in (a, b), and 
]^(x)dx converges absolutely, then J \(x)^(x)dx is absolutely 
convergent. (Cf. §56, 1.) 

The tests given in (III)-(VI) will cover most of the cases which 
we Shall meet But it would not be difficult to develop in detail 
the results which correspond to the other tests obtained for the 

convergence of the infinite integral f f(x)dx. 

J a 

No special discussion is required for the integral P/(*)tfo, 

when a certain number of points of infinite discontinuity occur 

“ (a - b " 0r for .[/<*)*>> «d f mix, as defined 

-J& Th ® 3 ? “ te f a ' S *“ redttCe *° tie su “ of o f the 

ypes for which we have already obtained the required criteria. 

referred d 6XampIes iIlus «ng the points to which we have 

1. Prove that j o(T ^~ converges and that diverges. 

Let f(r) - 1 

H "(1 +x)^/x' 

lim -y/x f(x) = \, 
a-— K) 


The /i- test thus establishes the convergence of P _ dx 

IJI+Tl 


Let 


/( * )= *TiW 

lim xf(x) = i, 
%->o 


Jo (1 +x)\/x' 


Therefore the integral diverges by the same test 
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Als° 

Therefore the integral converges when 0 < n < 1 It diverges when » 1. 

ri dx 

Ex. 3. Prove that J converges. 

The integrand has infinities at z=0 and x = I . 

We have thus to examine the convergence of the two infinite integrals 
f a f l dx 

3 0 — »)}’ Jo V(a:(l-a;)}’ 

where a is some number between 0 and 1. 

The /a-tesfc is sufficient in each case. 

( Ot ct$C L 

0 T/{x(r~x ) } conver g es > since jj* v (»)} = i. 

£ t /{ x ^ l ~x j} Conver g es > S ^ ce s ^_. 0 ((1 “*)*/(*)) = 1* 

1 > 

where we have written f(x) == ' ^7^f l " a .yj - 

ri"" 

Ex. 4. Show that 1 log sin x dx converges and is equal to - log 2. 

•'o' 

The only infinity is at *=0, and the convergence of the integral follows 
from the /x-test. 

Further, 

(■«• rln- 

l log sin x dx —2 log sin 2x dx 


( iir rjr ■ 

log sin x dx -I- 2 1 log cos x dx 
o .'o 

(•!"• 

= 7rlog2 + 4 log sin x dx, 

• 0 

rir rln- 

1 log sin x dx—2 1 log sin x dx. 

Jo Jo 


Therefore 


log sin x dx=z - |ir log 2. 


From this result it is easy to show that the convergent integrals 

( log (1 - cos x)dx and f log (1 +• cos x)dx 
Jo Jo 

are equal to - ir log 2. 


Ex. 5. Show that | cos 2nx log sin xdx converges and is equal to ~ when 
n is a positive integer. 

The only infinity is at a: =0 and the convergence of the integral follows from 
the /x test (or from the last example). 
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Further, on integrating by parts, we see that 


cos 2nx log sin # d# = - ~ f s j n % nx cos # ^ 
2n J 0 sin x 


- (** sin + I ) a: + sin (2 ?t - Da; 
Jo 


4 n 


sm x 


But 

It follows that 


sin (2m + l)x 
sin# 


; 1 +2 2 cos 2 rx, 
l 


cos 2nx log sin x dx— 


4 n 


From this we obtain at once 
ri’ r 

1 cos 2 nx log cos x dx— - — cos mr. 

Jo in 


and 


( cos nx log 2(1 - cos x)dx— 

Jo n 

f cos nx log 2(1 + cos x)dx— - - cos mr. 
Jo n 


Bx. 6. Discuss the convergence or divergence of the Gamma Function 

integral e,~ x x n ~ 1 dx. 

Jo 

(i) Let 1. 

Then the integrand is bounded in 0 < x § a, where a is arbitrary, and we 

{ OC 

e ~x x ti - 1 dx. 
a 

The p-test of § 55 establishes that this integral converges, since the order of 
is greater than any given power of x. 

Or we might proceed as follows: 

Since e*= l+:r+~y+... , 


x>0, 


x r 


eX >—,(r=a,ny positive integer), 


e -x x n~i < - 


But whatever n may be, we can chooser so that r - n + 1 > 1. 

It follows that, whatever n may be, 
f® 

I e~ x x n ~ l dx converges. 

LetO<»<l. 

this case e - *#”- 1 has an infinity at #=0. 

est shows that |\ dx converges, and we have just shown that 

converges. 


: fOO 

Therefore e-*#*- 1 dx converges. 
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(iii) Let « — 0. 

In this ease e-^x"- 1 has an infinity at x=0, and the /x- test shows that 
f 1 e -a x n-i dx diverges to + oo . 

Jo 

Ex. 7. Discuss the integral l a;”" 1 log x dx* 

-o 

Since lim (x r log x) =0, when r >0, the integral is an ordinary integral, 

&-K) 

when to > 1. 

Also we know that 

( log x dx = ^ x{\.og x - 1)1 1 =ai(l -log #) - 1. 

It follows that i log x dx — lim x{(l -log x) - 1}= - 1. 

•o ;r— >0 

Again, lim (x^ x x n ~ x log x) =lim {x* +M_l log x)=0, if /x > 1 - to. 

a->0 x — >0 

And when 0 < n < 1, we can choose a positive number /x less than 1 which 
satisfies this condition. 

Therefore f x n_1 log x dx converges, when 0 < to SH. 

• 0 

Finally, we have 

lim (x x x n ~ l | log x | )=lim* n | log x | =oo, when to^JO. 

#->() x-yQ 

a 

Therefore \ x n ~ 1 log x dx diverges, when toSEO. 

•o 
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EXAMPLES ON CHAPTER IV. 

1. Show that the following integrals converge: 

f°° sina: , f°° (x-l )^/x , f 00 , 

J 0 1 + cos x + e x (X ’ J* l + x + x* + sin x d ' Xi ] 0 e “ , X > 

cosh bx dx, l 1 lx, f 1 M*. dx. 

Jo Jo I+* ' Jo •* 

2. Discuss the convergence or divergence of the following integrals: 

(V dx fc x a ~ x , fc aP- x . 

L(Vr5Jv(6“^ | o — 1*, where 0<c<l 

■i f co ntfi-x c| 

T d x > - i dr, sin m 6 cos n 6 dO. 

I .Iq & — 1 J Q 


f* 

J 0 X + 

3. Show that the following integrals are absolutely convergent: 
1 dx 


and 


s * n x y/x? I e cos bx dx, j c-« s *c 2 a: w sin nx dx (in> 0), 

Q[x) 


where P(x) is a polynomial of the mth degree, and Q(x) a polynomial of the 
ftfch degree, ftgm+2, and a is a number greater than the largest root of 
<?(*)= 0. 

4. Letf(x) be defined in the interval 0 < x £s- 1 as follows: 

f(x)—2, J<^1, /(r) = -3, \<x^ ) 

/(*)=*» f(x) = - 5, -£<*:§£, 

and so on, the values being alternately positive and negative. 

Show that the infinite integral j f(x)dx converges, but not absolutely. 

5. Using the substitution x = e~ u , show that 

[ x m ~ 1 (\og x) n dx 
■!: • ■ Jo 

converges, provided that m > 0 and » > - 1. 

And by means of a similar substitution, show that 
r» 

x m \\ogx) n dx 
■’x 

converges, provided that m < 0 and n > - 1. 

■ .j 1 " ■ ' r°° ■ dx 

6. Show that | ft ^j og x u +li converges when ^>0 and that it diverges 

when n 0, the lower limit a of the integral being some number greater than 
unity, 

Deduce that if there is a number /x > 0, such that lim {r(log x) x +v-f(x)} exists, 
r» z - >co 

then f(x)dx converges, and give a corresponding test for the divergence of 

this integral, f(x) being bounded and integrable in any arbitrary interval 
(a, b), where b>a. 
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Show that 
and 
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f 00 COS X , 

5, (»-+8kfeffl5g^ dx 

[“> dx 


J 2 (x + sin 2 #) log a; 


diverges. 


7. On integrating cos x log x dx by parts, we obtain 

•i 


cos x log x dx—Bin a: log a: 


x sm x 
x 


dx. 


Also show that cos x log x dx converges, and is equal to 


Deduce that cos x log x dx oscillates infinitely. 


1 sin a; 


8. On integrating \ cos x % dx by parts, we obtain 

1 . „„ 1 . . 1 fa:' sin x 2 


cos x-dx — sin x"~ - * > sin x' 2 + ~ 1 — dx, 

SX SX St j x f x a 

where x" > x' ;> 0. 

j-oo 

Deduce the convergence of cos x 2 dx. 

.'o 

9. Let f(x) and g(x) be bounded and integrable in ( a , b), except at a certain 
number of points of infinite discontinuity, these points being different for the 
two functions. 

r b Cb ffc 

Prove that f{x)g(x)dx converges, if 1 | f(x) | dx and \g(x)\dx converge. 

J a J a 

10. Let f(x) be monotonic when s~a, and lim/(a:)=0. 

x~*00 

Then the series /(a) +/(a +!)+/(»+ 2) + ... 

S CO 

f{x)dx converges or diverges. 
a 

Prove that for all values of the positive integer n, 

W(n + l)-2<~+~^...+~~ n <2Vn-l. 


I 1_ 1 

2 v , 1 + 3V2 + 4 v , 3‘*‘ 


Also show that 
converges to a value between |( ir + 1 ) and 

11, (i) From the relation 8m 


show that 
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Sill X 7T 


(iii) From the above, prove that I 


12 (i) Prove that if k. 


sin 2nx cot x dx 


sin 2 nx 


sn u n ~\ir, and t’ = lim v n = \ dx. 

n — >oo Jo * 

(ii) By integration by parts, show that lim (v n - u n ) =0. 

sinx 7 ir 


(iii) From the above, prove that 



CHAPTER V 


THE THEORY OF INFINITE SERIES, WHOSE TERMS ARE 
FUNCTIONS OF A SINGLE VARIABLE 

62. We shall now consider some of the properties of series 
whose terms are functions of x. 

We denote such a series by 

u t (x) +u 2 (x) +u & (z) + , 

and the terms of the series are supposed to be given for values 
of x in some interval, e.g. ( a , &).* 

When we speak of the sum of the infinite series 
u-J^x) +u 2 (x) +u R (x) 
it is to be understood: - } - 

(i) that we settle for what value of x we wish the sum of the 

series; 

(ii) that we then insert this value of x in the different terms 

of the series; 

(iii) that we then find the sum — $’ n (x) — of the first n terms; 

and 

(iv) that we then find the limit of this sum as n-> oo, keeping 

x all the time at the value settled upon. 

On this understanding, the series 

u i( x ) + u 2( x ) + u zi x ) + ... 

is said to be convergent for the valve x, and to have fix) for its sum , 

*As mentioned in § 24, when we say that * ties in the interval (a, b) we mean 
that a?£x?Eb. In some of the results of this chapter the ends of the interval 
are excluded from the range of x. When this is so, the fact that we are dealing 
with the open interval (o < a; < b) will be stated. 
fCf. Baker, Nature, 59 (1899), 319. 
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if, this value of x having been first inserted in the different terms of 
the series , and any 'positive number e having been chosen , as small 
as we please, there is a positive integer v such that 
\ f(x) ~s n (x)\<e, when n'^v. 

Further, 

A necessary and sufficient condition for convergence is that, if any 
positive number e has been chosen, as small as we jdease, there shall 
be a positive integer v such that 

|s„+„(*)-s n {a;)|<e, when n^v, 
for every positive integer p. 

A similar convention exists when we are dealing with other limiting processes. 
In the definition of the differential coefficient of f(z) it is understood that we 
first agree for what value of x we wish to know /'(a;); that we then calculate 

fi'Xi * 4 ” lb\ — ~ 

f(x) and f(x + h) for this value of x\ then obtain the value of- L-4±J. and 

finally take the limit of this fraction as h->0. 

Again, in the case of the definite integral P /{a*, a) dx, it is understood that 

Ja 

we insert in/(a:, a) the particular value of a for which we wish the integral 
before we proceed to the summation and limit involved in the integration. 

We shall write, as before (§ 19), 

f(x)~s n (x) = R n {x), 

where f(x) is the sum of the series, and we shall call E n (x) the 
remainder after n terms. 

As we have seen in § 19, R n (x) is the sum of the series 

u n+li x ) + w n+2( a ') + w n+3( a: ) + ••• • 

Also we shall write 

v Bn(^) -S n+st (x) - S n (x), 

and call this a partial remainder. 

With this notation, the two conditions for convergence are 

(i) jjK w (a;)j<e, when n^p; 

(ii) ( J9 -K n (2c)|<e, when w^ j/, 
for every positive integer p<* 

A series may converge for every value of a; in the open interval a<x<b 
and not for the end-points a or &. 


* When there is no ambiguity it will sometimes be convenient to omit the x in 
s ni x )> Rn( x )> pRn( x ) and write s n , R n and 
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E.g. the series l+:e+a: 2 + ... 

1 

converges and has — - for its sum, when - 1 < x < I . 

•I iV 

When x—1, it diverges to + co ; when x— - 1, it oscillates finitely. 

63. The Sum of a Series whose Terms are Continuous Functions 
of x may he discontinuous. Until Abel* pointed out that the 
periodic function of x given by the series 

2 (sin x - sin 2x+£ sin Sx 

which represents x in the interval ~Tr<x<ir, is discontinuous 
at the points x = (2r +1) tt, r being any integer, it was supposed that 
a function defined by a convergent series of functions, continuous 
in a given interval, must itself be continuous in that interval. 
Indeed Cauchyf distinctly stated that this was the case, and later 
writers on Fourier’s Series have sometimes tried to escape the 
difficulty by asserting that the sums of these trigonometrical series, 
at the critical values of x, passed continuously from the values 
just before those at the points of discontinuity to those just 

after.J 

This mistaken view of the sum of such series was due to two 
different errors. The first consisted in the assumption that, as n 
increases, the curves y~s n (x) must approach more and more 
nearly to the curve y=f{x), when the sum of the series is f(x) 
an ordinary function capable of graphical representation. These 
curves y=s n (x) we shall call the approximation curves for the 
series, but we shall see that cases may arise where the approxi- 
mation curves, even for large values of n , differ very considerably 
from the curve y=f (x). 

It is true that, in a certain sense, the curves 

(i) y=s n (x) and (ii) y~f{x) . 
approach towards coincidence; but the sense is that, if we choose 
any particular value of x in the interval, and the arbitrary small 
positive number e, there will be a positive integer v such that, for 
this value of x, the absolute value of the difference of the ordinates 
of the curves (i) and (ii) will be less than e when w|~ u. 

* Abel, Journaljiir Math., 1 (1826), 316. 

f Cauchy, Cours d’ Analyse, (1821), l te Partie, p. 131. Also QSuvres da Oauchy, 
(S6r. 2), T. Ill, p. 120. 

$Cf. Saohse, toe. cit.i Donkin, Acoustics (1870), 63. 
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Still this is not the same thing as saying that the curves coincide 
geometrically. They do not, in fact, lie near to each other in the 
neighbourhood of a point of discontinuity of / (x); and they may 
not do so, even where f(x) is continuous. 

The following examples and diagrams illustrate these points: 

Ex. 1. Consider the series 




Here 

and 

Thus, when x>0, 
when x—0, 


£ + 1 (a;+l)(2a; + l) 

1 


««(*) = 


*n( a: ) — ^ 


(?i-l)a;+l ?ia:+l 
1 


nx+ 1 
lim s n (x) = 1; 

n~~> co 

lim s n (x) =0, since s n (0) =0. 


The curve y —f (x), when x 5:0, consists of the part of the line y — 1 for which 
x > 0, and the origin. The sum of the series is discontinuous at ®=0. 

Now examine the approximation curves 

» =I ”<* )=1 '55TV 

This equation may be written 

fa- d (*+!)= 4 

As n increases, this rectangular hyperbola (cf. Fig. 10) approaches more and 
more closely to the lines y = l, x—0. If we reasoned from the shape of the 

\y 


Fig. 10. 


approximate curves, we should expect to find that part of the axis of y for 
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Ass (*) is certainly continuous, when the terms of the series are continuous, 
the approximation curves will always differ very materially from the curve 
y-f(x), when the sum of the series is discontinuous. 

Ex, 2. Consider the series 

u 1 (z) + « 2 (a;)+w 3 (a;) + ..., s = 0, 
nx (n-l)x 

where u n\ x ) ~ j +n t x t l + (n-l ) V 

, , nx 

s «W"l+nV’ 


In this case 
and 


lira s n (x)~0 for all values of x. 
«— >•» 


Thus the sum of this series is continuous for all values of x, but we shal 
see that the approximation curves differ very materially from the curve 
y-f{x) in the neighbourhood of the origin. 


Fig. 11. 


The curve 


nx 

y= 8 *( x ) = i +n w 


has a maximum at ( 1 /n, J) and a minimum at ( -1/n, 7 4) (<*■ 
points on the axis of a just below the maximum and 

the origin as » increases. And it we reasoned from the shape of the curves 
y =«,(*), we should expect to find the part of the axis of y from 1 4 

appearing as a portion of the curve y —/(*)• 

Ex. 3. Consider the series 

u x {x)+u t (x)+u a {x) + ..- , X H°> 
n*x ( n-l) l x 

where u nW — j + ~ 1 + (n - l) s sc® 


Here 

and 


7TX 


lim a„( 
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The sum of the series is again continuous, but the approximation curves 
(of. Fig. 12), which have a maximum at (l/yV, hV n ) and a minimum at 
( - 17 V» 3 , - Wn), differ very greatly from the curve y=f{$) in the neigh- 
bourhood of the origin. Indeed they would suggest that the whole of the 



li 64. Repeated Limits. These remarks dispose of the assump- 

tion referred to at the beginning of the previous section that the 
§ approximation curves y~s n (x), when n is large, must approach 
I closely to the curve y~f(x), where f(x) is the sum of the series, 

i The second error alluded to above arose from neglect of the 

/ convention implied in the definition of the sum of an infinite 
series whose terms are functions of sc. The proper method of 
finding the sum has been set out in § 62, but the mathematicians 
| to whom reference is now made proceeded in quite a different 

!i manner. In finding the sum for a value of x i say x 0> at which 

i| a discontinuity occurs, they replaced a? by a function of n, which 

j converges to x Q as n increases. Then they took the limit when 

: j n~^co of s n (x) in its new form. In this method x and n approach 

| their limits concurrently, andthe value of this limit may quite 

■ well differ from the actual sum for x—x 0 . Indeed, by choosing 

| the function of n suitably, it can be made to take any value between 

‘j f( x o+b) and/(g> 0 -0), while in some cases it goes outside this 

I interval (ef. Ch. IX, p. 293). 
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For instance, in the series of § 63, Ex. 1, 

~{- 7 rr — — TT\ +••• > ® =2 6, 


® , x 4- 

x +1 (x +l)(2a +1) 

we have seen that x =0 is a point of discontinuity. 

If we put x=pfn where p is positive, in the expression for s n {x), 
and then let «-><*> , p remaining fixed, we can make lim s n {pln) take 

any value between 0 and 1, according to our choice of p. For we 

have s n {pjn) = -^r, wHch is independent of n, and 

i * 


Jim s „ (?/») = = J ri , 


which passes from 0 to 1 as p increases from 0 to co 

It will be seen that the matter at issue was partly a question 
of words and the misunderstanding of a definition. The confusion 
can also be traced, in some cases, to ignorance of the care which 
must be exercised in any operation involving repeated limits, for 
we are really dealing here with two limiting processes. 

If the series is convergent and its sum is/(»), then 
f(x )- Hm s n {x). 




and the limit otf(x) as x tends to x & , assuming that there is stlc ^ 
a limit, is given by 

lim/(&)=lim [lim s n {x)] 

■ x->x 0 x-**a «->» 

If we may use the curve as an iHustratiom the or- 

dinate of the point towards which we move as we procee 
along the curve y =/(*), the abscissa getting nearer and nearer 
to z 0 , but not quite reaching a* According ms x approaches % 
from the right or left, the limit given in (1) will bef{x 0 +Q) 

^ Now/(sc 0 ), the sum of the series for x=x 0 , is, by definition, 

lim [«„(%)], 

and sinoe we are now dealing with a definite number ot c °“~ 
tinuous functions, ».(») is a continuous function of i m the interval 
with which we are concerned. 

Thus 
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Therefore $he sum of the series for x = x Q may be written 

lim [lim 5* (a)] ( 2 ) 

71 >G0 .£~*. C 0 ' ' 

The two' expressions in (1) and (2) need not be the same. They 
are so only when/(as) is continuous at x 0 . 

65. Uniform Convergence.* When the question of changing the 
order of two limiting processes arises, the principle of uniform con- 
vergence, which we shall now explain for the case of infinite series 
whose terms are functions of a, is fundamental. What is involved 
in this principle will be seen most clearly by returning to the series 
x x 

+ ... , 


® + l + (a;+l)(2a;+l) 
£„(£)•= 1 


In this series 
and 

Also 


1 


nx+V 
lim s n (x) = 1 when £>0. 


R n (x) = 


1 


nx+T X> °’ and 

If the arbitrary positive number e is chosen, less than unity, and 
some positive x is taken, it is clear that l/(nx+l)< e for a positive 
n, only if 

w>£— -. 

X 

E.g. let 

if x=0-l, 0*01, 0*001, ... , 10-J>, respectively, 1 /(««+ l)<e only when 
»>10 4 , IQ 5 , 10 8 , ... 10»+ 3 . 

And when £== __ an 4 ar-lO- 25 , n must be greater than 10/>*H if 

ll{nx + 1) < e. 

As we approach the origin we have to take more and more terms of the 
senes to make the sum of n terms differ from the sum of the series by less than 

a given number. When * = 10-* the first million terms do not contribute 
1 per cent, of the sum. 

-- 1 

The inequality n>-- 

' . ■ x 

shows that when n is any given positive number less than unity, 


*A simple treatment of uniform convergence will be found in a paper by Osgood, 
Bull. .-( mer. Math. Soc., 3 (1800). ' ’ 
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and x approaches nearer and nearer to zero, the smallest positive 
integer which will make R n (x), R n+1 (x), ... all less than e increases 
without limit. 

There is no positive integer v which will make R v (x), R +i(x), ... 
all less than this e in x is 0, the same v serving for all values of x 
in this range. 

On the other hand there is a positive integer v which will satisfy 
this condition, if the range of x is given by x g a, where a is some 
definite positive number. 

Such a value of v would be the integer next above l^ J a. 

Our series is said to converge uniformly in x~a, but it does not 
converge uniformly in x 0. 

We turn now to the series 

ufx) +u 2 (x) +u 3 (x) + ... , 

and define uniform convergence* in an interval as follows: 

Let the series %(:r) +u 2 (cc) +M 3 (a;) + ... 
converge for all values of x in the interval a^x^b and its sum be 
f(x). It is said to converge uniformly in that interval, if, any 
positive number e having been chosen, as small as we please, there 
is a positive integer v such that, for all values of x in the interval, 

j f{x) - s n (x ) | < f , when n j\f 

It is true that, if the series converges, \R n {x)\ <e for each x in 
(a, b) when n ^ v. 

The additional point in the definition of uniform convergence 
is that, any positive number e having been chosen, as small as 
we please, the same value of v is to serve for all the values of x in the 
interval. 

For this integer v we must have 

|#>(®)|, \R v +\{x)\, ... 

all less than e, no matter where x lies in' (a, 6). 

*The property of uniform convergence was discovered independently by Stokes 
(cf. Trans. Phil. Soc. Camb., 8 (1847), 533) and Seidel (cf. Abh. Ak. If iss. Milnchen, 
5 (1848), 381). See also Hardy, Proc. Phil. Soc. Camb., 19 (1920), 148. 

f We can also have uniform convergence in the open interval a < x < b, or the 
half-open intervals a<xrAb, ajZx<b; but, when the terms are continuous 
in the closed interval, uniform convergence in the open interval carries with it 
uniform convergence in the closed interval (cf. § 68). 
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Therefore /he sum of the series for x=x 0 may be written 

lim [lim5 n («)J , 2) 

n~>co X->.Vo ' ' 

The two-expressions in (1) and (2) need not be the same. They 
are so only when/ (re) is continuous at x 0 . 

65. Uniform Convergence.* When the question of changing the 
order of two limiting processes arises, the principle of uniform con- 
vergenee, which we shall now explain for the case of infinite series 
whose terms are functions of x, is fundamental. What is involved 
m this principle will be seen most clearly by returning to the series 
% x 

+ ... , aiSQ, 


+ 


In this series 
and 

Also 


x + 1 (% + l)(2x +1) 

s n (x) = l- 


nx +r 
lim s n (a:) = l when ®>0. 


Rn ^'~nxTT , X>0 ’ and 5 «(°)=°- 
If the arbitrary positive number € is chosen, less than unity and 
some positive x is taken, it is clear that l/(nx + l)< e for a positive 
n, only if r 

1 . 


n>- 


E.q, lefc ( as - — L. 

J 10 3 + 1 

If *.=.0-l, 0-01, 0-001, ... 10-P respectively, l/(nx + 1) < e only when 
«>10 4 , 10 5 , 10°, ... 10 J ' 1 ' 3 . 

And when e = 1Qfl + j and x=iQ-P, n must be greater than 10/*+« if 

1) < e . 

As we approach the origin we have to take more and more terms of the 
senes to make the sum of n terms differ from the sum of the series by less than 

a given number. When * = 10-*, the first million terms do not contribute 
per cent, of the sum. 

I-i 

The inequality n > e 


n is any given positive number less than unity 
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and x approaches nearer and nearer to zero, the smallest positive 
integer which will make R n (x), R n+l (x), ... all less than e increases 
without limit. 

There is no positive integer v which will make R v (x), R +x (x), ... 
all less than this e in x is 0, the same v serving for all values of x 
in this range. 

On the other hand there is a positive integer v which will satisfy 
this condition, if the range of x is given by x ^ a, where a is some 
definite positive number. 

Such a value of v would be the integer next above (- - 1") la. 


Our series is said to converge uniformly in x^a, but it does not 
converge uniformly in x is 0. 

We turn now to the series 

%(») +w 2 (z) +« 3 (») + ... , 

and define uniform convergence* in an interval as follows; 

Let the series ufx) +u % (x) -\-u z {x) + ... 
converge for all values of x in the interval a^X's^b and its sum be 
/( x). It is said £o converge uniformly in that interval, if, any 
positive number e having been chosen , as small as we please, there 
is a positive integer v such that, for all values of x in the interval, 

\f(x)~s n (x)\<e, when n^v . f 

It is true that, if the series converges, |i2 n (a;)| <e for each x in 
(a, b) when n v. 

The additional point in the definition of uniform convergence 
is that, any positive number e having been chosen, as small as 
we please, the same value of v is to serve for all the values of x in the 
interval. 

For this integer v we must have 
all less than e, no matter where x lies ir£ (a, b). 


*Tlie property of uniform convergence was discovered independently by Stokes 
(of. Trans. Phil. Soc. Camb., 8 (1847), 533) and Seidol (cf. Abh. Ah. IFiss, M&nchen, 
5 (1848), 381). See also Hardy, Proc. Phil. Soc. Camb., 19 (1920), 148. 

fWe can also have uniform convergence in the open interval a < x < b, or the 
half-open intervals a < x b, a "s. x < b; but, when the terms are continuous 
in the closed interval, uniform convergence in the open interval carries with it 
uniform convergence in the closed interval (cf. § <>8). 
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The series does not converge uniformly in (a, h) if we know that 
for some positive number (say eo) there is no positive integer v 
which will make ^ ^ | Jfe(a < ) | j ... 

all less than c 0 for every £ in (a, b ). 

It will be seen that the series 


+ 


■ + ... 


x+l 1 (b+1)(2® + 1) 
converges uniformly in any interval a ~ ^o~b, where ci, b are any 
given positive numbers. 

It may be said to converge infinitely slowly as x tends to zero, 
in the sense that, as we get nearer and still nearer to the origin, 
we cannot fix a limit to the number of terms which we must take 
to make |i?„(^)| <e. It is this property of infinitely slow con- 
vergence at a point {e.g. x 0 ) which prevents a series converging 
uniformly in an interval (x 0 — o, x 0 +5) including that point. 

Further, the above series converges uniformly in the infinite 
interval x^a, where a is any given positive number. 

It is sometimes necessary to distinguish between uniform con- 
vergence in an infinite interval and uniform convergence in a fixed 
interval, which may be as large as we please. 

The exponential series is convergent for all values of x, but it 
does not converge uniformly in the infinite interval a; -S 0. 

For in this series R n (x) is greater than x n fn\, when x is 

positive. y 

Thus, if the series were uniformly convergent in agO, x n jn\ 
would need to be less than e when n «£■ v, the same v serving for 
all values of x in the interval. i 

But it is clear that we need only take a; greater than (i>!e) v to 
make R n {x) greater than e for n equal to v> 

However, the exponential series is uniformly convergent in the 
interval (0, b), where b is fixed, but may be fixed as large as we 
please. 

For take c greater than 6. We know that the series converges 
for x=c. 

Therefore R n (c)<e, when 

But R n (x)<R n {c), when 0 -&x^b<c. 

Therefore R n (x)<e, when n is v, the same v serving for all values 
of x in (0, 6). 
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From the uniform convergence of the exponential series in the 
interval (0, b), it follows that the series also converges uniformly 
in the interval (~b, 6), where in both cases b is fixed, but may 
be fixed as large as we please. 

TV 1, Prove that the series 

1 +ar+:c a + ... 

converges uniformly to 1 /( 1 - k) in 0 :£ x =5 a: 0 < 1 . 

Ex. 2. Prove that the series 

(1 -a:) + a:(l -a3) + » 2 (l ~cr) + ... 
converges uniformly to 1 in 0 s* x Ss » 0 < 1 . 

Ex. 3. Prove that the series 

(1 -a:) 2 + a;(l -#) 2 +a: a (l -a:) 2 + ... 

converges uniformly to (1 — sc) in 0 ^ x.£ji 1. 

Ex. 4. Prove that the series 


_1 1 _ 1 

1 +jc 2 2 +» 2 ^"3 + a; 2 


converges uniformly in the infinite interval x5^0. 
Ex. 5. Prove that the series 


* | * , x , 

1 2 * 2 ^ ^ r* * * ' 


converges uniformly in the interval (0, 6), where b is fixed, but may be fixed 
as large as we please, and that it does not converge uniformly in the infinite 
interval 


66. A necessary and sufficient condition for Uniform Con- 
vergence. When the sum f(x) is known, the above definition often 
gives a convenient means of deciding whether the convergence is 
uniform or not. 

When the sum is hot known, the following test, corresponding 
to the general principle of convergence (§ 15), is more suitable. 

Let u i( x ) +%(a?) +u i (x) + ... 

be an infinite series, whose terms are given in ike interval (a, b). 
A necessary and sufficient condition for the uniform convergence of 
the series in this interval is that, if any positive number e has been 
chosen , as small as we please, there shall be a positiveinteger v such 
that, for all values of x in the interval, \^R n (w)\<e, when n^ v, for 
every positive integer p. 

(i) The condition is necessary. 

Let the positive number e be chosen, as small as we please. 
Then take 


iji*'! 


fit 




}jf 

11 
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Since the series is uniformly convergent, there is a positive 
integer v, such that 

|/(a;)-s w (a;)|<|-e, when wg v, 

the same v serving for all values of x in (a, b), f(x) being the sum 
of the series. 

Let n", n' be any two positive integers such that n">n' ^ v. 

Then | v(®) ~ M®) I =M X ) ~f( x ) \+\f( x )~ M®) I 

<|e +Je 

<e. 

Thus |s B+J ,(as) - s n (x) [<e, when n^v, for every positive integer p 
the same v serving for all values of x in (a, b). 

(ii) The condition is sufficient. 

We know that the series converges, when this condition is 
satisfied. 

Let its sum be /(a). 

Again let the arbitrary positive number e be chosen. Then 
there is a positive integer v such that 

\ s n+ P i x ) ~ s n ( x )\<h> when n^v, for every positive integer p, 
the same v serving for all values of x in (a, b). 

Thus s„ ( x ) - f e< s u +p {x) < s„ ( x ) + |-e. 

Also lim s v+P (x)=f(x). 

27-+CC 

Therefore s,. (a:) - he ^f(x) S s v (x) + fe. 

But ]s w (a;) -f(x) | s n (x) -s„(a;)| +| s v (x) - f(x ) | . 

It follows that, when n is greater than or equal to the value v 
specified above, 

; >«(*)-/(») I 

<e, : 

and this holds for all values of x in (a, b). 

Thus the series converges uniformly in this interval, 

67. 1. Weierstrass’s M-Test for Uniform Convergence. The 
following simple test for uniform convergence is due to Weierstrass: 

The series u x {x) +u 2 (x) +u s (x) +... 

will converge uniformly in (a, b), if there is a convergent series of 
positive constants 

■ M j + M 2 ~b M- 3 4 ~ . • • , 

such that, no matter what value x may have in (a, b), 

\u n {x)\ g; M n for every positive integer n. 



HHi 
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Since the series M x +M Z + ilf 3 + ... 
is convergent, with the usual notation, 

M n+X +$f„ +2 + ... +M n+V <e, 
when w is v, for every positive integer p. 

But i w n+l( fl3 )| + | w n+ 2 ( a: )| + ••• + j w ?j+-p(^)|* 

Thus \j,^n{ x )\^ -^-n +1 ~kM n+ 2 +••• +M n+p 

<e, when n v, for every positive integer p, 
the inequality holding for all values of x in (a, b). 

Thus the given series is uniformly convergent in (a, b). 

For example, we know that the series 
1 +2a+3a 2 +... 

is convergent, when a is any given positive number less than 
unity. 

It follows that the series 

1 ~r 2 X 4* 3.C“ 

is uniformly convergent in the interval ( - a, a). 

Ex. 1. Show that the series 

x cos 0 + x z cos 20 + x 3 cos 30 + ... . . 

is uniformly convergent for any interval (x oi aq), where - 1 < :r 0 < x x < 1 and 
6 is any given number. 

Ex. 2. Show that the series 

x eos 6 + x z cos 20 + af* cos 30 + . . . 


X COS 0 + -n cos 20 + cos 30 + ... 
2 3 


are uniformly convergent for all values of 0, when |j:| is any given positive 
number less than unity. 

67. 2. Further Tests for Uniform Convergence. In the ill-Test 
the series converges absolutely and uniformly. But absolute 
convergence is not required in the following tests, usually called 
Abel’s Test and Dirichlet’s Test. 

I. Abel’s Test. Let the series 

ufx) + u 2 (x) +It 3 (x) ...(I) 

converge uniformly in (a, b) and the sequence 

v^x), vfx), v 3 (x), (2) 

be monotonic for every (fixed) x in ( a , b) mid uniformly bounded .* 


*A function j n {x) is said to be uniformly bounded in an interval, when there is a 
positive number K, independent of x and n, such that \f n (x) \ <K, for every value of 
x in the interval, and every positive integer n. 
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Then the ser ies 

u i( x ) v i( x ) + u ii x ) v i( x ) +u 3 (x)v s (x) + .. (3) 

is uniformly convergent in (a, b). 

Let RJx) be the partial remainder for the series (3) and s n (x), 
(x) the sum of n terms and the partial remainder for the series (1). 
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Then P R„(x)=u n+1 (x)v n+1 (x) +u n+z (x)v n+2 {x) + ... 
+u n + p (x)v n+p {x) 

= i»«(®K+i(s) + ltr n (x) - 1 r B (®-)]« tI+a (a;) + ... 

+ t/n(®) p-l r n (a;)] v n+at (x) 

= [«n+i(®) “ V n+ z(x)] + •■ • 

+ J> -M X ) C«Vn>-i(*) ~ v n+ M\ + p r n (x)v n+p (x)...(4:) 
Now it is known that 

[v«+i(®)-»«+a(®)L K+»-i(®) -«»+„(*)] 

all have the same sign, x being fixed; and that there is a positive 
number K such that | v n (x) | < K for all values of x in (a, b), and 
every positive integer n. 

Also, since the series (I) converges uniformly, when the arbitrary 
positive number e is chosen, there is a positive integer i>, such that 

Ia r «(®)l» ••• !/*(«)] 

are each less than eJ3K when n^v, the same v serving for all 
values of x in (a* b). 

follows from (4) that 


} R n (x) 


< 


v n+ 1(®) 


w+ja 


(*) 


+ 


3 K 


«»+,(*) 


same v serving for all values of * in (a, b). 

Thus the series (3) is uniformly convergent in (a, b ). 

Ex. I. Let a 0 + aq + a z + ... be a convergent series of constants and v n (x) = x n . 
Then X <r, n v n {x) converges uniformly in OSsseSs 1. 


2. Let a 1 +a 2 + ... bea convergent series of constants and v n (x) = 
Then X converges uniformly in % ^ 0. 


Ex. 3. Let a 0 + a 1 +a S ’j- ... be a convergent series of constants and a 0 , a lt 
ct 2 , ... be a monotonic ascending sequence of positive numbers. Then the series 
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II. Dirichlet’s Test. Let 

s n (x)=u 1 {x) +u 2 {x) + ... u n (x). 

Then the series 

u x (x)v !i(x) + iifx)v 2i (x) +u s (x)v 3 {x) + ... 
converges uniformly in (a, b) provided that 

(i) s n (x) is uniformly bounded in (a, 6)* 
and 

(ii) vfx), v 2 (x), v 3 (x), ... is a monotonic sequence converging uni- 

formly to zero in (a, b). 

With the same notation as above, 
v R n {x) = u n + 1 (x)v n+1 {x) + ... +w n+J> (a;)i! n+:p (x) 

= [s n+ i {x) - s n (x)]v n+1 (x) +[5 n+2 (®) - s n+1 (»)] 

+ [ s n+3)( a: ) ~ S n+j >— 1 0*0] 

— S n+1 (x) iVn+iO^O iy »+2( a ')l'b * V 

+S n +ji-l( a ')[ U «+Ii-lO C ) — *’n+p0*0] 

+s n+J> {x)v n+P (x) — 5 n (x)u n+1 (cc). 

Then we have at once 

W*)l +IW ;C )I +IW*)|}- 

But the sequence vfx), vfx), ... converges uniformly to zero. 
Therefore we know that, however small the arbitrary positive 
number e may be, there is a positive integer v, such that 

v n [x) j < ~jr } when n is v, 

the same v serving for all values of x in the interval. 

And iq(aO> v z( x )> etc., are a11 of tlie sanie sigI1 ' 

Therefore 

| J) lS n (aj)l<f, when n^u, 

the same i' serving for all values of x in {a, b), and the series 

i 

converges uniformly in (a, b). 

1 11 

Ex. 1. The series iW 3 *~ 2 +aj* + 3+s s ~'**' 
converges uniformly when x ^ 0. 




*Cf. footnote on p. 149. 
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Ex. 2. The series sin x + $ sin 2x + | sin 3x + ... 

cos a? + |- cos + | eos 3a; + ... 
converge uniformly in (a, b), when 0 < a <b< 2ir. 

Ex. 3. The series- sin x-\ sin 2x + § sin 3a: . . . 

cos x - J cos 2x + J cos 3a; . . . 
converge uniformly in ( - a, a), where 0 < a < tt. 

Ex. 4. The series sin x + J sin Bx + } sin 5x + ... 

^•sin 2a:-|-i sin4a:-i-'J- sin 6x+... 

cos a; + | cos 3x + |- cos 5a: + ... 

| cos 2a; + £■ cos 4a; + £ cos 6a; + . . . 
converge uniformly in (a, b), when 0 <a<b <tt. 

Ex. 5. The series 2 a n sin nx and 2 a n cos nx 

i i 

converge uniformly in (x 0 , xj when 0 < x Q < aq < 2ir , provided that the 
constants a lt u 2 , ... form a monotonic sequence and lim a n — 0. 

68. Uniform Convergence of Series whose Terms are Con- 
tinuous Functions of x. In the previous sections dealing with 
uniform convergence the terms of the series have not been assumed 
continuous in the given interval. We shall now prove some 
properties of these series when this condition is added. 

I. Uniform convergence implies continuity in the sum. 

If the terms of the series 

w x (a;) +u 2 (x) +w 3 (») +... 

are continuous in .(a, b), and the series converges uniformly to f(x) 
in this interval , then fix) is a continuous function of x in [a, b). 

Since the series converges uniformly, we know that, however 
small the positive number e may be, there is a positive integer v, 
such that 

|/(3)-$ b (;c)|<$€, when n^v, 
the same v serving for all values of x in (a, b). 

Choosing such a value of n, we have 

f {x)=S n (x) + j? n (£c), 

where | R n ( x ) i < 3 e > f° r all values of x in (a, b). 

Since s n (x ) is the sum of n continuous functions, it is also con- 
tinuous in (a, b). 

Thus we know from §31 that there is a positive number rj such that 

when x i x' are any two values of x in the interval (a, b) for which 
\x‘ -x\^t]. 



(57. 2, ()Sj ARE FUNCTIONS OF A SINGLE VARIABLE 153 


But f{^) = s n (x')+R n (x’), 

where |-®n(^ , )|<ie. 

Also f(x') -f(x)=[s n {x') - s,,(®)] +R n (x') - R n (x). 

Thus \f{x') -f{x)\^ : \s n {x') -s ft (a?)j + |£ n (a:')| + | #„(<») |. 

<-|e +|-e 

<e, when \x'-x\^rj. 

Therefore f(x) is continuous in (a, b). 

II. If a series, whose terms are continuous functions, has a dis- 
continuous sum, it cannot be uniformly convergent in an interval 
which contains a 'point of discontinuity. 

For if the series were uniformly convergent, we have just seen 
that its sum must be continuous in the interval of uniform con- 
vergence. 

III. Uniform convergence is thus a sufficient condition for the 
continuity of the sum of a series of continuous functions. It is not 
a necessary condition ; since different non-uniformly convergent 
series are known, which represent continuous functions in the interval 
of non-uniform convergence. 

For example, the series discussed in Ex. 2 and Ex. 3 of § 63 
are uniformly convergent in x t a> 0, for in both cases 

1 1 

[I? n (x)j< ~-si — , when x^a> 0. 

1 1 nx na 

Thus |jS M (a;)|<e, when n>Ijae, which is independent of 

But the interval of uniform convergence does not extend up to 
and include £=0, even though the sum is continuous for all 
values of x. 

This is clear in Ex. 2, where Rfx) = for if it is asserted 

that | R n (x) | <e, when n it. v, the same v serving for all values of x 
in .*'^'0, the statement is shown to be untrue by pointing out that 
for x = 1 (v, R v { x) = and thus \R n {x) | e, when ntv, right through 
the interval, if e<§. 

Similarly in Ex. 3, where R n {x) — if it is asserted that 

[jR w (aj)|<e, when nt v, the same v serving for all values of x in 
xtO, we need only point out that for x=ljfv 3 , R v (x)=\Jv z . 
Thus when n v, right through the interval, if e<|. 


154 


INFINITE SERIES WHOSE TERMS 


[CH. V 



There is, in both eases, a positive integer v for which 
R n (l[?n)<€<%, when n s v, but this integer is greater than 1/m. 

Thus it is clear that the convergence becomes infinitely slow 
as jc->0. 

IV. If the terms of the series are continuous in the closed interval 
(a, b), and the series converges uniformly in a<,x<.b, then it must 
converge for x=a and x—b, and the uniformity of the convergence 
will hold for the closed interval (a, b). 

Since the series is uniformly convergent in the open interval 
a<x<b, we have, with the usual notation, 

\s m (x)sM<h, when .....(1) 

the same v serving for every x in this open interval. 

Let m, n be any two positive integers, satisfying this relation. 

Since the terms of the series are continuous in the closed interval 
(a, b), there are positive numbers and rj 2 , say, such that 
| ■ sjx) - sja) \ > when 0 si (x - a) ^ rj l5 
and |s„(£c) -sfa) | <|e, when 0 0 {x - a) rj v 

Choose a positive number r) not greater than or r) z , and let 
0 ^(x-a)^rj. 

Then -*«(<») I 

- 1 s m {a) - s m (x) | + 1 sjx) - s n (x) | + 1 s„(a?) - s n {a) | 

; . <e, . when m>nlie (2) 

A similar argument shows that 

($,„(&)- s„(6)|<e, when m>n^v (3) 

From (2) and (3) we see that the series converges ioi x== a and 
— b, and, combining (1), (2) and (3), we see that the condition 
for uniform convergence in the closed interval {a, b) is satisfied. 

;■ If the terms of the series 

Ujfa) + u z (x) + u z {x) + . . . 

are continuous in (a, &), and the series converges uniformly in every interval 
/J), where a < a < jS <b, the series need not converge for %—a or x— 6. 
y$.g> the series ■/ ■/ XIir2x+3st? -p . ..-\i ~ v 

converges uniformly in ( - a, a), where a< 1, but it does not converge for 

If%==' — T : 

we shall see that in the case of the Power Series, if it converges 
=a or £e~6, the uniform convergence in (a, [>) extends up to a or b, as 





Fig. 13. 


Then we have, as before, ^ 

i «„m - ■ s»c*) i < ■ «■ whea m> * = ' 

the same .• serving for all values of a in the interval. 

In particular, 1 ~ e ’..T ^ I*™, which will satisfy this 

and we shall suppose v the smallest posxtxTe mteger winch will 

condition for the given e and every * in t e m s j x \ ^ forming a 

Plot the curve „=*(*) and the two paralle u ve s, *U ± 
strip <r of breadth 2e, whose central line is y - 5, (• )■ ( 8- 

•Of. Hobson, Plane Trigonometry (7th ed., 1928), 251. 
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The series of continuous functions 

U^X) -' r 'lt 2 (x) + 'U z {x) + ... 

nnifnr?nlv for every interval (a, ft) within {a, b), and converge 
foX=“ V or? =&, while the range of uniform convergence does not extend up 

to and include the point a or b. (1) 


E.g, the series * + -1,^ + + * x + 

formed from the logarithmic series / . (2\ 

x-lx z + \a^ - . 

by taking two consecutive positive terms and then - negative term, » 
u . w r <i and its sum, when x~l, is ._>- log ?• 

°°ZC Series l) Z absolutely convergent when 1*1 <1, and therefore 

the sum is not altered by taking the terms in ^ * ^ J J ^ 
It follows that when |*| < 1 the sum of (1) is log (1 +*). 

“Sen! 0) "b discontinuous at *=! and therefore the tot-nl of uniform 
convergence does not extend up to and include that point. 

69 Uniform Convergence and the Approximation Curves. Let a senes o 
continuous functions he uniformly convergent in (a, »)• 
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All the approximation curves y=s m (x), m> v, lie in this strip, and the curve 
y=f(x), where / (x) is the sum of the series, also lies within the strip, or at most 
reaches its boundaries. (Cf. § 66 (ii).) 

Next choose t' less than c, and let the corresponding smallest positive integer 
satisfying the condition for uniform convergence be »/. Then v' is greater 
than or equal to v. The new curve y—s v '[x) thus lies in the first strip, and 
the new strip </ of breadth 2e' } formed as before, if it goes outside the first 
strip in any part, can have this portion blotted out, for we are concerned only 
with the region in which the approximation curves may lie as m increases from 
the value v. 

In this way, if we take the set of positive numbers 
e > e' > t". . . , where lim «(*) = 0, 

K — 

and the corresponding positive integers 



wo obtain the set of strips <r, </, ar", ... 

Any strip lies within, or at most reaches, the boundary of the preceding 
one, and their breadth tends to zero as their number increases. 

Further, the curve y~f(x) lies within, or at most reaches, the boundary of 
the strips. 

This construction, therefore, not only establishes the continuity of the sum 
of the series of continuous functions, in an interval of uniform convergence, 
but it shows that the approximation curves, as the number of the terms 
increase, may be used as a guide to the shape of the curve for the sum right 
through the interval.* 

70. 1. A sufficient Condition for Term by Term Integration of a 
Series whose Terms are Continuous Functions of x When the 
series of continuous functions 

u t {x) +u 2 (x) +u 3 (x)+... 

is uniformly convergent in the interval (a, b), we have seen that 
its sum, f{x) s is continuous in (a, b). It follows that f(x) is 
integrable between x 0 and x l3 when a Ss x Q <x t 0 b . 

But it does not follow, without further examination, that the 

seriesofintegrals/; : '-v. : ^;;;VV : /;,.,;,; : : ;:/7 v ./v : y/..v 

u ^ (.>;) dx +1 u z (x) dx + ii s (x)dx + ... 

*' -'o 3 •'# *1 -'o 

is convergent, and, even if it be convergent, it does not follow, 
without proof, that its sum is f(x) dx. 


*Of course the argument of this section applies only to such functions as can be 
graphically represented. 
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The geometrical treatment of the approximation curves in § 69 
suggests that this result will be true, when the given series is 
uniformly convergent, arguing from the areas of the respective 
curves. 

We shall now state the theorem more precisely and give its 
demonstration : 

Let the functions u x {x), u z (x), u 3 (x), .... be continuous in {a, b), 
and let the series 

u t (x) +u z (x) +ii 3 (;r) + ... 

be uniformly convergent in (a, b) and have f(x) for its sum. 

Then 

j f{x)dx = \ u 1 (x)dx + w 2 (»)dcc + | u 3 (x)dx + ... , 

j .' 0 J -'-o *'#0 J.''o 

where a^x 0 <x 1 ^ b. 

Let the arbitrary positive number e be chosen. 

Since the series is uniformly convergent, we may put 
f(x) = s n (x)+R n (x), 

where \R n (x)\< when n^ v, 

0 ■ (X 

the same v serving for all values of x in ( a , b). 

Also f(x) and £„(») are continuous in (a, b) and therefore 
integrable. 

Thus we have 


^ a*o 

where aMx n <x •> Si 6. 


But 


‘•n pi 

s n (x ) dx + 1 R n {x) dx, 

*0 

•>x 0 

j 

$„(«) dx = 

f l R n {x)dx 

' 1 

J *0 


35 1 ~ *0 


b-a 

<c 

, when 

dx^±\\ 

i b, 

i r {x) dx. 


n §5 v. 


I (*n n f x i 

Therefore 1 f(x) dx - y]\ u r (x) dx\<e, when 

! •' JTo l •'a'o I 

Thus the series of integrals is convergent and its sum is [ f(x) dx. 

.. J x o 
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Corollary I. Let nfx), u 2 (x), n 3 (x),... be continuous in (a, b) 
and the series u x {x) +u%(x) + u^(x) + ... 

converge uniformly to f[x) in (a, b). 

Then the series of integrals 

■fa* p p 

dx + uJx) dx + iu(x) dx + ... 

Jx a •'a’o ** Jr 0 

converges uniformly to f(x)dx in (a, b), when a z= x 0 <x £ b. 

Jxo 

This follows at once from the argument above. 

Corollary II. Let ufx), u 2 (x), u z (x), ... be continuous in (a, b) 
and the series Uj [ x ) +u,fx) +u z {x) + . .. 

converge uniformly to f(x) in (a, b). 

Also let g(x) be bounded and integrable in (a, b). 

Then /(%(*) u n (x)g(x)dx, 

•C'o 1 Jxo 

where a^x 0 <x^:b, and the convergence of ike series of integrals is 
uniform in ( a, b ). 

Let the arbitrary positive number e be chosen, and let M be 
the upper bound of | g(x) | in (a, b). 


Since the series V) ?<„(#) converges uniformly to f(x) in (a, b), 

I 

we may put f(x) — s n (x)+R n (x) } 

where l- B *( a: )l < M(ih~ay when n ~ v > 

the same y serving for all values of x in (a, b). 

Therefore we have 


where 

Thus 

And 


f{x)g{x)dx=\ s n (x)g{x)dx + \ R n {x)g(x)dx, 

Jxo J x 0 Jx 0 

a ^ a: 0 <a; b. 

f (®) 9 (*) s n {x)g (®) dx ] -\ f R n (x)g (x) dx L 

*' Xa J Xo I I J x 0 ' 

f - sf u r ( x )g( x )dx 

j x 0 1 J.r 0 


<e, when n-~v , 
which proves our theorem. 
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are functions of a single variable 

clear that these integrations can be repeated 
i we wish. 


as many 


uniformly for any interval of y within ( 1, 1) 


ml - [V v -cos g _ rin = ,y COSM yn- 1 dy, when \y\ < i. 
Therefore j — 2y cos x+?/ 2 > • o 

Therefore J log (1 - % cos x +?/) = - 2 ~~ V n > when \y\ < 1-t (2) 

But the series (2) converges uniformly for all values of *, when \y\ is some 
positive number less than unity (§ 67. 1). 

Thus .^10,(1 ~2ycosx + ! /^= \\osnxdx, when ilfl < 1 - 


)dx—0, when |y| < 1 


Therefore 


Therefore log (1-2?/ cos z + ?/ a )dx=i r log j 
-’o 

Ex. 2. Prove that, if m is a positive integer, 
f cos mx log (1-2?/ cos x + y~)dx = 


according as \ y ] <1 or |y|>14 

~ lit follows from Ex. i, p. 131, that we may replaee 
and 2: respectively. 

flf * is not zero or an even multiple of v, the sene 

C °lt followlhom Abel’s Theorem on the Power Series (§ 
•| !og 2(1- cos x) = - S when * f 

Again, if z is not an odd multiple of r, the series on the 
when y~ - 1 • 

Then , as above, we hav e * COS nx 

A log 2 ( 1 + cos x) — M-l) 71 n ’ 

Jit follows from Ex. fi, p. 131 that these results hold a 
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70. 2. Thp following extension of the theorem in the preceding section is 
.sometimes useful. 

Let %(«), ufx] ... be functions integrable in (a, b) and let s n (x) — u r (x) and 

j 

Thus if(i)f(x) is integrable in {a, b), and (ii) the series converges uniformly to 
f(x) in {a, c), where c is any number between a and b, and (iii) s n (x) is uniformly 
bounded, in (a, b), 

\ b f(x)dx = jt f u n (x)dx. 
la i la 

Since the sum s n (x) is uniformly bounded in (a, b), there is a positive number 
K (independent of x and n), such that 

k(*)l<* 

for every x in (a, b) and every positive integer n. 

Let the arbitrary positive number « be chosen, and let c be taken so that 

h ~ c< l K' 

Then [ 6 /(.x)cL- - s n {x)dx = \ C {f(x)~s n (x))dx + \ f(x)dx-[ s n {x)dx. (1) 
J a la J a . c 1 c 

And I \ b f{x)dx - f |/(.r) - s n (x)\dx + P (/(tf)|dz + P ( s n (x) | dx. (2) 

l. rt Jn l .'a .'c . o 

But |s„(a:) | </v. 

Therefore J f(x) j = | lim s n (x) | 0> K\ 

But the series converges uniformly in (a, c). 

Tims there is a positive integer r, such that 

\f(x) - s n (x) I when n ~ v > 

the same r serving for all values of x in {a, c). 

It follows from (2), that 

1 1 P f{x)dx - £ P U r {x)dx | < njr~Z\ (c — a) + 2 (b - c) K, 

Va i )a I — w) 

< + K 

when n~v. 

Thus, under the conditions stated in the theorem, 

: ' Cb , * fft 

1 f(x)dx—^L\ u T (x)dx. 

-■■■ la : v 'a , ■■ 

This may be extended as follows; 

Let the integrable function f(x) be the sum of the series of integrable functions 
ufx), u 2 (x), ... and let this series converge uniformly in a-=i.x~b, except for a 
finite number of sub-intervals, the sum of whose, lengths can be made less than any 

n 

given number. Also let s n (x) = £ v r (x) be uniformly bounded in (a, h). 
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Then l 

7L A sufficient Condition for Term by Term Differentiation. 

If the series u x ($) +«*(») + u z( x ) + 

convenes in (a, b) and each of its terms has a differential coefficient, 
ZZZous in (a, b ), and if the series of differential coefficients 
u x (x) +uf {x) («)+... 

converges uniformly in (a, b), then f(x), the sum of the original series, 
has a differential coefficient at every point of (a, b), ana 
/'(X)=«l'( .*) -t U 2 IX l + U 3i X ) + ■•• • 

Let y,(x)=u 1 '(x)+uf(x)+u 3 '(x) + .... 

Since this series o£ continuous functions converges uniform y 
in (a, b), we can integrate it term by term. 

Thus we have 

f ’ -( V/',riAr -f ■ 

where o> Si Xq<L%i ~ 

Therefore <£(a;) dx = -ht^aC^i) " %(®q)J + ‘ 

But 7(a?i) = «i( K i) + u i( x i) +M sN + - 

and /(asq)==«i : (® 0 ) f +%( x o) + "-;‘ 

Therefore J <j>(x)dx=f(Xi) /(%)• 

Now put axl( ^ 

Then, by the First Theorem of Mean Value, 
c]>(£)Ax^f{x+Ax)--f{x), 

where x — £ =§ * + Ax. 

. f(x+Ax)-f(x) ■: 

...'Therefore \ ■■■■■■;. 0(f) — ~ Sr 

*Cf. TAe Mathematical Gazette, W (IM 7 ), ; S 8 f u rtheHnformation on this subject 
“ Term by Term Integration of hfimte Seri f^^^ ^ (188g) that when 

will be found ; and a proof is given of the • q to the integrate function 

the series of integrable functions «,(*),«.(*)»- °° nv * 

/(x), and the sum ht r (x) is uniformly bounded m (a, b), then 

[ b /(*)&} = 2 f n r {z)dx. 


h 
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But lim </>(£) — <p i x )> 

A .«>— >0 

since 0 (x\ is continuous in (a, b). 

Therefore f(x) has a differential coefficient f'(x) in (a, b), 
and /'(a?) = 0(x) 

= «i / (®) +« 2 '(x) +%'(£)+•.. . 

It must be remembered that the conditions for continuity, and 
for term by term differentiation and integration, which we have 
obtained are only sufficient conditions. They are not ‘necessary 
conditions. We have imposed more restrictions on the functions 
than are required. But no other conditions of equal simplicity 
have yet been found, and for that reason these theorems are of 
importance. 

It should also be noted that in these sections we have again 
been dealing with repeated limits (cf. § 64), and we have found 
that in certain cases the order in which the limits are taken may 
be reversed without altering the result. 

In term by term integration, we have been led to the equality, 
in certain cases, of 


f ' 1 lim 


s n (x)dx and 


fo 

lim s n (x) dx. 

n— > jo J ,r 0 


Similarly in term by term differentiation we have found that, 
in certain cases, 

's n {x+h)-s n {x) 


lim 


are equal. 


and 


lim 


lim 

h 


,h-> 0 


The Power Series. The properties of the Power Series 
a 0 +a l x+a s x z + ... 

are so important, and it offers so simple an illustration of the results we have 
just obtained, that a separate discussion of this series will now be given. 

I. If the series . a 0 + « 1 *+a 2 a: 2 + ... 

is convergent for x—x 0 , it is absolutely convergent for every value of x such that 


number M such 
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Therefore if — =c<l, the terms of the series 
I *o * 

f«ol + 1^1*1 + |«2^ 2 j +••• 

axe less than the corresponding terms of the convergent series 

Af{l+c + c 2 + ...}, 

and our theorem follows. 

II. If the aerie ? does not converge for x = z 0 , it does not converge for any value 

of x such that \x\>\x 0 \. 

This follows from (I), since if the series converges for a value of x, such that 
|*|> ji»ol, it must converge for- x=x 0 . 

III. It follows from (I) and (II) that only the following three cases can occur: 

(i) The series converges for x=Q and no other value of x. 

E.g. l + l!a:+2! a; 2 + 3!a^ + ..., 

1 +a:+2 2 a: 2 + 3 3 * 3 + ... . 

(ii) The series converges for all values of x. 

2j2 

E.g . 1 +* + 2j + ... . 

(iii) There is some positive number p such that, when | x | < p, the series 

converges, and, when [ x j > p, the series does not converge. 

E.g. z-Ja^+lar 5 -.... 

The interval -p<x<p is called the interval of convergence of the series. 
Also it is convenient to say that, in the first case, the interval is zero, and, in 
the second, infinite. It will be seen that the interval of convergence of the 
following three series is ( - 1, 1): 

l+;e+a: 2 -f ... , 
x x 2 

■ 1 + i+2 + "‘» 

■■■■" ■ X X 2 

* + J2 + cjjis + * . • . 

But it should be noticed that the first of these does not converge at the ends 
of the interval; the second converges at one of the ends; and the third con- 
verges at both. 

In the Power Series there cannot be first an interval of convergence, then 
an interval where the convergence fails, and then a return to convergence. 

Also the interval of convergence is symmetrical with regard to the origin. 
We shall denote its ends by U, L. The series need not converge at L' or L, 
but it may do so; and it must converge within L'L. 

IV. If the series converges for a value of 0, then the sequence 

M |*»$ KI”-~ 

__ -I' •■'■■■ 

is hounded above: and if lim [a rt j'*=p->0, the interval of convergence is 

- 1 < x < -. If lim | a n |» —0, the series converges for all values of x. 

/* : n — ho r 




I Si 


Ii' 


| 

I 


f 

I 


i 


! I . I 

ii 
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We are given that the series converges for some value of a;$0. 

Then, as in (I), there is a positive number M, which we may take greater than 
unity, such that |a n a;”| <M, for all values of n. 
l M 

Thus |a n i»<j — ,, for all values of n, and the given sequence is bounded 


above and below. 


By § 17. 2, lim |a n | w exists, 

71— >00 

1 

Now let lim |a n |”=/x>0. 

?!-M» 

Take any * for which (mj <l//x, and choose a definite point x 0 between \z\ 
and 1/fi. 

Then }i< \}x 0 , and, from the properties of the upper limit of indetermina- 
tion, there is a positive integer v, such that 


Therefore 


< — < 1, when » i . 

1*0 I 

Thus the series ~a n x n converges absolutely when \x\ <l//x, 
Again, take any a: for which j > 1/p. 


for an infinite number of values of n. 


Thus \a n x n \ > 1 for an infinite number of values of n. 

And the series ^a n x n cannot converge when j z j> l//x. 

It follows that when /x>0, the interval of convergence of the series is 

- l//x <» < 

... ' ; : . - ■ 1 _ 

Finally let lim |a n | Jl =0. 

Take any value of x other than zero. 

Then, by the properties of the upper limit of indetermination, there is a 
positive integer »* such that 


when n iS v, 


and in this case the series converges for all values of x. 
Returning to the notation of (III), we now show that 

V. The series is absolutely convergent in the open interval 


72] ARE FUNCTIONS OF A SINGLE VARIABLE 165 

VI. The series is absolutely and uniformly convergent in the closed interval 
- p + 8 ^ x = p - 8, where 8 is any assigned positive number less than p. 



PIG. 14. 


To prove (V), we have only to remark that if N is a point a: 0 , where -p<x 0 <p, 
between N and the nearer boundary of the interval of convergence, there are 
values of x for which the series converges, and thus bj(I)it converges absolutely 
for x—x 0 . 

-+ (- 1 1 | — , — 

M O M N L 

Pig. 15. 

To prove (VI), let M', M correspond to x — - p - 1 - 8 and x —p - 8 respectively. 
We now choose a point N (say x 0 ) between M and the nearer boundary L. 
The series converges absolutely for a; = a; 0 , by (V). 

Thus, with the usual notation, 

I ®n*o” I + I VA n+1 ( + ...<€, when n g: v . 

But | a n x n | + 1 a n+1 cc w+1 | + ... 

is less than the above for every point in M'M, including the ends M', M. 

It follows that our series is absolutely and uniformly convergent in the 
closed interval (M', M ).* And the sum of the series is continuous in this 
closed interval. 

It remains to examine the behaviour of the series at the ends of the interval 
of convergence, and we shall now prove Abel’s Theorem: f 

VII. If the series converges for either of the ends of the interval of convergence , 
the interval of uniform convergence extends up to and includes that point, and the 
continuity of f(x), the sum of the series, extends up to and includes that point. 
This follows at once from Abel’s teat for uniform convergence given in § 67. 2. 
Let the series converge for the end p of the interval of convergence. 

f x\ n 

Then in Abel’s test, take u n =a n p n and v n — i ) . (Cf. Ex. 1, p. 150.) 

We thus establish that the series 

a 0 + « 1 a: + a 2 a: 2 + ... 

converges uniformly in this case in 0 g x p. 

But we know from (VI) that the series is uniformly convergent in 

— p+8~x^Q, 

when 8 is any positive number less than p. 


*When the interval of convergence extends to infinity, the series will be absolutely 
convergent for every value of x, but it need not be uniformly convergent in the 
infinite interval. However, it will he uniformly convergent in any interval ( ~ b, b), 
where £> is fixed, but may be fixed as large as we please. 

E.g. the exponential series converges uniformly in any fixed interval, which may 
be arbitrarily great, but not in an infinite interval [ef, § 65], 
f Journal fur Math., 1 (1826), 311. 
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It follows that the series is uniformly convergent in the interval 

- p + S « = /0. 

And that/(x), the sum of the series, is continuous in this closed interval. 
In particular, when the series converges at x=p, 

lim f(x)=f{p)=a 0 +a l p+a 2 p 2 + ... . 
x-yp - 0 

In the case of the logarithmic series, 

log (1 +a) =x - |a; 2 + lx 3 - ... , 

the interval of convergence is - 1 < x < 1. 

Further, when x=l, the series converges. 

It follows from Abel’s Theorem that 

lim log (1+ a;) = 1 -£ + &-••• , 

x—>l 

i.e. log2 = l 

Similarly, in the Binomial Series, 

(1 +x)” l = l +J»a; + 

when - i<x< 1. 

And it is known* that 


m(m- 1) 


2! 


x* + ... , 


, m(m-l) , 
l+wi + — + 


is conditionally convergent when - 1 < m < 0, and absolutely convergent when 

m> 0. 


Hence 


lim ( 1 + x) m = 1 + m + "J , 

■ ■■ »->i •" • 

i.e. 8 "*=! +m+ ^=M + ..., 

in both these cases. 

On the other hand, if we put x — 1 in the series for (1 -f-x) -1 , we get a series 
which does not converge. The uniformity of the convergence of the series 

1 -x + x 2 - ... 

is for the interval -l^x^l, where l is any given positive number less than 1 . 

VIII. The intervals of convergence of the series 

a 0 + a x x + a 2 x 2 + a^x 3 + . . . 
and cEj +2a 2 x + 3a 3 x 2 + ... 

are the same.f 


*Cf. Chrystal, Algebra, 2 (2nd ed., 1900), 131. 

f If we know that lim J a ” +1 j exists, this result follows immediately from the 
ratio-test for convergence, since in both series 


lim — +1 <1, when |x| < lim — n - 

a n u-yx, a n+i 




72] ABE FUNCTIONS OF A SINGLE VARIABLE 167 
From (IV), it will be seen that we need only prove that 


lim | a n j n and lim j na n \ n 
n~y oo n_»o o 

are the same. This is a special ease of the theorem established in § 17. 3, 

J 

since lim n n — 1. 
n— 

Or we may proceed as follows: 

We are given that 

1 «0 I + | i + | tt 2 X 2 j + ... 

converges when i x | <p. 

Take x 0 so that | x j < x 0 < p. 

1 2 I x ! 3 x 2 

Then ~-+— ~ i+~ — +... 

*o I **”0 I 

is convergent, because the ratio of the term to the preceding has for its 

limit — L which is less than unity. 

I *o ! 

If we multiply the different terms of this series by the factors 

IwM. |a 3 *o 3 !-", 

which form a bounded sequence (by V), it is clear that the series which we 
thus obtain, namely 

l«i 1+2 |« 2 x j+3|a 3 x 2 ‘| + ... 
is convergent when [ x j < p. 

We have yet to show that this last series diverges when | x | > p. 

But if it converges when x = | x 0 |, where j x 0 ] >p, the same would hold 
for the series 

I ®x^o ! ■+■ 2 ] J -j- 3 ) a s X(^ j + . . . 

and also for the series 

j a^o j + |-a**b* | + l«3*b* 1 + 

since the terms of the latter are not greater than those of the former. 

But this is impossible, since we are given that the interval of convergence of 
the original series is - p < x < p. 

It follows that the series 

a 0 + ajX+a^+a^ + . . . 

and the series a 1 + 2a s x+<kt s x z + ... > 

obtained by differentiating the first term by term, have the same interval of 
convergence. 

IX. Term by term differentiation and integration of the Power Series . 

Let the power series 

a 0 + a l* + ®2* 2 + ’” 

have - p < x < p for its interval of convergence. 

Let its sum hef(x) in this interval. 

It follows from (VI) and § 70 that 

f 9 " /(x)dx=a 0 (x-x 0 ) + S*”(r n+1 -x 0 n+i )* when -p<x 0 <x<p. 
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It follows that the series is uniformly convergent in the interval 

- f) + 8~Z=Hp. 

And that /(«), the sum of the series, is continuous in this closed interval. 
In particular, when the series converges at x=p, 

lim f(x) ~f(p) =a 0 + a t p + ra 2 P 2 + ... . 
x—>-p - 0 

In the case of the logarithmic series, 

log {1 + z) =x ~ + lot? - ... , 

the interval of convergence is - 1 <a:< 1. 

Further, when a;=l, the series converges. 

It follows from Abel’s Theorem that 

limlog(l+a;)==l-i + £--... , 

■x-y-l 

i.e. log 2 = 1 1 + ^ - ... 

Similarly, in the Binomial Series, 


(l+a:) m = l+wa: + 

when - leased. 

And it is known* that 


x z + , 


1 +m+— -ejr ] — ' + ■ 


is conditionally convergent when - 1 < m < 0, and absolutely convergent when 
m> 0 . 

lim ( 1 + x) m = 1 + m -f + . 

& — 


Hence 


i.e. 2 w =l+w+ ” t( ^| ^ + ..., 

in both these cases. 

On the other hand, if we put x=l in the series for (1 -fa:)- 1 , we get a series 
which does not converge. The uniformity of the convergence of the series 

1 -a? + a: 2 - ... 

is for the interval where l is any given positive number less than 1. 

VIII. The intervals of convergence of the series 

o 0 + o x aH- a^- 2 + a 3 a^ + . . . 

«j +2a 2 a: + 3a 3 a: 2 -f ... 

same, f 


2 (2nd ed., 1900), 131. 

exists, this result follows immediately from the 


a n+i 
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From (IV), it will be seen that we need only prove that 
lim | a n j« and lim | m n |« 

n — >qo n— >oo 

are the same. This is a special ease of the theorem established in § 17. 3, 

JL 

since lim n n = 1 . 
n — >oo 

Or we may proceed as follows: 

We are given that 

j a 0 j + la-pc | + j a„x 2 | + ... 

converges when \x\<p. 

Take x Q so that | x | < x 0 < p. 


is convergent, because the ratio of the «.th term to the preceding has for its 
limit -- L which is less than unity. 

I **-0 I 

If we multiply the different terms of this series by the factors 


which form a bounded sequence (by V), it is clear that the series which we 
thus obtain, namely 

|a x |+2 | a 2 x | +3|a 3 x 2 | + ... 
is convergent when | x | < p. 

We have yet to show that this last series diverges when | x j > p. 

But if it converges when x = \x 0 \, where ] x 0 | > p, the same would hold 
for the series 

j a x x 0 j +2 | a 2 cc 0 2 | +3 ( a 3 x 0 3 | + ... 

and also for the series 

1 «i*o I + | ! + ! a 3 *o 3 l + ••• > 

since the terms of the latter are not greater than those of the former. 

But this is impossible, since we are given that the interval of convergence of 
the original series is - p < x < p. 

It follows that the series 

a 0 + a x x + a 2 x z + a + . . . 
and the series a x + 2a 2 x + 3 a 3 x 2 + . . . , 

obtained by differentiating the first term by term, have the same interval of 
convergence. 

IX. Term by term differentiation and integration of the Power Series. 

Let the power series 

a 0 -ha l x+a 2 x z + ... 
have - p < x < p for its interval of convergence. 

Let its sum be f(x) in this interval. 

It follows from (VI) and § 70 that 

/(*) dx = o 0 (a: - # 0 ) + 2 - ” (^ ” +1 - x o n+1 )’ when ~p<x 0 <x<p. 
j a* * l wH 


X 

, 3 

X 

— 

■4 — 


x 0 

x 0 

x 0 
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Also from (VHI) and § 71 we see that 

f'{x) =% + 2a s x + 3a 3 x 2 + . . . , 

where x is any point in the open interval - /) < x < /), and these integrations 
and differentiations may be repeated any number of times. 

73. Extensions of Abel’s Theorem on the Power Series. 

I. We have seen in § 72 that if the series 

x o. 0 + oi + a 2 + ... 

converges, the Power Series 

a 0 + a 1 x + a 2 x 2 + ... 

is uniformly convergent, when 0 x ~ 1; and that, if 

f(x)=a 0 + a l z + a 2 x s + ... , 

lim f(x)=a 0 + a 1 + a 2 + ... . 
x — >1 —0 

The above theorem of Abel’s is a special case of the following: 

Let the scries £ converge, and a 0 , « lr a 2 , ... be a sequence of positive numbers 

0 CO 

such that O S; a 0 <a 1 <a 2 Then the series is uniformly con- 

CO 0 to 

vergent, when t ~ 0, and if f(t) = f a n e- (, J, we have lim f(t) = 2) a n .* 

0 +0 0 

This results immediately from Abel’s test of §67. 2 (cf. Ex. 3, p. 150). 


II. In Abel’s Theorem and its extension stated above, the series 2) a n are 

o 

supposed convergent. We proceed to prove Bromwich’s Theorem dealing 
with series which need not converge.f In this discussion we shall adopt the 
following notation: 

s n ~a 0 + a 1 -j r a 2 + ... 

S n =s 0 +s 1 +s z + ... +5 n , 

and we write cr n for the Arithmetic Mean of the first n terms of the sequence 


It can be shown (of. § 102) that, if the series 2 a n converges and its 

o 

sum is s, then, with the above notation, lim tr„ = s. But the converse 

:\y- ' v" ; - n~+’-o 

does not hold. 


*If a 0 , ... are functions of x and the series 2 a n converges uniformly to F(x) in 

0 ' x 

a given interval, it follows from Abel’s Test of § 67. 2 that lim 2 a n R- a » 1 converges 

f— ►-j-0 () 

uniformly to F(x) in this interval. 

*\Math. Annalen, 65 (1008), 350. See also a paper by C. N. Moore in Bull. Amer. 
Math. fine. 25 (1010), 258. 
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•SO 

The sequence of Arithmetic Means may converge, while the sum 2 fails 
converge.* u 

Bromwich’s Theorem. Let the sequence of Arithmetic Means or n for the 
00 

series 2 a n converge to <r. Also let u n be a function of t with the following proper - 
o 

ties, when t > 0: 

(a) v n | A% n | < A'f 

p 

(/?) lim nu n — 0, 

51— >00 

(y)lim w ft = l. 

i-*+0 

00 

Then the series 2 converges when t > 0, and lim =<r. 

0 t — >- f~0 0 

We have S 0 =s 0 =a 0 , 

Si ~ 2 Sq—Si — a 0 = a 1 , 

$2 ~ 2$! + $ 0 — s 2 — ~®2> 

^3-2^2 4-S , 1 =5 3 -S2= : M3» etc - 

Thus 

2 a n u n — 8 0 u 0 + (8%- %S i) )u l + (S z - 2S X + $ 0 ) u 2 . . . + (S n - 2 S n _ 1 + S n _ 2 )u n . 
o 

Therefore 

2 o, n u n = $ 0 A 2 «o -f /S^ A 2 « t + ... +S n A“it n -\-2S n u n+ i - S n u n+2 -S n _ x u n+1 . (1) 
o 

But the sequence of Arithmetic Means 

o~iy <r 2 , 

converges, and lim <r n = <r. 

H — >00 

It follows that there is a number C, not less than |tr [, such that 
| £ n | < (» + 1)0 for every integer n. 

Also from (/?) it is clear that 


lim (£ n tt„ +1 )=dim (S n u n+2 ) =lim (S n _jU n+1 ) =0 (2) 

n—rsj n — >00 it— y-r. 


*If a. n = ( - 1 )«, n 0, it is obvious that lim <r n = l, and the series V a n is not con- 

'« — >co 0 


vergent. But see the Hardy-Landau Theorem, § 102, II. When lim <r n ~<r, the 
series 2 a n I s often said to be * ‘summable (0,1)’’ and its sum (0, 1) is said to be s , For 

a discussion of this method of treating series, due to Cesaro, reference may be made 
to Whittaker and Watson’s Course of Modern Analysis (5th ed., 1928), p. 155. 
Knopp, loc. cit., English transl., Ch. XIII, 

Hobson, loc. cit., 2 (2nd ed., 1926), Ch. I. 

Also see below, §§ 101-103, 108. 

fA%„ is written for («* ~2u„+iAU^. igte<^;:ato;';'the terms in the series 
V n j A 2 u n | are positive this condition (a) implies the convergence of this series. 


p, q any positive integers ; K, a positive 
number independent of p, q and t 
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~JO ' 

Further, the series 2 (w+ 1) j A 2 « n | converges, since, from (a), the series 

o 

co 

2 « ( ^ 2 « n i c °n v erges. 

Also | S n k 2 u n | < C(?H- 1) j A 2 « n |. 

Therefore the series 2 S n tl 2 u n converges absolutely. 

0 

It follows from (1) and (2) that 

2 u n M' W = 2 S n A u u n (3) 

0 0 

Taking the special case a 0 — 1, a 1 = a 2 ~... =0, 

X 

we have S n =n + 1 and -w 0 =2 (n + l)A 2 » n (4) 

Thus, from (3) and (4), 

f a n u n - arv 0 = X{S n - (n + 1 )ir) A 2 m„ (5) 

o ft 

Now lim =<r. 

m— >» w + 1 

Therefore, to the arbitrary positive number e, there corresponds a positive 
integer v such that 

- <r I < A;, when n 1~ i<. 

1 71 + 1 I 4it 

Thus |jff n -(n+l)o-|<™ (n + 1), when n S 

Also |<Sy < (.».+ 1)6', for every positive integer, and 
follows, from these inequalities and (5), that 

0 0 v 

< 2CX{n + 1) I i%:| + 2 ™ | (n+ 1) | A a « n | (6) 

2 (n + 1) | A% n | < 22«| A 2 « n | 

< 2A\ by (a)... (7) 

And lim A 2 w n =0, since lim M n — 1, by ( y ). 

, 0 •. i 0. . 

It follows that, v being fixed, there is a positive number >/ such that 

| A% w | < „• \, n , when 0<iS§?j and ftSi'-l, ......... .;.(8) 

<6i'(r + i /O 

from (6), (7) and (8), we see that 

a„?t n - <ru 0 | < |e + < e, when 0 < t § i/. 

(2rt„M„~<r« Q )=0. 

0 " 
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III. Let the sequence of Arithmetic Means for the series ^a n converge to ir, 
and let u n he e-"< (or Then the series | a n it n converges, when t > 0, and 

lim f. a n u n ” <r ‘ 

t_ Thi S °follows at once from Bromwich’s Theorem above, if e - (or «-**') satisfy 

»^=T- * 

that (a) is satisfied. 

(i) Let u n =e-»i, t> 0. 

TJaen ^“ u n~~ u n % u n+l + u n+i 

=e-' i( (l - e~ 1 ) 2 . 

Therefore A 2 « n is positive. 

Also S ft !A 2 u.„| = S«A 2 ?t n 

= nu „ +2 - (ft + 1 )M n +i + u v 

Therefore ^!A 2 « n ! = e~ ? , and the condition («) is satisfied. 


Therefore ±u\M+i n \ =e~S ana uie cu.«uu«u w » — 

<>0 * ^-.-c+^W+ojv-so. 

^Therefore the sign of A 2 «„ depends upon that of (4(» + Oft 2 - 2l). 

It follows that it is positive or negative according as 

2 (ft + 0)1- V (2 1) 2c 0. 

Also (»+6)>v(2()’ when, ‘ >; 7f2')’ 

and (n + 0)< 7( 1 21) ."' h ® n+2< V(5j' 

Therefore A«u„ cannot change sign more than three times for any positive 
value of t. , 

But it follows at once from the equation 

ftA% n =fte~<' 1 (4(% + 0) 2 £ z _ 20 

that a positive number, independent of (, can be assigned such that a|A%„l 
is less than this number for all values of ft. . . fi d provided that 

Hence K can be chosen so that th ' ( “^ A thlt ’we can choose 

the sum of any sequence of terms, all of t ® nositive number for 

from 2ftA 3 ft n , is less in absolute value than some hx p 

all values of t. 

Let twA% n be the sum of such a set of consecutive terms. 


♦This follows from the fact that 

f(x + 2 h) - 2f(x + h) +f(+ ) f " / x + eh), 

jjjfc 

where 0<»<2, provided that /(*>, /'<*). TO «• continucos from * to v + 2*. 
(Cf. Goursat, be. cit„ 1 (4° 6d,, 1923), §21.) 




ms 
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v: 

Further, the series 2 (» + 1) i^X i converges, since, from (a), the series 
o 

00 

2 n | A 2 u n | converges, 
o 

Also | | < C'(^ + 1) 

• w ’ 

Therefore the series 2 £ n A 2 w n converges absolutely. 

0 

It follows from (1) ancl (2) that 

* v. 

2a„M n = 2^ M A 2 u w (3) 

0 0 

Taking the special case a 0 — i , a x = a 2 = . . . = 0, 

Tj 

we have S n = n + 1 and u 0 — 2 (ft + 1 )A 2 m„ (4) 

Thus, from (3) and (4), 

2 a n u n - c rw 0 = 2 - (« + 1 )cr) A 2 i/ n (5) 

u n 

Now lim =<r. 

«-*» w + 1 

Therefore, to the arbitrary positive number e, there corresponds a positive 
integer v such that 

- o- 1 < — when n 'iZv, 

j»+l j 4 K 

Thus |N n -0t+l)o-|<^ (ft + 1), when :,n= i\ 

Also i < (ft + 1)C', for every positive integer, and |<r|S= C. 

It follows, from these inequalities and (5), that 

12 o««» - <rv Q \^\ 2 (N n - (ft + l)tr)A 8 « n | + |2(# n - (» + l)<r)A% n j. 
o o . v 

< 20 2 (»+ 1) I A 8 « n | +££ 2 (ft + 1)| A a i/ n | (6) 

2(a+l)|AXi<22n|AX| 

V v * 

<2K, by (a). (7) 

And lim A 2 « n = 0, since lira « n = l, by (y). 

that, i' being fixed, there is a positive number such that 

I <2i'(i' + 1)0 * w * ien ^ 5= V and n i- - 1. (8) 

we see that 

0<f3§>p 
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III. Let the sequence, of Arithmetic Means for the series co 

and let u n be e-»t (or e~ ‘>”t) 'Phet > 17, „ • A 0 

* ' >' 1 hen tlic series l.a, n u n converges, ivhe 

lim '£a n u n = (r . u 

i — >+0 o 

This follows at once from Bromwich’s Theorem above, if e - -i (or e - 
the conditions (a), (ft) and (y) of that theorem. 

that iP) aRd iy) are SatiSfied ’ S ° ifc ° nly remains 1 

^ Let = t> 0. 

Then as ,, „„ 


Therefore A 3 a n is positive. 
Also y«JAs 


: nu n+% ~ (W + 1 )u n+i + U v 

e~>, and the condition (a) is satisfied, 


Therefore 


A.U UlUS CclSG \ 2 » r __ -3 __ /« ,i_ /3'2/ / 4 / n 

where O<0<2.* n ~ ^ '(Mn + Oftfi - 2t), 

Therefore the sign of A 3 « n depends upon that of (■ i(n + 0 ) 2 
It follows that xt 18 positive or negative according as 
2(n + 0)t-^/( 2«)>o. 

< n+e)> vU^">VW 

an< ^ ( n + 0 )< — 1 . whpn «ii)^ 1 

; vm’ +2< V(2 ty 

Therefore A 3 m„ caimot change sign more than three times 
value of t. 

But it follows at once from the equation 

= ne-fit +m (4 (n + Oft 2 - 2t) 

that a positive number, independent of t, can be assigned s 
is less than this number for all values of n. 

Hence K can be chosen so that the condition (a) is satisfie 
the sum of any sequence of terms, all of the same sign, the 

rom ~«A u n , is less in absolute value than some fixed pos 
all values of t. 

ft 

Let be the sum of such a set of consecutive terms. 


*This follows from the fact that 

ttx+ 2 h)_-2f(x + hj +f(x) 
A 2 ~ = 

where 0<6><2, provided that f(x), f'(x), f"(x) 
(Cf. Goursat, be. cit., 1 (4° ed., 1923), §21.) 


--f"(x + 8h), 

are continuous from x to x + 2k 
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Then we have 

£ nA%„ =re~ ' 21 - (r - l)e- - (s + l)e- (« +b SJ +se- («+2)% 

r 

which differs from 

r(e~ rlt — e — (r-M) a i) - (s+ l)(e~(«+i) 2 i - e _ (s+2) 3 i) 
by at most unity. 

But, when n is a positive integer and f > 0, 

0 <n(e~ nS t -e-fa+i) 3 *) — 2n(n + d)te~( u + 0 W ... (0 <0 < 1) 

<2(n + 0) 2 le-(n+m 
<2e~ 1 . 

Therefore, for the set of terms considered, 

£ 1 n^?u n | < 4e' _1 + 1 . 

V 

Then the argument above shows that the condition (a) is satisfied. 

<*/> 

IV. Let the sequence of Arithmetic Means for the series '2a n converge to <r. 
*> o 

Then the series fLa n x n will converge when 0 <#< 1, and 


This follows from the first part of (III) on putting x—e~t. 

CO 

V. Let the terms of the series f.a n be functions of x, and the sequence of 

o 

Arithmetic Means for this series converge uniformly to the bounded function 

CO 

ir(x) in a fix fib. Then lim Ha n u n converges uniformly to cr(x) in this in- 

t — > -f* 0 0 

terval, provided that u n is a function of t satisfying the conditions (a), (/?) and 
(y) of Bromwich's Theorem, when t> 0. 

This follows at once by making slight changes in the argument of (II). 

The theorems proved in this section will be found useful in the solution 
of problems in Applied Mathematics, when the differential equation, which 
corresponds to the problem, is solved by series. The solution has to satisfy 
certain initial and boundary conditions. What we really need is that, as 
we approach the boundary, or as the time tends to zero, our solution shall 
have the given value as its limit. What happens upon the boundaries, or at 
the instant t— 0, is not discussed. (See below § 123.) 

74 . Integration of Series. Infinite Integrals. Finite Interval. In the 
discussion of § 70 we dealt only with ordinary finite integrals. We shall now 
examine the question of term by term integration, both when the integrand 
has points of infinite discontinuity in the interval of integration, supposed finite, 
and when the integrand is bounded in any finite interval, but the interval of 
integration itself extends to infinity. In this section we shall deal with the 
first of these forms, and it will be sufficient to confine the discussion to the case 
when the infinity occurs at one end of the interval (a, 6), say x = b. 
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9 CO 

I. Lei *,(*), %(*). - f* *» <*• 6 > ani ^" (I) “ W 

ai i=j M,i SI g(x)dx hMUe,!l 

From the uniform convergence of &„(*) in (c *>. we know that it, sum 
/W i, continuous in (o,6), and thus bounded and integrable. 

Also f f(x)<j(Mx is absolutely convergent, since ^ g(x)dx is so (§ , 

Let " I. 

Then, having chosen the positive number „, as small as we please, we may pu 
f(x)=s n (x) + B n {x), > 

where |*„(s)l< i, when .g r, the same „ servingfor aU values of . » (- ' 

But £ /(*) ?(*)<& and £ «.(*) (X*)* both exirt - 
It follows that j* *,(») s(a)da also exists, and that 


hi 

Thus we see that . . ,1 

j( s **<■•)«**■, 

1)0 " <iP-Wwi* 

■d Jit 

< e, when n ~ l '> 

• v « lx) alx) dx is convergent and that its sum 
which proves that the senes 2 \ a u n\ x ) 0( > 

is f /(») £?(*) <*»• 

.‘a 

Ex. This case is illustrated by ^ 

. j o / i \n— i ( — log x dx 
\ loga:log(l +x)dx — 1) } 0 n 

' • <) 1 ... • ' . : i* I . 1 ■ 1 


lzl> since x n \ogxdx-- 
~^n{n + 1) 2 •» 

r i i in 

= 2 - 2 log 2 - j 2 t?\ using the series for 

Tj^^Tthis proof also applies when *.) has a finite number of infinite 

aiscontinuities in (a, ») and (>)*, is absolutely convergent. 

f Of. Oarslaw, Plane Trigonometry (2nd ed., 1915), 219. 


(» + l) 2 ’ 
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Here the series for log (1 +.r) converges uniformly in 0 IS xM h and 

| lo gxdx 
yo 

converges absolutely (as a matter of fact log x is always of the same sign in 
0 < x =i 1), while | log x ] ->oo as a->0. 

On the other hand, we may still apply term by term integration in certain 
eases when the above conditions are not satisfied, as will be seen from the 
following theorems : 

II. Let u x {x), u 2 {x), ... be continuous and positive and the series S\(a) 

converge uniformly tof(x ) in the arbitrary interval (a, a), where a<a <b. 
Further, let g(x) be positive, bounded awl integrable in (a, a), 
n, ® Ch 

Then f(x)g(x)dx=2\ u n (x)g(x)dx, 

Jo, 1 Jtt 

» (6 

provided that either the integral f(x)g(x)dx or the series Sj u n (x)g(x)dx 
converges. 

Cb 

Let us suppose that 1 f(x)g(x)dx converges. 

In other words, we are given that the repeated limit 
lim [ lim £ «r(*)3 g{z)dx exists. 

£ — >0 J a n— 1 

Since the functions u^x), ufx), ... are all positive, as well as g(x), in (a, a), 

Cl> 

from the convergence of f(x)g(x)dx there follows at once the convergence 

of Jfl 

u r (x)g(x)dx (r-1, 2, ...). 

Again, let f(x) =u l (x) + u 2 (x) + ... + u n (x) 4- E n (x). 

Then f R n (x)g(x)dx also converges, and for every positive integer n 

)a 

Cb >i Cb Cl> 

f{x)g{x)dx-2,\ u r (x)g(x)dx-\ B n (x)g{x)dx ( 1 ) 

1 :n 
Cb 

But from the convergence of f(x)g(x)dx it follows that, when the arbitrary 

positive number e has been chosen, as small as we please, there will be a positive 
number £ such that 

0 < ( f{x)g(x)dx<\e. 

)b~$ 


A fortiori , 


o< j; ^ ( ,),(.)*<K h 


and this holds for all positive integers n. 

Let the upper bound of g(x) in (a, 6 - £) be M. 

00 _ 

The series S u n (x) converges uniformly in (a, b - £). 
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Keeping the number < we have chosen above, there will be a positive integer 
v such that 


o< K »M<2TTOr^ whenas ’'’ 


the same i< serving for all values of x in { a , b £)• 

Thus 0< L * *•(*)» W* 5 < 2Jlf (6 — «) L 

< , e 

< 2 (&-o)J„ 

<|e, whenw^i' ....... {Z) 

Combining these results (2) and (3), we have 

0 < \ b B n {x)g{x)dx <<=> when 
Ja 

Then, from (1), 

0 <[ b f(x)g(x)dx~i\ b u r (x)g{x)dx<e, when »gv. 

ja 1 • a 

Therefore 

The other alternative, stated in the enunciation, may be treated in the 

^Bromwich has pointed out that in this ease where the terms are 

rv .i multinlier q(x) the argument is substantially the sam 
as well as the multiplier g\ ;» ° TinnWa of nositive terms, 

employed in dealing with the convergence of a Double bermvot^V 

and the same remark applies to the corresponding eore 


K .l. Show that 


_ v — 

*0 (» + !)“ 


ff . 1 + a: dx .L ~ 1 L~. 

Ex. 2. Show that J^log ^_ x -- @ n - 1)* 4 

are^posiW.ver^mrry^bemmov^^nd^^following rnore^generalijheorein^steted^: 

III. Let u x {x), u 2 (x), ... be continuous and the series £ converge urn. 

formly in the arbitrary interval {a, a), where a<a< b. Also let ^ m( ) /) 
'^^^TlnfiniU Series (2nd ed., 1926), 496, and Messenger of Math., 36 

7" kt rs rr - 

' §72, VII. • . ■ .. ■ 
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Further, let g(x) be bounded arid integrable in (a, a). 


[CH. V 


Then 


[ b f(x)g(x)dx = 2 ? u n (x)g(x)dx, 


‘provided that either the integral 2 [ aJx) 1 1 d( x ) I or Me series 

.’rt i 

2 j 6 | u n (x) | | g{%) | dx converges. 

This can be deduced from (II), using the identity : 

” «„{?={«„+ \u n \){g + \g\}~{u n + K!l|gr| - Klte+ \g\\ + K! \g\, 

since that theorem can be applied to each term on the right-hand side. 


Ex. 1. Show that 


\ lo S® 

n 1 + X 


dx 


= S( -l) n log x dx 
0 .'o 

*0 ( % + l ) 2 


T 


12 ' 


Ex. 2. Show that 

fl T P o= 

],T+i logx,fa =? 

when p + 1 > 0.* * * § 


l) w 


l)"" 1 X»+P~l log X dx = 2 7 r» » 

Jo ° 1 (n+p)~ 


75. Integration of Series. Infinite Integrals. Interval Infinite. 

For the second form of infinite integral we have results corresponding to 
the theorems proved in § 74. 

I. Let u x {x), u 2 (x), ... be continuous and bounded in x i= a, and let the series 
2 a n (x) converge uniformly to f(x) in x ^a. Further, let g(x) be bounded and 
integrable in the arbitrary interval {a, a), where a < a, and a may be chosen as 
large as we please ; and let g(x)dx converge absolutely. 

Then i f{x)g(x)dx = y\ u n {x)g{x)dx. 

■'a . i - a 

The proof of this theorem follows exactly the same lines as (I) of § 74. 
f o *“ j x-if " s x dx 


i dx = 2 1 , ... .. 

h x i Jj (.t + tj, - l)(a: + «) 


This follows from the fact that the series 
1 1 


s; + • • • 


*(* + 1) (a; + l)(a; + 2) 
converges uniformly to \jx in £§? 1. 

But it is often necessary to justify term by term integration when either 


*If y >0, Theorem III can be used at once. 

If 0>p> - 1, the interval has to be broken up into two parts (0, a) and (a, 1). 

In the first we use Theorem I and in the second Theorem III. Or we may apply 

§ 72, VII. 




' 
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i \g{x)\dx is divergent or %ii n (x) can only be shown to converge uniformly 
-'a 1 

in the arbitrary interval (a, a), where a can be taken as large as we please. 

Many important eases are included in the following theorems, which corre- 
spond to (II) and (III) of § 74 : 

II. Let u t (x), u 2 (x), ...be continuous and positive and the. series 'f, u n (x) con- 

i 

verge uniformly to f(x) in the arbitrary interval (a, a), where a may be taken as 
large as we please. 

Also let g(x) be positive, bounded and integrable. in (a, a). 

Then f f(x)g(x)dx = y / f u n (x)g(x)dx, 

.'a 1 .'a 

provided that either the integral \ f(x)g(x)dx or the series S l u n (x)g(x)dx 

.'a 1 

converges. 

Let us suppose that i f(x)g(x)dx converges. 

In other words we are given that the repeated limit 

ra n 

lim 1 [lim 2) u r (x)]g(x)dx exists. 
la 1 

CO 

Since the terms of the series y,u r (x) are all positive, as well as g(x), inx^a, 


from the convergence of f(x)g(x)dx there follows at once that of 


u r (x)g(x)dx (r~ 1,2,...). 

.<i 

Again let f{x) = ufx) + ufx) + u n (x) + R n {x). 

Then l R n (x)g(x)dx also converges, and for every positive integer n 
■la 

fco n fco 

f(x)g{x)dx-'2\ 

.'a i -'a 

But from the convergence of I 

positive number € has been chosen, as small as we please, there will be a 
positive number a such that 

0<( f(x)g{x)dx<^e. 


Ki x ) ( A x ) dx - 


A fortiori , 0 < \ R n (x)g(x)dx < he, 

1 a 

and this holds for all positive integers n. 

With this choice of a, let the upper bound of g{x) in (a, a) be M. 

The series fu n {x) converges uniformly in {a, a). 

Keeping the number t- we have chosen above, there will be a positive integer 
v such that 

0< *«<*>< 2 whennS "’ 

the same v serving for all values of x in (a, a). 
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Thus 0 < r B n (x)g(x) dx < §e, when n IS iv 

Jo. 

Rut 0<( B n (x)g(x)dx<%e, 

Ja 

and this holds for all values of n. 

Combining these two results, we have 

0<( B n (x)g(x)dx< e, when n^v, 

Ja 

and from (1), 

0< [ f{x)g{x)dx- 


[CH. V 


1 Jtt 


u r (x)g(x) dx < e, when n §5 v. 


j*30 Op POO 

Therefore f(x)g(x)dx = '£ u r {x)g(x)dx. 

ja i .a 


The other alternative can be treated in the same way. 

(•“= ■(» jan r-» 

j o e -0 * cosh'&r dx =2 j er ax x m dx if 0<|&| < a. 


Ex. 1. 
Ex. 2. 


oo r s 

, e —<#■& cosh bxdx—'Z nz:y\. e -o?x i x in dx. 


JO . ” .'J'2»l Jo 

Further, the condition imposed upon u x {x), u z (x), ... and g(x), that they 
shall be positive, may be removed, leading to the theorem : 

CO 

III. Let ufx), u z (x), ...be continuous and the series S|w n (»)| converge uni - 

.1 

formly in the arbitrary interval (a, a), where army be taken as large as we please. 

CO 

Also let \E/U n (x)=f(x). 

l 

Further, let g{x) be bounded and integrable in (a, a). 


Then 


03 l< ® 

./(*)?(*) dx=2 u n (c c)g(x) dx, 

(l \ J(t 


provided that either the integral I 2 I %(*) 1 |fir(;c)|d& or the series 

J(l ^ 


Si \u n {x)\\g(x)\dx converges. 

■■ i- a ■ 

This is deduced, as before, from the identity 

««?={*» + K\}{g + |5f|}-{u n + K|}|<7| - |«J {g+ |gj} + Kl \g\, 

since the Theorem II can be applied to each term in the right-hand side. 

r°® «i / _ jvnjan r» 

Ex. 1 . Show that j Q e~ ax cos bxdx — X ' — — ) o e ~ aXx2n dx, if 0 < {6} <a. 

<*> ( _ lWnr» 

bxdx-f, 2 ^] — 1 0 e " atsfl x 2n dx. 


Ex. 2. Show that 1 e~&& cos 
■ .Jo 


76. Certain cases to which the theorems of § 75 do not apply are covered hy 
the following test : 

■ ■ ■ " CO 

Let u x (x), u z (x), ...be continuous in x'^a, and let the series ’Eu n (x) converge 

l 

uniformly to f(x) in the arbitrary interval (a, a), where a may be taken as large 
as we please. 
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Further, let the integrals 

- zj . c'f- 

1 u x {x) dx, t u. 2 (z)dx, etc., 

J a hi 

converge, and the series of integrals 

\ uAx) dx + \ u 2 {x)dx+ ... 

Jra hi. 

converge uniformly in x S a. 

Then the series of integrals 


x (x) dx +| u 2 (x)dx + ... 


converges, and the integral \j(x)dx converges. 

Also ( f(x)dx=\ u x (x)dx + \ u 2 {x)dx+.... 

j (l Jtt J# 

"x fa? cx 

5 n («) = | ufx) dx + j ^ u i (x)dx -{- ... + u n (x) dx. 

Then we know that lim s n (x) exists in x^a, and we denote it by F{x). 

Also we know that lim s n (x) exists, and we denote it by G{n). 

We shall now show that lim F{x) and lim G[n) both exist, and that the two 

, ;c— >XI w— 

limi ts are equal. _ , . 

From this result our theorem as to term by term integration will follow 

at once. 

I. To prove lim F{x) exists. 

Since lim* tt (a:) converges uniformly to F(x)inx '^a, with the usual notation, 
n-># _ 

we have \F(x)-s n (x)\<h, when 

the same v serving for every a: greater than or equal to a. 

Choose some value of win this range. ■ 

Then we have lim s n {x)-0(n). 

Therefore. we can choose X so that 

\s n {xr)-s n (x')\<h, when xT>x'^X>a. 

But | F{x") ~ Fix') | 

=g j F(x") - s n (x") | + | s n {x") - s n (x') | + 1 s n { x') - F{x') | 

<i«+i«+i € 

<e, when x">x'~X>a. 

Thus F(x) has a limit as *-►«*>•, 

II. To prove lim G(n) exists. 

Since lim s n {x) converges uniformly to F(x) in x-~a, 

| *-(«) - s n ix) 1 < h, when »' >n'* v, 
the same v serving for every x greater than or equal to a. 
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lim s n (x) —G(n). 

Therefore we can choose X v X 2 such that 

| 6(n') - s n ’(x) | < £«, when x=^X l >a 1 
| G(n") - $ n '(x) | < H when x^X 2 >a. 
Then, taking a value of x not less than X x or X 2> 

] G(n”) - G{n’) | ' 

Si | G{n”) - $ n *(x) I + I S n *(x) - 8n’(x) | + ! s n ‘{x) - Q(n') j 
< + ^ + 

< 6, when n" >n'~v. 

Therefore lim G(n) exists. 

n-">ao 

III. To prove lim F(x) — lim G(n). 

£-x 3 C n— >00 

Since lim G(n) exists, we can choose v x so that 


<S> TOO 

2 j u r (x)dx 


<|e, when »s~v r 


[CH. W 


n+1- 


But 


a: i 


2 u r (x)dx 
l 


lim F(*)=2 u r (x)dx^ lim <?(»). 

x-+ao 1 a n— >ao 


Therefore 


IV. But we are given, that the series 

u i( x )+ u 2 (x) + ... 

converges uniformly to f(x) in any arbitrary interval (a, a) 


u 1 (x)dx + u 2 (x)dx + . i . in x =ka. 


Again 2 u T (x)dx converges uniformly to F(x) in z~~a. 

1 •'<* 

Therefore we can choose v 2 so that 
oo r% 

2 u T {x)dx < Je, when n iS v 2 , 

|n+r a 

the same v 2 serving for every a; greater than or equal to a. 

Choose v not less than v x or v 2 . 

r°° v 

From the convergence of the integral \ 2 u T (x)dx r we can choose X so that 

•'« i 

2 u r (x)dx I < $e, when x~X>a. 

i 

» r« 

2 u r (x)dx - F(x) 

1 

oo r® co r 

2 « r (a;)<fe; + 2 u r (x)dx- 2 u r (x)dx 

1 K+r<j 4i« 

oo r® 

2 I u r (x)dx 
kfl* 

<e, when xi~X>a. 

00 r oo 


co Tar 

2 n r (x)dx 
v+ra 

+h, 
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Thus, with the above notation, 

F(%) = \ f(x)dx. 

f » , 

It follows from I that f(x)dx converges, and from III that 

• a 

f°° roo 'oo 

+ J u 2 {x)dx+.... 
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EXAMPLES ON CHAPTER V. 

UNIFORM CONVERGENCE. 

. 1.2 

sin - sin - 

1. Let <ft n (a;)= - — - n ■ ;* ■ . 

sin 2 - + a; cos 2 - 
n n 

Show that lim <f> n (x)—Q, when * $ 0, 

Vr+tQ 

ai id lim (f) n (x)—2, when »=(). 

U — >*oo 

Also show that cf> n {x) converges uniformly to zero, when x x 0 , where a? 0 is 
any positive number. 

2 - lf #*0 is continuous in the interval 1, show that lim exists 

in that interval. »->« 

Also show that x n (f)(x) converges uniformly to its limit in 0 S a; Si x 0 <1, and 
that it converges uniformly in the interval OS^Sl, only if 0(1 ) =0. 
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3. Examine the convergence of the series 

f (S*+I)[(» + l)x+ 1][(» + 2) a; + 1? *“°* 
and by its means illustrate the effect of non-uniform convergence upon the 
continuity of a function of x represented by an infinite series. (Cf. Example 
on page 144.) 

GO 

4. Show that the series 2 eosech 8 nx is uniformly convergent in any interval 

where x 0 >0. 1 

5. Prove that the series 

x 2 x 2 

* + (Fhi a ) + (T+» 2 ) 2+ '" 

is convergent for all values of x, but is not uniformly convergent in an interval 
including the origin. 

6. Prove that the series 

are uniformly convergent for all values of x. 

7. If u n { x ) — ^ + ' n ^v 8 ^ow that 'E u n ( x ) * s uniformly convergent in any 
interval x §= * 0 , where x 0 > 0. 

00 / 1 \ 

Also show that, if m is any positive integer, 2 «„( — )> !, and deduce that 

x \ m / 

the convergence is not uniform in any interval including the origin. 

OO 

8. Find for what values of x the series 2 u n converges where 

__ x n ~x~ n ~ 1 

Un ~(z n + x~ n ) (» n + 1 + ar"- 1 ) 


~(x-l){x n +x~ n ) (x- ar(»+D)* 

Find also whether the series is 

(i) uniformly convergent through an interval including +1 ; 

(ii) continuous when x passes through the value +1. 

9. Discuss the uniforjmity or non-uniformity of the convergence of the 
series whose general term is 

_l-(l+a;) n 1 — (1 +x) n ~ 1 
Un l+{l+a)» l+(l+w)«-*‘ 

10. Let (Xq -f- ci j -)- . • . 

be an absolutely convergent series of constant terms, and let 

/o(*)> fi( x ), ••• 

be a set of functions each continuous in the interval and each 

comprised between certainfixed limits, 

r= 0,1 

where A, B are constants. 
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Show that the series 

a afa ( ,i; ) F &\f % (x) -f- , , . 

represents a continuous function of x in the interval /?. 

11. Show that the function defined by the series 


n ( 1 + ?ix") 

is finite and continuous for all values of x. Examine whether the series is 
uniformly convergent for all such values. 

12. Show that if « 0 (a;) + u x (x) + ... 

is a series of functions each continuous and having no roots in the interval 
a Si x Si b, and if 

u n (x) -y< 1 > when ngr, 

where y, v do not depend on z, then the given series is uniformly convergent 
in this interval. " e 

Apply this test to the series 

1 +^a + .r(x-l)|-“ + .r(.r- l)(.r -2)^ + ... , 

where 0 < a < I . 

13. Using the inequality ~ > 2 , when 0 < x < Jtt, 


sj n d nx 

- converges uniformly in 0 g a- g W, when 

1, it converges, but not uniformly, in this inter- 


series 2# S (J!) converge uniformly to /(a:) in the open interval 
for every positive integer let lim u n {x)=l n , where c is a point 

oo X-+C 00 

erval. Then the series 2 l n converges, and lim f(x) = '2,l n . 

. « ■ - r “ >C . 1 
series 2u n (x) converge uniformly to f(x) in the open interval 

for every positive integer let lim u n (x)=a n and lim u„(x) = b 

00 X-Xl+0 x .-.y b _ 0 • ' ' 

3 2 u n converges, and lim f(x)=2a n > with a similar result 

* *— xi fO 


16. Let the series E'ujx) converge uniformly to f(x) in the infinite interval 

X ~ a ’ and> f or evei T Positive integer, let lira u n (x) = l w Then 1 1 converges, 
and lim f(x) = 2£Z n . 

z ~^° 0 1 ■ 



INFINITE SERIES WHOSE TERMS 


17. From the equation sin~ 1 a;=|" 
show that the series ior sin-hr is 


THE POWER SERIES. 

tin— x = P* 

, . Jo V(1 ~Z 2 ) 


la; 3 1 . 3 ^ 

* + 2 3 + 5T4 J + ’" when I* I < I- 
Prove that the expansion is also valid when j x j = 1.* 

1 8 . From the equation tan -1 x = f * — 

I 1 | ■ ^ 

obtain Gregory’s Series, ‘ 0 

tan- 1 x=x-^x 3 + lx 5 
Within what range of x does this hold ? 

mtegrais° W “ J substitute the ***» ** •&>-% and tan-* in the 

pHpi* and l-tan-* 

* Jo X 

and integrate term by term, when j x | < 1 . 

Also show that 


1_ (Han-* » , 

*° X V 2. 4. ..2/i (2» + l) 2 ’ ] 0 x X ^ ^ 1)n (2» + l)2’ 

^ZZZT tion by parts of ^ ^ p- *- 

£«>* - .CW* 

20. Tf \x\< I; prove that 

f tan -1 a- dx = - - — + — _ 

"Jo ■ ■ ' . 1 .2 3 . 4 o . 6 

that the result also holds for x= 1, and deduce that 
W-HJ + J-... =0-43882.... 


If \x\ < 1, prove that 
the result hold for x= ±1 ? 


22. Prove that 


log ( 1 - x) 


0<x< 1. 


j*lo g {l + *)^ = 0<x< 1. 

, (l+x\dx » 

log \l~x) x~ 2 }( 2 ^ryf> 0<3: < L 


X ~ 1, C = 1 * bUt Raabe ’ S *** (cf. Bromwich, loc. tit., p. 35, or 
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Express the integrals 

Jhogd-*)^, 

as infinite series. 


log(l + x) ~ and 
. o ® 




23. Show that 


1 _ l _ i 4. jt_ 4. 1 _ i _ 1 , 

o 7 + 11+18 17 1 {» + ••• 

f 1 l-x* 

i.-rn?'*' 


= y3 lo g(2 + V3). 

24. Prove that, when 0 =2 x 3s 1, 2 [log x\ S e -i. 

Hence show 

(i) that 1 +a(x log x) + ~(x log a;) 2 + . . . 

converges uniformly in the interval OgsSl, and 

(ii) that [ dx = S ( - 1 ) n 7 — — — r . 

JO 0 ; Hh 

25. Prove that, when a > 1, the series 

x a -1(1 -x + x 1 - ...) 

— 1 

converges uniformly to in the interval 0^a:g x 0 , where * 0 < 1. 
Hence show that 


and deduce that 


- a f+0 X a ~ 1 . T n 

x » L r+5 ,to =?(- I >"rf5' 


1 %a - 1 °a / _ ]\n 

0 1 +x “ ,X ~^ n + a’ W ^ en a> 1* (See also Ex. 36 below.) 


INTEGRATION AND DIFFERENTIATION OF SERIES. 

00 

26. Prove that the series 2(ccfi~ waa: - fie~ n P x ) is uniformly convergent in 

(c, y), where a, pyy and c are positive and c< y. 

Verify that 

fr W 00 fy 

2 (ae-nax _ pe-npx)dx = ~Z (ae~nax _ p e -npx) dx. 

1 £ JC rJ 

S y co « fr 

2(<**“ na *--/8 e-«fl*)d® = S (ae-nox ~Be-npx)dx 2 

0 1 1 Jo 

27. If it be given that for values of a; between 0 and ir, 

jrcoshaa;=2sinhcMr -U ...l, 

l2tt 1+a 2 2 2 + o 2 J 


prove rigorously that 


TSmh^amW { i25 

U+o 2 2 2 + a 2 3 2 + a 2 J 
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28. Show that if f(x) = v then it has a differential coefficient 

j -*r ?£ l Xr 

v> 1 

equal to ~ 2a:V — for all values of x. 

1 Y n-( 1 + 2t;e 2 ) 3 

29. When a stands for a positive number, then the series 

V 1 . a ~ r Zl-ir-'arr 
Y H a~~ T + x~ ’ Y a" 2r + x~ 

are uniformly convergent for all values of x ; and, if their sums are f(x) and 
Fix) respectively, 

,,, , * 1 d ( a~r \ 

f (&) “ ^ r I dx\ar* + &J* 

i/(-D r «- r V 


; ~ r { dx V a~- r + a: 3 j 

30. Find all the values of x for which the series 
e x sin x + e 2a! sin 2x + . . . 

converges. Does it converge uniformly for these values V For what values 
of x can the series be differentiated term by term ? 


31. Let f =x ’ 2 (a 2M ~ 1 ~ x 2n ~ 3 ) sin ~ for x § 0, 

j «„(0)=0, 

for any positive integer greater than unity ; and 


u x {x) — a- 3 sin * for x -g 0, 


i %(0)-0. 


dhow that 2) %(a?) converges for all values of x to f(x), where 
1 1 

f(x)~x z am~ for «c£0 and /(0)~0. 

00 

Also show that f'(x) is discontinuous at x~0 ; that ££ u n '{x) is not uni- 

^ 00 

formly convergent in any interval including the origin ; and that J'(x) = v u'(x) 

l 

for all values of x. 


32.* Show that the series 


2cce"a: 2 : 


g n S — -r 

■(»+ 1) 8 


x % • 

e (n+i) a 


can be integrated term by term between any two finite limits. Can the 
function defined by the series be integrated between the limits 0 and oo ? 
so, is the value of this integral given by integrating the series term by 


of §§ 74-76. 
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33. If each of the terms of the series 

u 1 (x)+u st (x) + ... 

is a continuous function of x in x ?: a > 0 and if the series 
x K u 1 (x)+x«u s (x) + ... (k> 1) 

satisfies the if -test (§ 67. 1), then the original series may be integrated term by 
term from a to oo . 


34. Show that the series 

1 , I ... 

(l + a:) 2 + (2T^j2 + "‘ 

can be integrated term by term between any two positive finite limits. Can 
this series be integrated term by term between the limits 0 and oo ? Show 
that the function defined by the series cannot be integrated between these 
limits. 

35. Show that the function defined by the series 

1 1 

(1 +x) 3 (2 + ar) 3 ^ “* 

can be integrated from 0 to co, and that its value is given by the term by 
term integration of the series. 


36. Prove that 


Jo 1+* « tr+1 a+2 , 

Explain the nature of the difficulties involved 
the process you have used. 


(a > 0). 

in your proof, and justify 


37. By expansion in powers of a, prove that, if j a | < 1, 


•so 

e~' 

Jo 


dx 


q e~ x (l ~ e-ax) --—log (1 -fa), 
(Lee 

tan _1 (a sin x) rj— = Jtt sinlrtt, 


examining carefully the legitimacy of term by term integration in each. case. 

tMiT 


38. Assuming that 

show that 
when a> 0. 


o 


{n\f 

j e- aa J Q {bx)dx 1 


V ( a 2 -f b z ) 


I 

j 

1 

I 

{ 


i'll 


NOTE 

A valuable collection of Examples in Infinite Series with Solutions, by Francis and 
Littlewood (Cambridge, 1928) will be found useful by the student who makes a 
special study of In fin ite Series and Integrals. 


CHAPTER VI 



DEFINITE INTEGRALS CONTAINING AN ARBITRARY 
PARAMETER 

77. Continuity of the Integral. Finite Interval. In the ordinary 
definite integral £ <p(x, y)dx let a, a' be constants. Then the 
integral will be a function of y* 

The properties of such integrals will be found to correspond 
very c osely to those of infinite series whose terms are functions 
of a single variable. Indeed this chapter will follow almost the 
same lines as the preceding one, in which such infinite series were 
treated. 

L If y) is a continuous function of (x, y) in the region 
a^x^a', b-^y-^b', 

then 0 (x, y)dx is a continuous function of y in the interval ( 6 , b'). 

Since y) is a continuous function ol (x, y)f, as defined in 

S r 7 ’ rt 18 also a continuous function of a and a continuous function 
of y. 

Thus <f>(x t y) is integrable with regard to x. 

Let /(</) = \‘<h{x,y)dx. 

J a ■ . . ' : 

*As already remarked in §62, it is understood that before proceeding to the 

^ *• ™ — 

the ™ ““ " 0t * h ° Ml in 
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We know that, since <j>(x, y) is a continuous function of (x, y) 
in the given region, to any positive number e, chosen as small 
as we please, there corresponds a positive number rj suck that 
\‘p(%, y+Ay)~<p(x,y)\<e > when \Ay\ ^r), 
the same 7 / serving for all values of x in (a, a').* 

Let Ay satisfy this condition, and write 

f(y +A*/) = <p{x, y + A y)dx. 

J a 

Then f{y +A y) -f(y) = j [<p(x, y + Ay) - <p{x, y)] dx. 

J a 

Therefore 

I f(y + A y) -f(y) 1^1 | <p(x, y+Ay)- <f>{x, y) | dx 

J a 

<(a'-a)e } when |A«/|^?;. 

Thus f(y) is continuous in the interval (b, b'). 

II. If f(x, y) is a continuous function of (x, y) in a^x^a 1 ; 
b^y^b 1 , and \fs(x) is bounded and integrable in (a, a'), then 

[ <p(x, y)\js(x)dx is a continuous function of y in ( b , b'). 

J a 

f a ' 

Let /(*/) = <p{x, y)fi(x)dx. 

(l 

The integral exists, since the product of two integrable functions 
is integrable. 

Also, with the same notation as in (I), 

j "a' 

f{y +Ay) -f{y) = [<p(x, y + Ay) ~<j>{x, y)] fi(x)dx. 

* a 

Let M be the upper bound of |\^(£c)| in (a, a'). 

Then | f{y + A y) -f(y)\ <M(a' - a) e> when | Ay\ £ v r 
Thus f(y) is continuous in (b, 6'). 

78. Differentiation of the Integral. 

I. Letf(y)= j y) dx, where <j>(x, y) is a continuous function 

Ja q , 

of (x, y) in x si a', b g y sg b', and ■— exists and satisfies the same 
condition. ” 


Thenffy) exists and is equal to f dx. 

Ja 


* This follows from the theorem on the uniform continuity of a continuous 
function (cf. § 37, p. 87). 
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LlIlce oy 18 a con tinuous function of (x, y) in the 

to 'any positive number e, chosen as small 
sponds a positive number 

I '^!PS x j V + Ay ) d(j)(x, y) 

! dy dy ’ <e > wiien 

the same v serving for all values of x in (a, a'), 

Let A y satisfy this condition 
Then 

&±&yhJM _ f“' <l>(x,y+ Ay) -4(x,y) . 

A ?/ L ~~ A y ^ ix 

= P** y + fl Ay ) 


given region, 

as we please, there corre- 
r i> su °k that, with the usual notation 


dx, where 0<6<l , 

I” ‘/^y +0 Ay) ~ d(f)( x } y) 


Thus we have 

/ (y +%)-/ (?/) 
% 


! Y / i (‘G V + 6 Ay) _ d<j>(x, y) 
d y dy 

<(a'-a)e, when \Ay\ Sjy. 

And this establishes that lim ~/(y)) 

, A r«' l Aw f exists ar 

equal to -X dx at any point in ^ ^ 

II. &*f(y)=f° MX, y Wx)dx , wkere ^ y) and | i areasii 

and f{x) is bounded and integrable in (a, a'). V 

Thenf(y) exists and is equal to J“ dx 

Let the upper bound of |y,(*)| in &*') be M. 
ihen we find, as above, that 

\£k±MtJM P'30 ,, x , i . 


^ ™ eoreras 0± th lf section show that if we have 
entiate the integral [“ F[x, y)dx, where F(x, y) is 0 f 

named ah ^ ^ a “ d tiese funofcions satisfy the c 

med above, we may put the symbol of differentiate 


78 , 79 ] 
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tlie integral sign. In other words, we may reverse the order of 
the two limiting operations involved without affecting the result. 

It will be noticed that so far we are dealing with ordinary 
integrals. The interval of integration is finite, and the function 
has no points of infinite discontinuity in the interval. 

79. Integration of the Integral 

fa' 

Le tf(y)— 4>( x , y) f(x)dx > where <p(x, y) is a continuous function 

of ( x , y ) in a^.x^a', b^jjy^b', and yjs{x) is bounded and i 
in (a, a'). 

dx [ <p(x, y) \js(x)dy, 


Vo 


Then \’mdy= [ 

J Vo Ja 

where ?/ 0 , y are any two points in ( b , b'). 
ket i>(®, y)- I <p(x, y)dy. 

J b 


Then we know that 


S<I> 

dy 


=#*>y) [§49], 


and it is easy to show that d?(a;, y) is a continuous function of 
(x, y) in the region a^x^a’, b^y g b'. 

Now let g(y) = P y) ^( x ) dx. 

J a 

From § 78 we know that 


r 

J a 

-r 

J a 




yp(x) dx 


' B y 

<P(%> y) \}/{x)dx. 

Also g'(y) is continuous in the interval ( b , &') by § 77. 
Therefore V g'(y)dy ~ P dy P <y(x, y) x},(x)dx, 

J Vo J Vo J a 

where y Q , y are any two points in (b, b'). 

f V fa' 

dy y) \fs(x) dx 

Vo la 

=9iy) -y(y Q ) 

= I y)-Mx> y 0 )hK x )dx 
= \ a [j fi <P( X > y) dy - !%(«, y) dy \h(x) di 
= \ dx [ (j>(x , y) \]s(x)dy. 

J a J j/ 0 
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Thus we have shown that we may invert the order of integration 
with respect to x and y in the repeated integral 

\ dx \ F(x, y)dy , 

Ja J Vo 

when the integrand satisfies the above conditions ; and in particular 
smce we may put ^(*) = 1, when F(x,y) is a continuous function 
of (a:, y) m the region with which the integral deals. 

8° bn the preceding sections of this chapter the intervals (a, a') 
and (b t b ) have been supposed finite, and the integrand bounded 

! n ? f * = ? ’ b -■ y « h '* The argument employed does not apply 
to infinite integrals. J 

For example, the infinite integral 

f°° 

/(y) = J ye-**dx 

converges when y a: 0, but it is discontinuous at y = 0 since f(v) = ] 

when y>0, and /(0) = 0. 

Similarly sin Try e~ x * hl *”vdx 

converges for all values of y, but it is discontinuous for every 
positive and negative integral value of y, as well as for y = 0. 

, Und f wtat conditions then, it may be asked, will the infinite 
integrals 

J* F(x, y)dx and J* F(x,y)dx, 

\°^ erg f nt When b -y^~ b '> define continuous functions of y in 
(o, b) And when can we differentiate and integrate under the 
sign of integration ? 

In the case of infinite series, we have met with the same questions 
and partly answered them [cf. §§ 68, 70, 71], We proceed to 
discuss them for both types of infinite integral. The discussion 
requires the definition of the form of convergence of infinite integrals 
which corresponds to uniform convergence in infinite series. 

81. Uniform Convergence of Infinite Integrals. We deal first 
with the convergent infinite integral 

poo 

F{x, y)dx, 

J a 

where F(x, y) is bounded in the region a Saiga', b^y^b' the 
number a' being arbitrary. 
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f :o 

F(x, y)dx is said to converge uniformly to its 

value f (if) in the interval (h, b'), if, any positive number s having been 
chosen, as small as we please, there is a positive number X such that 


|/(y)-f F(x,y)da 

' » a 


<e, when x X, 


the same X serving for every y in (b, b'). 

And, just as in the ease of infinite series, we have a useful test 
for uniform convergence, corresponding to the general principle 
of convergence (§ 15) : 

II. A necessary and sufficient condition for the uniform convex - 

p'fj 

gcnce of the integral F(x, y)dx in the interval ( b , b') is that, if 
J a 

any positive number e has been chosen, as small as we please, there 
shall be a positive number X such that 

r" 

F(x, y)dx <e, when x">x ' ir X, 

the same X serving for every y in (b, b')* 

The proof that (II) forms a necessary and .sufficient condition 
for the uniform convergence of the integral, as defined in (I), follows 
exactly the same lines as the proof in §66 for the corresponding 
theorems in infinite series. 


Further, it will be seen that if F(x, y)dx converges uniformly 

in (b, b'), to the arbitrary positive number e there corresponds a 
positive number X such that 


* ,e 


F(x, y)dx <€, when x A: X, 


the same X serving for every y in (b, V). 

The definition and theorem given above correspond exactly to 
those for the series 

ufxj+Uzix) + ... , 

uniformly convergent in a si x b ; namely, 

|JS„(x)|<e, when v, 

and \ v R n (x)\ <e, when n A v , for every positive integer p, 
the same v serving for every value of x in the interval (a, b ). 
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82. Unifdrm Convergence of Infinite Integrals (continued). 

We now consider the convergent infinite integral 

. ■ . fa.' 

F(x,y)dx, 

Ja 

where the interval (a, af) is finite, but the integrand is not bounded 
in the region aga: s a, b^y^ V. This case is more complex than 
the preceding, since the points of infinite discontinuity can be 
distributed in more or less complicated fashion over the given 
region. We shall confine ourselves in our definition, and in the 
theorems which follow, to the simplest case, which is also the most 
important, where the integrand F(x, y) has points of infinite 
discontinuity only on certain lines 

x—a % , a 2 , (»Si«i<a 2 • ••<«„ = &')> 

and is bounded in the given region, except in the neighbourhood 
of these lines. 

This condition can be realised in two different ways. The 
infinities may be at isolated points, or they may be distributed 
right along the lines. 

E - g - (i) I 0SySb ■ 

(ii) j x v ~ 1 e~ <t (fa, when 0^y<l. 
do 

In the first of these integrals there is a single infinity in the given 
region, at the origin ; in the second, there are infinities right along 
the line x =0 from the origin up to but not including y—l. 

In the definitions and theorems which follow there is no need 
for any distinction between the two cases. 

Consider, first of all, the convergent integral 

{F[x,y)dx r 

where F(x, y) has points of infinite discontinuity on x=a' } and 
is bounded in a ^ x ^ a* - 1, b^y^b', where a<a ' - £<a r . 

For this integral we have the following definition of uniform 
convergence : 

I. The integral f F(x, y)dx is said to converge uniformly to 
its value f(y) in the interval (b, V), if , any positive number e having 
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been chosen , as small as we please, there is a positive number r/ 
such that 

1 f(y)~ y)dx\<e, when 0<£g??, 

J a 

the same rj serving for every y in (b, b'). 

And, from this definition, the following test for uniform con- 
vergence can be established as before : 

II. A necessary and sufficient condition for the uniform conver- 
gence of the integral F (x, y)dx in the interval ( b , b') is that, if 
J a 

any positive number e has been chosen , as small as we please, there 
shall be a positive number rj such that 
jv~r 

F ( x , y) dx < e, when 0 < £" < £' g rj, 

J a’ — £ ' 

the same r\ serving for every y in (b, b'). 

Also we see that if this infinite integral is uniformly convergent 
in ( b , b r ), to the arbitrary positive number e there will correspond 
a positive number rj such that 

I F(x, y)dx <e, when 0<£^ir}, 

J a'—f 

the same rj serving for every y in (b, b')- 

The definition, and the above condition, require obvious modi- 
fications when the points of infinite discontinuity lie on x=a, 
instead of %—a\ 

And when they lie on lines x=a 1 , o 2 , ... a n in the given region, 
by the definition of the integral it can be broken up into several 
others in which F ( x , y) has points of infinite discontinuity only at 
one, of the limits. 

In this case the integral is said to converge uniformly in (b, b'), 
when each of these integrals converges uniformly in that interval. 

And, as before, if the integrand F(x, y) has points of infinite 
discontinuity on x=a v a z , ... a„, and we are dealing with the 

integral j F(x, y)dxi this integral must he broken up into several 

integrals of the preceding type, followed by an integral of the 
form discussed in § 81 . 

The integral is now said to be uniformly convergent in ( b , b') 
when the integrals into which it has been divided are each uni- 
formly convergent in this interval. 
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83. Tests for Uniform Convergence. The simplest test for the 

uniform convergence of the integral F(x, y)dx, taking the first 

J a 

type of infinite integral, corresponds to Weierstrass 5 s M-test for 
the uniform convergence of infinite series (§ 67. 1). 

I. Let F(x, y) be bounded in a g: x si a', b^y^V and iniegrable 
in (a, a'), where a' is arbitrary , for every y in ( b , b'). Then the 

/*oo 

integral F(x, y)dx will converge uniformly in ( b , &'), if there is 

J a 

a function y(x), independent of y, such that 

(i) y(x)^0, when x-^a; 

(ii) | F ( x , y ) | -=£ y (x), when x^a and b^y^b'; 

fOO 

and (iii) I ju(x)dx exists. 

J a 

For, by (i) and (ii), when x">x' ^ a and b^y^b', 

F(x, y)dx Ugl y (x) dx, 

I J x‘ I J x' 

and, from (iii), there is a positive number X such that 

I y {%) dx < e, when x" >a;'gl, 

These conditions will be satisfied if x n F ( x , y) is bounded when 
x 2: a, and b^y 1 6' for some constant n greater than 1. 

Corollary. Let F(x, y) = (p(x, y) \b(x), where <p{x, y) is bounded 
in x^a and b^y&b', and iniegrable in the interval {a, a'), where a ' 

f '" ■; '■ •■■■■'■■ . poo 

is arbitrary, for every y in (b, b'). Also let \j/(x)dx be absolutely 

00 * (l 

F(x, y)dx is uniformly convergent in (b, b'). 


(T x v dx converge uniformly in y t? y 0 > 0. 


Ex. 2. j e y dx converges uniformly in 0 <y~Y, where Y is an arbitrary 
positive number. 

■r, 0 f” cos xy , f 00 sin xy , f“ cos xy , f°° sin xy . 

Er ‘ 3 ‘ ), W ], iui i ‘ converg,! 

uniformly for all values of y, where n > 0. 

II. Let g>(x, y ) be bounded in x^a, b^yS. V , and a monotonic 
function of x for every y in (b, b'). Also let \Js(x) be bounded and 



83] AN ARBITRARY PARAMETER 197 

not change sign more than a finite number of times, in the arbitrary 

interval (a, a'),* and let I \js(x)dx exist. 

J a 

Then f(x, y) \J/(x)dx converges uniformly in {b, ¥). 

J a \ 

This follows immediately from the Second Theorem of Mean 

Value, which gives, subject to the conditions named above, 

f y) fi(x)dx = f(x', y) P xj,(x)dx + </>(«", y) P xfs(x)dx, 

»' x' J x' J J 

where $ satisfies a<x ' ; : x". 

But f(x, y) is bounded in x^a and h ^ y <7/, and f \Js(x)dx 
converges. " 

Thus it follows from the relation 

<l>{x, y)\ls{x)dx 

- y) If fi(x)dx + y) 

I j J x' 

that <p(x, y) \jy(x)dx converges uniformly in (6, b') 

It is evident that \fs(x) in this theorem may be replaced by 

\J/(x, y), if y) dx converges uniformly in ( b , ¥). 

J a 

1 * ^ sin ik f 30 o os iT 

e -xy 1 — __ ( ]x, j e~ xy ■ — - dx (a > 0) converge uniformly in y 0. 

0 & jrt 

III. Let (f>(x, y) be a monotonic function of x for each y in (b, b'). 
and tend uniformly to zero as x increases, y being kept constant. 
Also let \J/(x) be bounded and integrable in the arbitrary interval (a, a'), 
and not change sign more than a finite number of times in such an 

Cx 

interval* Further , let J fi(x) dx be bounded in x a, without 
converging as x—>oo . 11 

Then j <p(x, y) \f/(x)dx is uniformly convergent in (6, b'). 

J a 

This follows at once from the Second Theorem of Mean Value, 


j* \(s(x)dx 


* This condition is borrowed from the enunciation in the Second Theorem of 
Mean Value, as proved in § 50. 1. If the more general proof is taken, a corre- 
sponding extension of (II) and (III) follows. 
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as in (II). Also it will be seen that \fs(x) may be replaced by \fs(x, y), 

if y ) dx is bounded in x ^ a and b gj y &'.* 

J a 

( so r’-n 

^ e~ xy sin x dx, e~ xy cos x dx converge uniformly in y y 0 > 0. 

Ex. 2. f dr and f dr both converge uniformly in y iS y 0 > 0 

Jo Jo x-r£ 

and ygf -y 0 <0. 

It can be left to the reader to enunciate and prove similar 
theorems for the second type of infinite integral F(x, y)dx. 

Ja 

The most useful test for uniform convergence in this case is that 
corresponding to (I) above. 

Ex. 1. x v ~ l dx, ^ x y ~ x e~ x dx converge uniformly in 1 > y = y 0 > 0. 


Ex. 2. 


dx converges uniformly in 0 < y =2 y 0 < 1. 


84. Continuity of the Integral F (x, y) dx. We shall now 

*’« /»75 

consider, to begin with, the infinite integral F(x, y)dx, where 

F{x, y) is bounded in the region a^x^a', b^y%b', a' being 
arbitrary. Later we shall return to the other form of infinite 
integral in which the region contains points of infinite discon- 
tinuity. 

Let f(y) = F(x, y) dx, where F(x,y ) either is a continuous 

va 

function of (x, y) in a x g a', b^y^ b' , a' being arbitrary , or is of 
the form <f>(x, y)\[s(x), where y>(x, y) is continuous as above , and 
yf/{x) is bounded and integrable in the arbitrary interval (a, a'). 

Also let F(x, y) dx converge uniformly in ( 6 , b r ). 


Thenf(y) is a continuous function of y in (b, b'). 

Let the positive number e be chosen, as small as we please. 
Then to Je there corresponds a positive number X such that 


F (x, y) dx 


<|e, when xMX, 


the same X serving for every y in (6, b’). 


* In Examples 1 and 2 of § 88 illustrations of this theorem will be found. 
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But we have proved in § 77 that, under the given conditions, 
F(x, y) dx is continuous in y in (b, b')’ 

J a 

Therefore, for some positive number rj, 

| £ F(x, y + Ay) dx - y) dx ’<|e, when | Ay\ ^ rj. 

Also f(y)= f F («, y)dx + f F(x, y) dx. 

J a J X 

Thus f{y + Ay) -f{y) = [£ F(x, y+Ay)dx-^ F(x, y)dx 

r°° f*oo 

+J^#(a;, y -fAy) cfoc-J F (x } y) dx. 

1 C°° 

Also we have F(x, y)dx <|e, 

I J x 

I f 00 

and I F (x, y + Ay) dx <le. 

I J x 

Therefore, finally, 

\f(y+Ay) -f(y)\<h+h+h 

<e, when \Ay\?gr). 

Tkus/(y) is continuous in (6, b'). 


/•» 

85. Integration of the Integral F(x, y) dx. 

J a 

Let F(x, y) satisfy the same conditions as in § 84. 

Then f dy f F(x,y)dx= f dx f F(x, y) dy, 

J Vo J a 1 a J Vo 

where y 0 , y are any two points in ( b , b'). 

Let f{y)=\*F{x,y)dx. 

J a 

Then we have shown that under the given conditions f(y) is 
continuous, and therefore integrable, in (6, b f ). 

Also from § 79, for any arbitrary interval (a, x), where x can 
be taken as large as we please, 
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Therefore 


r A Ci/ , rv p 

I dx I F(x, y)dy— lim dy I F(x, y) dx, 

J a Jj/o z->coJ y 0 J a 

provided we can show that the limit on the right-hand exists. 
But 

jV (V f 00 ft C°° 

dy F(x , y)dx=\ dy F(x, y)dx-\ dy F(x, y)dx . 
J j / 0 J a Jyo a J v 0 •> x 

Thus we have only to show that 
c» r° 

lim I dy F(x,y)dx=0. 

a; — 5-3© !/ {) J x 


Of course we cannot reverse the order of these limiting processes 
and write this as 


f*2/ f M 

dy lim F(x, y) dx, 
J y 0 £—*-00 J X 


for we have not shown that this inversion would not alter the 
result. 

fOO 

But we are given that F{x,y)dx is uniformly convergent 
in (6, &')• 

Let the positive number e be chosen, as small as we please. 

Then take e/(6' -6). To this number there corresponds a positive 

number X such that 

if® '■ e ■. 

J F(x,y)dx when x^X, 

the same X serving for every y in (b, b'). 

It follows that 

| rv f 130 

\\ dy \ F(x, y)dx <e, when x^X, 

1 J 2/o * 

if y 0 , y lie in (b, V). 

. ■ In. other words,' . - 

■ r p v f® 3 

lim I dy l F(x, y)d% ~ 0. 

L J.-ffa- J X ..■■■■ ■ ''-J . . 

And from the preceding remarks this establishes our result. 

86. Differentiation of the Integral F(x, y) dx. 

J a 

Let F(x, y) either be a continuous function of ( x , y) in the 
region a~x~a r , b^yz~ b\ a' being arbitrary, or be of the form 
<p(x, y) where <fi(x, y) is continuous as above, and \!/{x) is bounded 
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and integrable in the arbitrary interval (a, a'). Also let F(x, y ) have a 

'dF 

'partial differential coefficient — ~ which satisfies the same conditions:. 

Then , if the integral I F( x, y)dx converges to f(y), and the integral 
T°° "bF * u 

j dy Gonver 9 es uniformly in ( b , b'), f(y) has a differential 
coefficient at every point in (b, &'), and 


/'(?/)= f 


'dF 


dx. 


We know from §84 that, on the assumption named above, 
0 dF 

— dx is a continuous function of y in (6, 6'). 

Lei ^ 

Then, by.§ 85, 


f 33 

9{y)=\ 

J a 

\ Ul g{y)9y=\ dx f 1 ~ 

Jy 0 Ja j y a oy 


where y 0 , y x are any two points in (b, b'). 

Let Vo =V and y x =y+Ay. 

rp+Ay f 00 

Then 9(y)dy=\ [F{x, y + Ay) - F(x, y)] dx. 

Jy Ja 

g(£)&y=f(y +Ay) -f(y), 


Therefore 
where 

Thus 


foo 

ySi £ — y +Ay and f(y)= F(x, y) dx. 

Ja 


9(£) 


f{y+Ay) -f(y) 

' A V ' 


But lim g{i)=g(y), since g(x) is continuous. 

tAy — >0 

It follows that f(y) is differentiable, and that 


/w= r % dx ’ 

where y is any point in (b, b'). 

87. Properties of the Infinite Integral F(x, y) dx. The results 

J a 

of §§ 84-86 can be readily extended to the second type of infinite 
integral. It will be sufficient to state the theorems without proof. 
The steps in the argument are in each case parallel to those in the 
preceding discussion. As before, the region with which we deal is 
a^xska', b^ky^kb'. 
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Therefore 

f dx f F(x, y) dy— lim f dy [ F(x, y)dx, 

J a J j/o i/a ♦' it 

provided we can show that the limit on the right-hand exists. 

But 

[ dy [ F(x, y ) dx = f dy [ F(x, y)dx- f dy f F(x, y) dx. 

J y B J a *l/o *>« J 2/o J * 

Thus we have only to show that 

lim J dy F(x, y)dx= 0. 

:r — >30 J J x 

Of course we cannot reverse the order of these limiting processes 
and write this as 

j dy lim I F(x, y) 'dx, 

for we have not shown that this inversion would not alter the 
result. 

f 00 

But we are given that F{x,y)dx is uniformly convergent 
in ( b , V). 

Let the positive number e be chosen, as small as we please. 
Then take ej(¥ - b). To this number there corresponds a positive 
umber X such that 


F(x, y) dx 


when x g; X, 


same X serving for every y in (6, 6') 

It follows that 

■ i ry ■ r 00 

dy Fix, y)d. 

I J i/o J % 

y lie in (b, b'). 

In other words, 


<e, when x^X, 


rv f 00 “j 

I dy F(x, y)dx =0. 

. J 2/o J X 


And from the preceding remarks this establishes our result. 

86. Differentiation of the Integral F(x, y) dx. 

J a 

Let F(x, y) either be a continuous function of ( x , y) in the 
a-zLx—a', b^iy^b', a' being arbitrary, or be of the form 
<p(x, y) \Js(x), where <p(x, y) is continuous as above, and \b(x) is bounded 
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and integrable in the arbitrary interval (a, a'). Also let F(x, y) have a 
'partial differential coefficient y— which satisfies the same conditions. 

Then , if the integral F(x, y)dx converges toffy), and the integral 

C ?)F Ja 

J dy dX Gonver 9 es un if or m> l y {b, b'), f(y) has a differential 
coefficient at every point in ( b , b’), and 


•00 <• 

m= 

a 1 


dF 

dy 


dx. 


We know from §84 tliat, on the assumption named above, 
900 dF 

— dxis a continuous function of y in ( b , b'). 

a oy 

Let 5 , (2/)=| ~ dx. 

Then, by.§ 85, 


¥ 


cut r fj/i 7)W 

g(y)dy= dx — dy , 

•> Vo Ja Jy a ay 


'Vo J a J Vo 

where y 0 , y x are any two points in (b, b'). 

Let y 0 = y and y x = y+Ay. 

Cy+Sy f 00 

Then g(y)dy= [F{x, y + Ay) - F{x, y)} dx. 

Jy J a 

Therefore g(()Ay=f( y +Ag) -/(»), 

where y-F £-~y +Ay and f[y) = F(x , y)dx. 

Thus g{$) = fjy+MzM . 

But lim g($)=g(y), since g(x) is continuous. 

Ay— *0 

It follows that f(y) is differentiable, and that 

% dx ' 

where y is any point in ( b , V). 

87. Properties of the Infinite Integral F(x, y)dx. The results 

J a 

of §§ 84-86 can be readily extended to the second type of infinite 
integral. It will be sufficient to state the theorems without proof. 
The steps in the argument are in each case parallel to those in the 
preceding discussion. As before, the region with which we deal is 
atkxsk a 1 , b^ky^kb'. 
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I. Continuity of “ F(x, y) dx. 

Let f(y)^=^E{x, y) dx, where F(x,y) has points of infinite 

discontinuity on certain lines (e.g., x=a v a 2 , ... a n ) between x=a 
and x—a’,and is either a continuous function of (x, y), or the product 
of a continuous function </>(x, y) and a bounded and integrate 
function except in the neighbourhood of the said lines. 

Ctt' 

Then, if F(x, y)dx is uniformly convergent in (b, b'), f(y) i s 
a continuous function of y in ( b , b'). 

II. Integration of the Integral P F(x, y) dx. 

J a 

Let F(x, y) satisfy the same conditions as in (I). 

Then Jjy £ ,j)dx=^d x £ F(X} y) dy> 
where y 0 , y are any two points in (b, b'). 

III. Differentiation of the Integral P F(x, y) dx. 

J a 

|V 

Let f(y)^) a F(x, y) dx, where F{x,y) has points if infinite 

discontinuity on certain lines {e.g., x=a x , a 2 , ...a n ) between x=a 
and x~a , and is either a continuous function of{x,y), or the product 
of a continuous function <p(x, y) and a bounded and integrate 
function f{x), except in the neighbourhood of the said lines. 

Also let F(x, y) haw a partial differential coefficient ?/, which 
satisfies the same conditions. 

Further, let £ F(x, y)dx converge, and converge uni- 

formly in (6, b'). 

Then f'(y) exists and is equal to j ^ dx in (b b') 

Ja oy v ’ '* 

88. Applications of the preceding Theorems. 


Ex. 1. To prove 
(i) Let 


r sma? <&=£.* 

Jo y,x : .. 2 

(afeO). 


♦For other proofs, see Ex. 11 and Ex. 12 on pp. 13S-0. and Ex. 10 on p. 213. 
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This integral converges uniformly when ago, (Cf. § 83, III.) 
for e-o.xj x is a monotonio function of x when x > 0. 

Thus, by the Second Theorem of Mean Value, 


e~ aX . , e-a-x' rf 

sin x ax — — 

x x' v 


where 0 <x' 2= £ g a;". 
Therefore 


g a.r" ,-.t' 

Bm*aa:+ — — sm xdx, 

x it 


[X? e-ax . 

1 sinjcax 


e-«*' | f£ . 


* J*' 


sin a; da: + - — ^ 


e -a*' I fs" . 


sin x dx I 


< ^ "j./ > since | sin a; da: ~ 2 for all values of p and q, 


< since a — 0. 
x 


It follows that ! e-a.r^HL?^ < e when x" > :c' ~~ X, 

| J z' a: 

provided that X > 4/f, and this holds for every a greater than or equal to 0. 

This establishes the uniform continuity of the integral, and it follows from 
§ 84 that F(a) is continuous in a g 0. 

Thus P(0)= Umfe— «*— 

a— >0 J 0 X 

. f r/> sina: , f* sina:, 

t.e. — — dx— lim e~ aX dx. 

J 0 & CL — ) J 0 & 


(ii) Again, the integral 


e~ aX Bmxdx 


is uniformly convergent ino^a 0 >0. 

This follows as above, and is again an example of § 83, III. 
Thus, by § 86, when a > 0, 

f w 

= - 1 e- aX ainxdx. 


Therefore 


. e -aa;(eo3 x + a sin a:) = -(a a + l)e~ a;i: sina:. 


f €-<»*sina;d»ss 

Jo <r+l 


since lim F(a)=0.* 


F(a)= -tan _1 a + ^, 


*.If a formal proof of this is required, we might proceed as follows: 
Let the arbitrary positive e be chosen, as small as we please. 
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It follows from (i) that — — dx=~. 

. o x 2 


Ex. 2. To prove 
3 cos ax 


0 dx=~e— a and 

G 1 + r 2 


f” sin ax, 

Jo x(l + x 

,, , f 05 cos ax , 

•«“>=). TT? & - 


)dx~ 2 


d-«— ) (a SO). 


The integral is uniformly convergent for every a, so that, by § 84, /(a) is 
continuous for all values of a, and we can integrate under the sign of inte- 
gration (§ 85). 

(ii) Let <f)(a) = [ f{a) da. 

'o 

Then c/;(a) is a continuous function of a for all values of a (§ 49). 

■ , f “ cos ax , 

dx y—^da 

Jo Jo l+x a 

__ f 50 sin ax 

“Jo 3; d + * 2 ) 

(iii) Again, we know that f'(a) will be equal to 


Jo 1 +x 2 

lies within an interval of uniform convergence of this integral. 

But is monotonic when x §=’ j and jj m —Q. 

l+a: 2 +x 2 


sin axdx, if a 


(i) Let 


<b(a) 


Also 


_ sin x 

o—aX 


dx < Je, 


i J.v 

and this number X is independent of a. 
Also wn en/n choose .r„. indenenrlfint n 


IU UUJU3 iiUAJUJUV-A J-x. U.. 

Also we can choose x 0 , independent of a, 

1 fa sin x 


so that 


e—*x dx 


t, , f Y ,, sin x , ffsinx, f-^sinx , 

But e — «» ____d» = e-ar 0 \ dx + e~ °.v j dx, 

Ja„ * M x Jf x 

lere x 0 S:£ S X. : 

And we know that 


: .JT-, ■ 

. | f A ' sii 

fore j e-°-x — 

I L„ a 

we can choose A so large that 


A sin x r 

e~ax dx <27re-o.r 0 , 

x 


Therefore 
Thus we i 


<^€, when 


Since 1 e-**— —i* converges uniformly in aJgO, there is a positive number 
Jo X 

such that 1 rx ~ ’ 


88 ] 


AN ARBITRARY PARAMETER 205 

Thus we have, when 

where x' — ^~ x". 

It follows that 

& x . , 

■s s sin ax ax = 

z ' 1+® 2 


Therefore 

f* x , Ax' 

1 , , , sin ax dx =5 ~n ^r. 

\]xf 1 + ® 2 a(l +x z ) 

Thus --- - 2 sin ax dx is uniformly convergent when a >: an > 0. and 
o * & u 


f\a) = - sin ax dx . 

(iv) Now 

<f>(a)=z\ a f(a)da. 

Jo 

Therefore 

<t>'{a)=f(a) 

and 

0"(a) -f'(a) = - ^ 1+a;2 sina® dx. 

Thus 

f 30 sin ax . f 50 sin ax , 

<fe+ Ui+^* ! 


,0 

+ 

1 

II 

This result has been established on the understanding that a > 0. 

(v) Prom (iv) we have 


0(a) = Ae« + Be~ a + when a>0. 

But 0(a) is continuous in a^O, and 0(0) =0. 

Therefore 

lim 0(a) =0, 

a— >0 

and 

A + JB+ 2=0* 

Also $'(a) is continuous in a = 0. and $'(())= -£• 

Therefore 

A-B-\= 0. 

It follows that 

A =0 and R=-g. 

Thus 

0(a) =^(1 when a>0* 

It 

And 

/(a) = 0'(a)=~ e~ a , when a>0. 


Both these results obviously hold for a=0 as well. 



a(l + ®' 2 ) Jo®' 


sm® ax + 

ax’ 


a(l +x" 2 ) Jo* 


sin x dxt 
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It follows from (i) that 


prove 


The integral is uniformly convergent for every a, so that, by 
continuous for all values of a, and we can integrate under the s 
gration (§ 85). 

(ii)Let j>(ct) = [ a f(a)da. 

'o 

Then is a continuous function of a for all values of a (§ 49), 

AISO rktr.\ — f f“ 003 aX .7. 


. know that f'(a) will be equal to - [ — 
. Jo 1+^ 

a interval of uniform convergence of this integral. 

is monotonic when x 1, and lim — = o 


Since e-^—-dx converges uniformly in S >0, there is a positive number 
A r such that I sins , I , 

I ]/' — dx I < 

and this number X is independent of a. 

Also we can choose x 0 , independent of a, so that 


where x 0 X. 
And we know that 


Therefore 


Thus we can choose A so 


dx < 1 e + 1 e, when a 2: A 


It follows that 


x 
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Thus we have, when x" > x' §5 1, 

fas' a; , x' ff . 

1 ^ ism axax = , 

}af 

where x' ^ x" . 

It follows that 


t ITS 8in ax ix = ITS* \l ,in axix+ ITS* I! s “ “ 


* a; 


1 + a; 2 
Therefore 


sin aa; da; 


C] 

f*' 2 ) 


a(l +a;' 2 ) 

K * . , 

t— — s sin aa; da; 
3 ®' 1 +* 2 


sin a; dx+ 


v" f a 

t^ 2 )jo 


a(l +a;" 2 ) J a £ 
4a;' 


sin a; dak 


a(l +x' 2 )’ 

2* 

; ; - ~ 2 sin aa; da; is uniformly convergent when a Sa a 0 > 0, and 

_ Q 1 *T” 0u w 

/'(«)=- r 

Jo 


(iv) Now 

Therefore 

and 

Thus 


1 + a; 2 

</>(«) = 1~ f (a) da. 

Jo 

<f>'(a) =f(a) 

0'» =/'(a) = 


sin ax dx. 


1 +a; ! 


sin ax dx. 




-r 

Jo 


: dx + 


am ax 


J 0 a;(l+a; 2 


dx 


= -■% + ${<*)• 

This result has been established on the understanding that a > 0. 

(v) From (iv) we have 

<fi(a)=Ae«- + Be- a + ^, when a>0. 

But 0(a) is continuous in a ==5 0, and 0(0) =0. 

Therefore 


and 


lim 0(a) =0, 

a— >0 

A + B + 2=0. 


Also 0'(a) is continuous in a|| 0. and 0'(O)= 


Therefore 
It follows that 
Thus 
And 


A-B-|=0. 
A=0 and B — 


0(a)=-s(l— e~ tt ), when a>0. 
/(a) = 0'(a) =“ e~ a , when a>0. 
Both these results obviously hold for a=0 as well. 
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Ex. 3. The Gamma Function F(*)=J \~^dx, n> 0, and its derivatives . 

(i) To prove Tin) is uniformly convergent when N^n^n Q > 0, however larae 
N may be and however near zero n 0 may be. 

When n a 1, the integral dx has to be examined for convergence 

only at the upper limit. When 0 < * < 1, the integrand becomes infinite at 
«-.U. In this case we break up the integral into 

f er«x n ~ 1 dx+ [ e-*x n ~ l dx. 

o Ji 


Take first the integral [ 1 e~ x x n ~ x dx. 

Jo 

When 0 < a- < 1, x n ~ x g x n o~\ if % ^ n 0 > 0. 

Therefore e -^x n ~ x g e~ x x\~\ if n ^ n 0 > 0. 

It follows from the theorem which corresponds to § 83, 1, that P e ~*x n ~i dx 
converges uniformly when n g n 0 > 0. Jo 

Again consider { dx, n>0. 

.'i 

When i>1, H0<n^N. 

Therefore e~ x x n ~ x e~ x x^'~ i, if 0 <.n^N 

0 < ? S7 s as above {from § 83 ’ 1} that r ^ n " 1 dx convergea unifoml y tor 

Combining these two results, we see that (V**"-! dx converges uniformly 

when N : ~n^n 0 > 0, however large N may be and however near zero n n 
maybe. 0 

(n) To prove T'(n) = r e -*x n ~i log xdx, n> 0 . 

We know that lim (x r log x) =0, when r > 0, 

>o 

so that the integrand has an infinity at ar=0 for positive values of n onlv 
when 0 < n 1. ■ 

But when 0 < a: < 1, x n~l < x » 0 -i } if n^n 0 >0. 

Therefore e-*a:»-i| log x\ < a:»o-i | log x\, if n^n 0 >0. 

•^ n< ^ y® havo seen [Ex. 7, p. 133] that f x”o—ilogxdx converges when 
0< n 0== 1. Jo 

It follows as above that \ e-*x n - 1 log xdx is uniformly convergent when 

Also for | e X x n 1 log x dx, we proceed as follows: 

When x>l, if 

Theiefore e ~r x , i ~l log x e ~~x x A’~-i log x 

<e—*x N , since ^—< 1 when a: > 1. 


. 1 <C 1 


if n>zn 0 > 0. 


But | e da: is convergent. 
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Therefore 


e X x n 1 log x dx is uniformly convergent when 0 < n £ N. 

fOO 

Combining these two results, we see that j e~ x x n ~- t log x dx is uniformly 

Jo 

convergent when N §5 n n 0 > 0, however large N may be and however near 
zero n Q may be. 

We are thus able to state, relying on §§ 86, 87, that 

( CO 

e -x x n-i ] Q g x ( i x £ or n ^ q 

o 

It can be shown in the same way that the successive derivatives of P(n) 
can be obtained by differentiating under the integral sign. 

Rz. 4. (i) To prove 


2y cos x + ?/ 2 ) dx is uniformly convergent for any 


interval ofij (e.g. b'fy ~ V) ; and (ii) to deduce that 5 

Jo 

(i) Since 1 - 2y cos a; + if ~ (?/ - cos xf + sin 2 x-, this ex 
all values of x, y, unless when x—irnr and y — ( - l) m , m 
for these values it is zero. 

It follows that the integrand becomes infinite at x 
one case when y = 1, and in the other when y — — 1. 

We consider first the infinity at x = 0 . 

As the integrand is bounded in any strip 0fxf£X 
interval of y which does not include y = 1, we have only 


= 'o l0e \ ~ cos * + dx + ^ Io S 2 ( 1 + h), 

it is clear that we need only discuss the convergence of the integral 
f* { ft? \ 

— . .-'■V;'. fJZ 

Take a value of a(0 < a < 1) such that - - <1. 

■■■■ .... 2(1 - a) ■ ■■■■■.■■ 

Then 1 > « J(T+h) “ °» sinCe 1*1 = a * 


:. ' " v ° 20-0) 

It will be seen that, when j h\ g: a, 

0< 1 ~cosa;~ 1 -cosar+g 
provided that 0<x~ f. 


208 


DEFINITE INTEGRALS CONTAINING 


[cu. vi 


Therefore, under the same conditions, 

lr 


log ( 1 - cos x + .) j = | log ( i - cos x) | 

he integral 

f/8 

log ( 1 - cos x) dx 
Jo 


But the //.-test shows that the integral 
I* 


converges. 

It follows that 


log 


^ 1 - COS X 


+ ; 


W 


.'o x 2(1 +/0 

converges uniformly for jh| a. [Cf. § 83, 1.] 

f/ 3 


dx 


And therefore 


log ( 1 - 2y cos x + i/ 2 ) dx 


<Q 


converges uniformly for any interval (6, b') of y. 

The infinity at x = rr can be treated in the same way, and the uniform con- 
vergence of the integral 

j*7T 

log ( I - 2y cos x + y 2 ) dx 
Jo 

is thus established for any interval (b, b') of y. 

(ii) Let fiy) = \ log ( 1 - 2y cos x + y 2 ) dx. 

Jo 

We know from § 70. 1 that 

fid) ~0, when |y|<l, 

and j\y) = - log y\ when |y| > 1. 

But we have just seen that the integral converges uniformly for any finite 
interval of y. 

It follows, from § 87, I, that 


and 

But 


/( 1 )= lim /(?/)=0 
/(-])= iim f(y)~ o. 

y-~>~ 1 


/( 1 ) = log 2( 1 - cos x ) dx 
.0 


; sin dx 


Thus 


=2tt log 2 + 2 v log i 
J o 

f/f 

=2tr log 2+ 41' log sin a; dx, 

Jo 

r log sin x dx = - |-7r log 2.* 

' n 


From /(- 1) =0, wefind in the same way that 

log cos xdx= log 2, 
a result which, of course, could have been deduced from the preceding. 


♦This integral was obtained otherwise in Ex. 4, p. 131 


Mi 
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( 00 ."DO 

dx f(x, y)dy. It is not easy to determine 

a :i) 

general conditions under which the equation 

S 73 /»CO /»X> "CO 

dx\ f(x,y)dy^\ dy f{x, y)dx 
a }l> J& Ja 

is satisfied. 

The problem is closely analogous to that of term by terra integration of an 
infinite series between infinite limits. We shall discuss only a case some- 
what similar to that in infinite series given in § 76. 

Let f(x, y) be a continuous function of (x, y) in x s a, y ^ b, and let the 
integrals 


(i) /(», V)dx, (ii) f{x, y)dy, 

Ja J& 

respectively, converge uniformly in the arbitrary intervals 
b ~y~ V, a rS x -§ a'. 


Also let the integral 

converge uniformly in y b. 
Then the integrals 


(iii) dx f{x, y)dy 
Ja }b 


dx fix, y)dy and dy f(x, y)dx 
Ja J6 J& Ja 

exist and are equal. 

Since we are given that f f(x, y)dx converges uniformly in the arbitrary 
• a 

interval b A y — b', we know from § 85 that 


dy fix, y)dx = \ dx fix, y)dy, when y>b. 

J& J a )a J& 

It follows that 

dy .fix, y)dx = lim dx [ f(x, y)dy, 

J& . a y—>\o)a J& 

provided that the limit on the right-hand side exists. 

To prove the existence of this limit, it is sufficient to show that to the 
arbitrary positive number e there corresponds a positive number Y such that 

\\ dx [ V ,fix, y)dy < e, when y"> y' £g T. 

■ I ’a J// '..i 

But from the uniform convergence of 

[ dxff{x,y)dy 

; Ja Jill ; 

in y g b, we can choose the positive number X such that 

If 73 (*?/ 

dx\ f[x, y)dy <\e, when x^X, ............ .....,...(1) 

fJ® J& 

the same X serving for every y greater than or equal to b. 


Also we are given that j f(x, y)dy 

is uniformly convergent in the arbitrary interval (a, a'). 


j: 

hi’, 
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Therefore we can choose the positive number 7 so that 

ji* /(*» wlien y " > !l> ^ Y ’ 

the same T serving for every x in {a, X). 

Tims we have 


[CH. VI 


<1* T f(x, y)dy < |e, when y" > y' A Y. 
h’ 


Rut it is clear that 

|V ... 


dv \ V f f(x, y)dy- j dx \ J t f(x, y)(hj + i tlx \ f(x, y)dy ~ dx ?' f(x, y)dy. 

a ' .'// . a 'y . -v . x . 6 


Therefore from (I) and (2) we have 

r: 

v 



I dx l /(or, y)dy <|e + |-£ + |« 

I. a )y I 

<e, when y" > i/ A’ T. 

We have thus shown that 

, <ly [ /(a?, ?/)<7.r--lim ( dx ?f{x, y)dy. (3) 

:l> .a y-yx.a .6 

It remains to prove that 

Hm j dx \ V f(x, y)dy = \ dx\ f(x, y)dy. 

,'b .« '1) 

Let the limit on the left-hand side be l. 

Then e being any positive number, as small as we please, there is a positive 
number I' - ! such that 

l - f dx \ ’ f(x, y)dy | < $e, when yL: Y v ... 


dx j f(x r y)dy, when y £: b. 


we know that there is a positive number X such that 


dx\ /(»:, y)dy <}e, when X' ~ X, 


Then, from' the uniform convergence of I f(x, y)ijy in any arbitrary interval, 


89] 

.But 

u 
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' dx \ f{x,y)dy 


dx [ f(x, y) cly I + 1 f dx f f(x, y)dy - [ dx\ f(x, y) dy 
•'6 I I Ja Jb Ja Jb 

| j*A'' rr r.v' r" 

+ dx f(x , y) dy - dx\ f(x,'y) dy 
I )a .’6 Ja Jb 

<^€ + le + |e, from (4), (5) and (6), 

< e. 

This result holds for every number X' greater than or equal to X. 
Thus we have shown that 

rx .*» (•« 

1= lim dx\ f(x,y)dy~\ dx\ f(x,y)dy . 
x— yoo .'a Jb )a Jb 

Also, from (3), we have 

r» r 30 r» 

dy\ f(x, y) dx 


dx f(x, y) dy - 
Jb 

under the conditions stated in the theorem. 

It must be noticed that the conditions we have taken are sufficient, but not 
necessary. For a more complete discussion of the conditions under which the 
integrals 


dx 1 f(x, y) dy, 
b 


dy\ f(x,y)dx, 


when they both exist, are equal, reference should be made to the works of 
de la Vallee Poussin,* to whom the above treatment is due. A valuable dis- 
cussion of the whole subject is also given in Pierpont’s Theory of Functions 
of a Real Variable. The question is treated in Hobson’s Theory of Functions 
of a Real Variable , but from a more difficult standpoint. 
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EXAMPLES ON CHAPTER VI. 


e-(tx s ix is uniformly convergent in a ~a 0 > 0, and that 
is uniformly convergent in a §£■ 0, when 6 > 0. 


1. Prove that 


dx is uniformly convergent in y~~y u > 0, and 


dx is uniformly convergent in y A 0, when a > 0. 


3. Prove that e'~ ax x n - 1 cos x dx is uniformly convergent in the interval 
Jo 

a gg a 0 > 0, when n S: 1 , and in the interval a gg 0, when 0 < n < 1. 


e ~ a x x n-i s in- 3 ; dx is uniformly convergent in the interval 
a g a Q > 0, when n g- 0, and in the interval a 2: 0, when - 1 < n< 1. 

• r» sin xu 

5. Using the fact that l — ~ dx is uniformly convergent in 
Jo x 

V Vo > 0 and y ^ - y 0 < 0, 

show that I — J° ,S a ' >: dx is uniformly convergent in any interval of y 

which does not include y = 


4. Prove that 


are uniformly convergent for y ~ 0. 

7. Discuss the uniform convergence of the integrals 


8. Show that differentiation under the integral sign is allowable in the 
following integrals, and hence obtain the results that are given opposite each : 

US ( — f ^n a - l ,,ri^r V .~ K /E 1.3... (2?t--l) 


2 n a n +i 
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9. Establish the right to integrate under the integral sign in the following 
integrals : 


(i) e~ ax dx ; interval a a 0 > 0. 


f 30 _ 

(ii) | e ax cos bx dx ; interval a~s:a 0 > 0, or any interval of 6. 


(iii) e~ ax sin bx dx ; interval a ^a 0 > 0, or any interval of h. 


(iv) | x 11 dx ; interval a a 0 > -1. 

10. Assuming that f sin bx dx = a > 0, show that 

J 0 Ct“ + 0“ 

e~J'x~e,-yx . , , „ f 

J 0 ~ em bx dx = tan' 1 •' - tan -1 ' , g>f>0. 

Deduce that (i) [ - — - — sin bx dx = tan -1 f . 

Jo x b 

.... f” sinkc , 

(n) — - — dx = l-7r, b> 0. 

Jo x 

11. Show that the integrals 

[V*co .txdx^jJLp JV**,*,*..^ „>o, 

can be differentiated under the integral sign, either with regard to a or b 
and hence obtain the values of 


12. Let 


° r* 

xe ax cos bx dx, xe~™ sin bxdx, 

1 Jo 

^ f ^ 

X z e ~ax cos l x dx> X * e -ax sin f )X fa. 

Jo 

Jo x 


Show that f(y) = J o sin xy e~*dx for all values of y, and deduce that 

f(y) = l log (1 + if). 

/•JO 

13. Let f(y) — 1 e“-r 2 cos2 xydx. 

. o 

Show that /'(*/) = - 2j xe.~z* sin 2x ydx for all values. of y. 

On integrating by parts, it will be found that 
■f'(y) + % f(y) = 0. 

From this result, show that /{«,) = l^ e -v\ assuming that 
Also show that | <L: ~ -r 2 cos 2a-y dy = [^/(y) dy, 

and deduce that [ e-.r 2 ?J?^^ a;==( y 7r P e _ 2/2 ^ 


0 £ 
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. 

{ 

! 

< 'ill 

; 

: ^ | 

|| 

i 


ij 

■ 


u 




14. Let V = ( c -«*c n - 1 eos bx dx, V = \ er ax x n ~ x sin bx dx, 

Jo U 

where a > 0, w>0. 

Make the following substitutions : 

a ~ r cos Q, b - r sin 0, where - \ir < 0 < § tt, 
rx — y, Ur 11 = v, V r n — v. 

. . du dv 


Then show that 


-.= -nv, }f ,—nu. 


From these it follows that + nhi — 0. 

Deduce that u = F (ft) cos nO, v = T(») sin ?i0. 

Thus ^ = r(»)-^ 5 -, l=M») r n ‘ 

Also show that, if 0 < n < 1, lim U = a: n “ 1 cos &r dx, 

a-+o .'o 


lim F = I x n ~ 1 sin bx dx. 
ra— >0 Jo 


And deduce that 


(i) 

Jo ■*' 


. mr 
IW-j- 


I (ft) sin 9 


F cosk, Itt f” sin x , 

(■">L -v* 


[Compare Gibson, Treatise on the Calculus (2nd ed., 1906), 471.] 
15. Prove that 

rco .-'jo i "'-' 2 

l cm e“ a:j/ sin x dy = I c/yl e~* y sin r dr, 

*0 Jb :■■■■■ J& Jo 

where b is any positive number. 



m 



CHAPTER VII 


FOURIER’S SERIES 

90. Trigonometrical Series and Fourier’s Series. We have 
already discussed some of the properties of infinite series 'whose 
terms are functions of x, confining our attention chiefly to those 
whose terms are continuous functions. 

The trigonometrical series, 

a o+(a 1 cos®+6 1 sinr)+(a 2 cos2r+&2 s i 11 2r)+... , (1) 

where a Q , a v b x> etc., are constants, is a special type of such series. 

Let f(x) be given in the interval ( - 7 r, 7r). If bounded, let it 
be integrable in this interval ; if unbounded, let the infinite 

integral j f(x) dx be absolutely convergent. Then 
if* 

/ (as') cos nx' dx' and | / {%') sin nx' dx ' 

exist for all values of n. (§61, VI.) 

The trigonometrical series (1) is said to be a Fourier's Series, when 
the coefficients a 0 , a v b lt etc., are given by 
1 

; $0=2^ J f(x') dx' and, when n 2s I, 

ij 1 p J |> 

1 a n — - j fix') cos ftx' d,x', b n ~ 1 fix') sin nx'dx'. 

These coefficients are called Fourier’s Coefficients or Fourier’s 
Constants for the integrable function f(x ) ; and the Fourier’s Series 
is said to correspond to the function. 

This nomenclature is used quite independently of any assumption 
as to the convergence of the series (1) when Fourier’s Constants are 
I substituted for a 0 , a ± , b 1} etc. 

i 
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The most important thing about Fourier’s Series is that, when 
f(x) satisfies very general conditions in the interval ( - 7 r, 7r), the 
sum of this series is equal to f(x), or in special cases to 

![/(* + 0 ) +f( x - o)], 

when x lies in this interval. 

If we assume that the arbitrary function f(x), given in the 
interval ( - 7 r, 7 r), can be expanded in a trigonometrical series of 
the form (1), and that the series may be integrated term by term 
after multiplying both sides by cos nx or sin nx, we obtain these 
values for the coefficients. 

For, multiply both sides of the equation 

' f{x) — a 0 + {a x cos x +6 X sin x) + (« 3 cos 2x + & 2 sin 2a;) + . . . , 

— X X X, (3) 

by cos nx, and integrate from -x to x. 

Then j f(x) cos nx dx~~7ra n , 

J —-7T 

since J .cos mx cos nx dx — | sin mx cos nx dx~0, 
when m, n are different integers, and 

V 

cos“ nx dx = x. 

*- ~’. 7r 

Thus we have 

1 f' 

o„= - J f(x') cos nx' dx', when n -i-; 1 . 

7T J *— it 

And similarly, 

b n —~~ I f(x’)siii nx' dx’, 

7rJ 

f(x') dx’. 

Inserting these values in the series (3), the result may be 
written 

f( x ) = 2 1 J _ /(® # ) dx ' + “ S J f ( x ') cos n{x'~x) dx’, 

— X ^ X rg x — (4) 

This is the Fourier’s Series ioxf(x). 

If the arbitrary function, given in ( - x, x), is an even function— 
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in other words, if f(x) =/( - x), when 0 <x<n r — the Fourier’s Series 
becomes the Cosine Series : 

/(&)“![ f(x')dx' + V cos nx f f{x') cos nx' dx ' , 

"J o 7 r i J o' 

0 — X ~ 7T (5) 

Again, if it is an odd function — i.e. if /(*)=-/( -as), when 
0<;c<~ — the Fourier’s Series becomes the Sine Series : 


: A V gin nx 

7T 


v m 

Jo 


sin nx' dx', 0 ~ x ~ x (6) 


The expansions in (5) and (6) could have been obtained in the 
same way as the expansion in (3) by assuming a series in cosines 
only, or a series in sines only, and multiplying by cos nx or sin nx, 
as the case may be, integrating now from 0 to x. 

Further, if we take the interval ( - 1, l) instead of ( - tt, i r), 
we find the following expansions, corresponding to (4), (5) 
and (6) : 


| _/(«') dx' J J{x') 


COS -y- (; X ’ ~x) dx', 


l 7, X ~r-J (7) 


1 l rJ ~ ffin r <Vl 'TV 

fix) = f fix') dx' + y V cos X fix') cos W , x' dx', 
o o v "\ » JO 6 


0 A x v : l (8) 

f(x) = ^ J] sin -J- x | f{x') sin -j x' dx', 0 ;h x vj / (9) 

However, this method does not give a rigorous proof of these 
very importar xpansions for the following reasons : 

(i) We have assumed the possibility of the expansion of the 

function in the series. 

(ii) We have integrated the series term by term. 

This would have been allowable if the convergence of 
the series were uniform, since multiplying right through 
by cos nx or sin nx does not affect the uniformity ; but 
this property has not been proved, and indeed is not 
generally applicable to the whole interval in these ex- 
pansions. 

(iii) The discussion does not give us any information as to 

the behaviour of the series at points of discontinuity, 
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[cur. vir 


if such, arise, nor does it give any suggestion as to the 
conditions to which f(x) must be subject if the expansion 
is to hold. 

Another method of obtaining the coefficients, due to Lagrange,* 
may be illustrated by the case of the Sine Series. 

Consider the curve 

y=a 1 sina?+a 2 s in2a? + ... -f-a n „ 1 sin (n~ l)x. 

We can obtain the values of the coefficients 


6 i> 




so that this curve shall pass through the points of the curve 

y=f( x )> 


at which the abscissae are 

7 r 2-7T 


n 


, ... (n- 1)L. 
n n 


In this way we find a l3 a 2i ... a n _ x as functions of n. Proceeding 
fco the limit as n -> co , we have the values of the coefficients in 
the infinite series j ^ __ a j n x + s j n 2x+... . 


But this passage from a finite number of equations to an infinite 
number requires more complete examination before the results can 
be accepted* 

The most satisfactory method of discussing the possibility of 
expressing an arbitrary function f(x), given in the interval ( - 7 r, x), 
by the corresponding Fourier’s Series, is to take the series 


a 0 + («i cos x + b t sin x) 4- (a 2 cos 2x + 6 a cos 2a?) -f . . . , 


where the constants have the values given in (2), and sum the 
terms up to ( a n cos nx + 6 n sin nx ) ; then to find the limit of this 
sum, if it has a limit, as »i->oo . 

In this way we shall show that, when /(sc) satisfies very general 
conditions, the Fourier’s Series for /(a?) converges to f(x) at every 
point in (-x, x), where f(x) is continuous; that it converges to 
K/C^d-O) +/(a?-0)] at every point of ordinary discontinuity; 
also that it converges to |-[/( - x + 0) +/(x - 0)] at x= ±?r, when 
these limits exist. 

Since the series is periodic in x with period 2 x, when the sum 
is known in ( - x, x), it is also known for every value of x. 


*Lagrange, (Euvres, 1 (Paris, 1867), 558: Byerly, Fourier's Series, etc. (1893), 30. 


90, 91] 


FOURIER’S SERIES 


If it is more convenient to take the interval in which /(as) is 
defined as (0, 2i r), the values of the coefficients in the corresponding 
expansion would be 

i r 2,r i r 2,r 

«„== - I /(as') cos nx' das'* b n —~ 1 /(as') sin was' da;', n is 1. 
w Jo 7rJo 

It need hardly be added that the function/(as) can have different 
analytical expressions in different parts of the given interval. 
And in particular we can obtain any number of such expansions 
which will hold in the interval (0, nr), since we can give/(a:) any 
value we please, subject to the general conditions we shall establish, 
in the interval ( - tt, 0). 

The following discussion of the possibility of the expansion 
of an arbitrary function in the corresponding Fourier’s Series 
depends upon a modified form of the integrals by means of which 
Dirichlet* gave the first rigorous proof that, for a large class of 
functions, the Fourier’s Series converges to f(x). With the help 
of the Second Theorem of Mean Value the sum of the series can 
be deduced at once from these integrals, which w r e shall call 
Dirichlet’s Integrals. 


91. Dirichlet’s Integrals (First Form). 


lim [ f{x) dx = ;;/( +0), lim 1 f{x) dx= 0, 

PL— rao J 0 *> ^ fl-tao J a 

where 0 <a<b. 

When we apply the Second Theorem of Mean Value to the 
integral (V sin as, 7 , , 

j *“* Q/CCy 0 < c! C j 

J b' 

,, . ( e ' sin x, 1 . , 1 f 6 ' . , 

we see that 1 dx = li ] sm x dx +• , 1 sin x dx, 

Jb’ ® b j b > c J ? 

where b ' £ ' c\ 


sm fix 


l«© 


dx— 0, 


where b' $ 


* Journalfur Math., 4 (1829), 157, and Dove's Jiepertormm der Physik, X (1837), 
152. 
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It follows that the integral 

J 0 * 

is convergent. Its value has been found in § 88 to be h r.* 
The integrals f dx and P dx 

JQ x hi X 

can be transformed, by putting fix=x', into 


[t’H. VII 


respectively. 


[""‘—dx, P* 

1 Q X J M « X 


It follows that 






lim 1 

r a 

sin gx 

dx= 

f 30 sin 


IL-+CO J 

0 

X 


J o x 

and 

lim 

'h 

sin fix 

dx= 

lim f 


J 

a 

X 


/!•— >00 J f 


<flb sin x 


dx~0, 0<a<b. 


These results are special cases of the theorem that, when f(x) 
satisfies certain conditions, given below, 

0<a, 

/x—>oo J () X A 

lim I* / (x) ~^ x dx = 0, 0 <a<b. 

fl — >CC J d U/ 

In the discussion of this theorem we shall, first of all, assume 
that f(x ) satisfies the conditions we have imposed upon g>(x) in 
our notation for the Second Theorem of Mean Value ; viz., it is 
to be bounded and monotonic (and therefore integrable) in the 
interval with which we are concerned. 

It is clear that satisfies the conditions imposed upon 

f{x\ in the theorem as proved in § 50. 1. It is bounded and 
integrable, and does not change sign more than a finite number of 
times in the interval. ; 

We shall remove some of the restrictions placed upon f(x) later. 

I. Consider the integral 


0<a<6. 


- dx, 0 <a. 
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From the Second Theorem of Mean Value 

£/ W 5^ *=/(« +0) £ E&2 dx +f(b - 0) £ 5JS dx, 

where | is some definite value of a? in a s: x g 6. 

Since/(;c) is monotonic in a § £c s b , the limits /(a +0) and f(b- 0) 
exist. 

And we have seen that the limits of the integrals on the right- 
hand are zero when /.<-»oo . 

It follows that, under the conditions named above, 

lim f f{x)^-^dx~0, when 0<a<6. 
p— >ao J a X 

II. Consider the integral 

f /wMi, o<«. 

J o X 

Put f(x)~(jj(x) +f( +0). The limit /( +0) exists, since /(x) is 
mono tonic in 0 si a- g a. 

Then (p(x) is monotonic and </>( +0) = 0. 

Also 

[m dx=f( +0) * + (- ^ 

As ^(—>00 the first integral on the right-hand has the limit |- 7 r. 
We shall now show that the second integral has the limit zero. 

To prove this, it is sufficient to show that, to the arbitrary 
positive number <?, there corresponds a positive number v such that 

J f <j>{x) S - n --— dx < e when (jl s v . 

! Jo x 

Let us break up the interval (0, a) into two parts, (0, a) and 
(a, a), where a is chosen so that 

| <p{a - 0) | < ;;V ■;.] 

We can do this, since w r e are given that </>(+0)~0, and thus 
there is a positive number a such that 

\<p(x)\< e/2-Tr, when 0 < 2 ; 3 ia. 

Then, by the Second Theorem of Mean Value, 

since (p{ +0) =0, £ being some definite value of x in 0 g x g a. 


-a , , , sin llx , 
<p{x) ™ dx- 

. n x 


till 
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But, in the curve 


the successive waves have the same breadth and diminishing 
amplitude, and the area between 0 and x is greater than that 
between x and 2x in absolute value: that between x and 2x is 
greater than that between 2x and 3x, and so on; since (sin x\ goes 
through the same set of values in each ease, and Ifx diminishes 
as x increases. 

psinas, .psinaj. 


whatever positive value x may have, 
A1 psin x , psin x , 


and each of the integrals on the right-hand is positive and less 
than x for 0<p<q. 

Therefore If ^5-® dx |<x, when 0 ~p<q. 


It follows that 


and this is independent of fi. 
But we have seen in (I) that 


Therefore, to the arbitrary positive number |-e, there corresponds 
a positive number v such that 


Therefore 
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And, finally, under the conditions named above, 


dm P7(«0 Si 

i— > /. «' o 


sm fix 


' dx ~2 /( + °)- 


92. In the preceding section we have assumed that /(sc) is 
bounded and monotonic in the intervals (0, a) and (a, b). We 
shall now show that these restrictions may be somewhat relaxed. 

I. Dirichhl’s Integrals still hold when fix) is bounded, and the 
interval of integration can be broken up into a finite number of open 
partial intervals , in each of which f(x) is monotonic .* 

This follows at once from the fact that under these conditions 
we may write /(®) = F(x)~ G (a?), 

where F(x) and G(x) are positive, bounded, and monotonic in- 
creasing in the interval with which we are concerned [cf . §36. 1 
or § 36. 2]. 

This result can he obtained, as follows, without the use of the theorems of 
§30. 1 or §30. 2. 

Let the interval (0, a) be broken up into the n open intervals, 

(0, «■!), («i, a), ... , {a n _ v a), 

in each of which /(.?;) is bounded and monotonic. 

Then, writing n 0 =0 and a n =a, we have 

\ a f(x) sin ! lX d,^ vfb 

. 0 ® }•- « l 1 x 

The first integral in this sum has the limit ‘‘ /( + 0), and the others have 
the limit zero when /i~>oo . 

It follows that, under the given conditions, 

lim 0<a. 

The proof that, under the same conditions, 

lim [ b f(x) sin J'- v <lx^0, 0<a<b, 


is ])ractieally contained in the above. 

It will be seen that We have used the condition that the number of partial 
intervals is finite, as we have relied upon the theorem that the limit of a sum 
is equal to the sum of the limits. 

II. The integrals still hold for certain cases where a finite number 
of points of infinite -discontinuity of f(x) (as defined in § 33) occur 
in the interval of integration. : 

*Tliey also hold when f{x) is of bounded variation {§ 36. 2) in the interval, since 
if /(.k) is of bounded variation, it can be replaced by the difference of two positive, 
bounded and monotonic increasing functions. 


i i 


mm 

I 


(1 


ft, 


■ 1 1 

f 
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He shall suppose that, when arbitrarily stnall neighbourhoods of 
these points of infinite discontinuity are excluded, the remainder of the 
interval of integration can be broken up into a finite number of open 
partial intervals , in each of which fix) is bounded and monotonic * 

Further, we shall assume that the infinite integral j* f(x) dx is 

absolutely convergent in the interval of integration, and that a = Q 
is not a point of infinite discontinuity. 

We may take first the ease when an infinite discontinuity 

occurs at the upper limit b of the integral P/fr) sin ■“* dx and 
only there. % 5 

Since we are given that j’f(x)dx is absolutely convergent, we 
know that J /(a) dx also converges, for ‘ sin ' J ' :c ^ ] ; n 

(a, b). And this convergence is uniform. 

To the arbitrary positive number e there corresponds a positive 
number g, which we take less than (b - a), such that 

J( x ) — dx \<y, when 0<£^g, . 


if: 


X 

and the same rj serves for all values of a 
But 


•(I) 


fix) ^ dx (2 

- ~r ' J 0~~y & 

And, by (I) above, 

lim 

ix—y v. J a X 


It follows that there is a positive number v such that 

I . sin flX , I '■"■ ■■ :■■■ 

•/ \ x ) ~~~~ dx < \ rf , when ( 3 j 


From ( 1 ), (2) and (3), we have at once 


f(x) 8 JF± X d x < .1 e + ^ 



< e, when 

Thus we have shown that, with the conditions described above, 


Hm f f(x) dx= 0 , 0 <a< 6 . 

J a Jb 


*The integrals still hold when the function is of bounded variation in the re- 
mainder of the interval of integration. 
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J a 


A similar argument applies to the case when, an infinite dis- 
continuity occurs at the lower limit a of the integral, and only 
there. 

When there is an infinite discontinuity at a and at b, and only 
there, the result follows from these two, since 

Si T^ M>> ^ dx + J> "T *. ««><»• 

When an infinite discontinuity occurs between a and b wc 
proceed in the same way; and, as we have assumed that the 
number of points of infinite discontinuity is finite, we can break 
up the given interval into a definite number of partial intervals, 
to which we can apply the results just obtained. 

Thus, under the conditions stated above in (H), 

when 0<a<6. 

Further, we have assumed that £=0 is not a point of infinite 
discontinuity of f(x). Thus the interval (0, a) can be broken up 
into two intervals, (0, a) and (a, a), where f(x) is bounded in (0, a), 
and satisfies the conditions given in (I) of this section in (0, a). 

It follows that 

lim f f(x) sm j rX dx = J/( + 0), 


= 0 . 


J 0 

and we have just shown that 

r f" j/ \Sin ux , 
lim J J (a;) — dx 

Therefore, under the conditions stated above in (II), 

V f“ r, vSill UX, 7T 

lim J(x) — — dx 


' /x— >• 00 J 0 

93. Dirichlet’s Conditions. 


/( + 0). 


The results which we have obtained 
in §§ 91, 92 can be conveniently expressed in terms of what we 
shall call Dirichlet’s Conditions.* 


* If the functions of bounded variation of §36. 2 are included in the class of 
functions available for discussion, /(.»;) may be- said to satisfy Dirichlet’s Conditions 
(i) when it is of bounded variation in the whole interval; or (ii) when it has a 
finite number of points of infinite discontinuity in the interval, and it is of bounded 
variation in the remainder of that interval, when the arbitrarily small neighbour- 
hoods of these points have been excluded ; provided that the infinite integral 

i /( x) dx be absolutely convergent. 
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A function /(.r) will be said to satisfy Dir ichlet’s Conditions* in 
an interval (a, b), in wliich it is defined, when it is subject to one 
of the two following conditions: 

(i) fix) is bounded in (a, b ), and the interval can be broken up 
into a finite number of open partial intervals, in each of 
which fix) is monotonic; 

(ii) f(x) has a finite number of points of infinite discontinuity in 
the interval When arbitrarily small neighbourhoods of 
these points are excluded , fix) is hounded in the remainder 
of the interval and this can be broken up into a finite 
■number of open partial intervals, in each of which fix) is 

■monotonia. Further, the infinite integral [ f{x)dx is to 



be absolutely convergent. 

We may now say that: 

When fix) satisfies Dirichht’s Conditions in the intervals (0, a) 
and (a, b) respectively, where 0 <a<b, and fi+Q) exists, then 


lim 


p/(*) si 

J o 

lim [ f(x) S1 

n -r-Ji a 


sm fix 
x 


dx='‘f( + 0), 


dx~0. 


t sm px 
x 

It follows from the properties of monotonic functions (cf. § 34) 
that except at the points, if any, where .fix) becomes infinite, or 
oscillates infinitely, a function which satisfies Dirichlet’s Con- 
ditions, as defined above, can only have ordinary discontinuities. f 
But we have not assumed t that the function fix) shall have only 
a finite number of ordinary discontinuities. A bounded function 
which is monotonic in an open interval can have an infinite number 
of ordinary discontinuities in that interval [cf. § 34]. 

Perhaps it should he added that the conditions which Dirichlet 


*But sec fontrifi.ie on p. 225. ■ 

fThe conditions in the text can be further extended so as to include a finite number 
of points of oscillatory discontinuity in the neighbourhood of which the function is 
bounded [e.g. sin l/(*-c) at x —c], or of continuity, with an infinite number of 
and minima in their neighbourhood \e.g. (x ~ e) sin 1 /(he ~c) at x =c]. 

This generalisation would also apply to the sections in which Diriehlet’s Con- 
litions are employed.- ' ; '■/-"■■r. 

The same remark applies to the case when f(x) is a function of bounded 
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himself imposed upon the function /(*) in a given interval fa, b) 
were not so general as those to which we have given the name 
Dmchlets Conditions. He contemplated at first only bounded 
functions, continuous, except at a finite number of ordinary dis- 
continuities, and with only a finite number of maxima and minim. 
Later he extended his results to the case in which there are a finite 
number of points of infinite discontinuity in the interval, provided 

that the infinite integral j fix) dx is absolutely convergent. 

94. Dirichlet’s Integrals (Second Form). 

where 0<a<6<7r. 

In the discussion of Fourier’s Series the integrals which we shall 
meet are slightly different from Dirichlet’s Integrals, the properties 
of which we have just established. ‘ ’ 

The second type of integral — and this is the one which Dirichlet 
himself used in his classical treatment of Fourier’s Series— is 

f 

Jo fcina; ' ' sma: ’ 

where 0<a<&<7r. 


We shall now prove that : 

When f(x) satisfies Dirichlet’s Conditions (as dejined in §93) 
in ike intervals (0, a) and (a, h) resjiectively, where 6<a<6<V, 
and /( +0) exists, then 


and 


lim f fi(x) 

J U 

lim [ fi(x) 

li—yr. •' a 


sin /ax 
sin a; 

sin /ax 
sin x 


^=J/(+°), 

dx= 0, 


Let us suppose that y’(ai) satisfies the first* of the two conditions 
given in § 93 as Diriehlet’s Conditions : 


f(x) is bounded, and the intervals (0, a) and (a, b ) can he broken 
up into a finite number of open partial intervals, in each of which 
f(x) is monotonic. 


*Or, alternatively, that f(x) is of bounded variation in the intervals (0, a) and 
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Then, by § 36. 1 or § 36. 2 we can write 
f{x)=zF{x)-G{x), 

where F{x), G{x) are positive, bounded and monotonic increasing 
m the interval with which we are concerned. Eg 


f(x) ^J^=\F(x) JL - G(x) - 
sma; [_ ' ; sms: ^'si 


x 

sm x . 


sin fix 
x 


-- KJJ.JLJ. |VJ Jj 

But x/smx is bounded, positive and monotonic increasing in 
(0, a) or (a, b), when 0 <a<b<T* 8 


Therefore ^(3) sin;z; and G(x)^~~ are both bounded, positive 


sm x ' ' sm x ^ 

and monotonic increasing in the interval (0, a) or (a b) as the 
case may be, provided that 0<a<6 <7r , ’’ * h 

It follows from § 91 that 


li» f/W 3 | 


sin fix 


sm* 


*=|W+o)-ff(+o> 


— o/(+ 0), 

<u 

“ d * 2 J> when 0<a<b<Tr. 


^ f ° f tte given in § 98, 

We can prove, just as in § 92, II, that 

when 0<a<6<x. 

For we are given that Jj(x)dx is absolutely convergent/and 

we know that x/sin * is bounded and integrate in (a, b). 

It follows that I ’/.(*) JZ- dx 

Ja smx 


a oiix u/ 

is absolutely convergent; and the preceding proof fS 92 Til annlie* 
to the neighbourhood of the point, or poll, 

' - '• '■» -■ _ - /»* 


tinuity, when we write /(a) ^ in place otf(x). 


* We assign to %/sin x the value 1 at *=0. 

interval, when t^arbitrari^imalfnhM 3 ^ ded Ration in the remainder of the 
continuity are el27ed * n ^ hho ^ood a of the points of infinite dis- 
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Also, for the ease lim 
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af/(r) 

wc need only as before, break up tbe interval (0, a) into (0 a) 
and (a, u) where f(x) is bounded in (0, a) and from the result 
we have already obtained in this section the limit is found as 
stated. 

If it is desired to obtain the second form of Biriehlet's Integrals for the cases 
stated below without the use of the theorems of § 38. 1 or §36.2 the readeJ 
may proceed as follows : 3 auei 

(i) Let /(*) be positive, bounded and monotonic increasing in (0, a) and 
Then E is 80 als0 ’ and =/(*) is so also. 

win 


But, by § 91, 


lim 




Therefore 


lim [“/(«) ®-da: = J/(+0) 
o sm* TV /; 


Also 

rb 


Ax) ™±? dx= 

' am* 


’/(*) s J^E d x 

Jo sin* 


/(*) !*“***&, 

o v sin* 


Therefore lim b f(x) dx __ 0- 
/!—>■» . a sin * 


(ii) Let/(*) be positive, bounded and monotonic decreasing. 

Then for some value of c the function c -f(x) is positive, bounded 
and. monotonic increasing. 

Also 

\ [c ~f{x)] sm ^~ dx = c [“ ai ?l- dx - r fix) B in tLX dx 
'o sm* L sin* * L H ‘ sin*" d ' 


Using (i), the result follows. 

(m) If /(*) is bounded and monotonic increasing, but not positive all the 
time by adding a constant we can make it positive, and proceed as 
m (a) ; and a similar remark applies to th<§ case of the monotonic 
decreasing function. 

(iv) When /(*) is bounded and the interval can be broken up into a finite 

number of open partial intervals in which it is monotonic, the result 
follows from (i)-(iii). 

(v) And if /(*) has a finite number of points of infinite discontinuity as 

stated in the second of Dirichlet’s Conditions, so far as these points 
are concerned the proof is similar to that given above. 
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95 . Proof of the Convergence of Fourier's Series . In the opening 
sections of this chapter we have given the usual elementary, but 
quite incomplete, argument, by means of which the coefficients in 
the expansion 

f(x) = a 0 +(a 1 cos x + b 1 sin x) + (a 2 cos 2.» + b 2 sin 2x) 

— TV X Ux 

are obtained. 

We now return to this question, which we approach in quite 
a different way. 

We take the Fourier’s Series 

% + («i cos x + b x sin a;) + (a. 2 cos 2x + b 2 sin 2x) 

1 f* ,, , , 3 


where a 0 =J f f(x') dx' and, when n ■ — 1 , j 

-OX,/ -5T | 

■ : ..J 1 f w 

a„= /(a/), cos nx' dx', b n — f(x') sin nx' dx. 

TCj—it 7T.I _ w ' 

We find the sum of the terms of this series up to cos nx and 
sin nx, and we then examine whether this sum has a limit as 
w— >oo . 

We shall prove that, when f(x) is given in the interval ( ~ x, tt), 
and satisfies Dirichlet’s Conditions in that interval ,* this sum has a 
limit as n~>co . It is equal to f fix) at any point in -x <x<r, 
where f(x) is continuous ; and to 

I lf( x +0) +f(x - 0)], 

when there is an ordinary discontinuity at the point ', and to 
I [/(- tt + 0)+/(7t-0)3 at x—±7r, when the limits ffirr - 0) and 
/( - x + 0) exist. 

Let 

s n (x) = a 0 -f (uj cos x+b 1 sin x) -f(a„ cos nx +b n sin nx), 
where a 0 , a i> etc., have the values given above. 

Then we find, without difficulty, that 

s n (x) = 0 - ( f{x r )[l 4 2 cos (x' - x) + ... +2 cos nix' - .<:)] dx' 


1 f- *mWn + ip X '-x) 

2 xj ' ’ sm 1 ix -x) 


2 7tJ J sin l(x'-x) 

* In this and later sections, when reference is made to Dirichlot’s Conditions, it will 
be understood that these can be modified, if desired, by the introduction of the 
functions of bounded variation as explained in tiro footnote on p. 22o. 
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sin W-x) dx 

+ir'' ! V(*+2a) Sitt(2 ’‘ + 1) 

11 J o sin a 

on changing the variable by the substitutions x' 
If 7t < x< 7r and f(x) satisfies Dirichlet’s i 

interval ( tt, ~), f{x -h 2c<) considered as func 
integrals of (I) satisfy Dirichlet’s Conditions 
(0, |tt + Ja?) and (0, - }.r) respectively, and 

a have limits as a —>0, provided that at the poin 
are concerned/^- +o) and f(x - 0) exist. 

It follows from § 94 that, when a; lies betwec 
f( x ~ 0) and f(x +0) both exist, 

lim s n (*) 


/(;* ~ 0) +^f(x +0) j 
I if( x ~~ 0) +f(x +0)], 

point where f(x) is continuous, 
e the cases a;= ±7r. 

fche series for x = ~, we must insert this 
value for x in s n (x) before proceeding to the limit. 

Tiua s„(x) = - p/( T - 2a) sin (2,i da, 

w o sm a * 

since the second integral in (1) is zero. 

. It .follows, that ' ;';.C : ; 

».W = I 


where £ is any number between 0 and 
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We can apply the theorem of § 94 to these integrals, if f(x) 
satisfies Dirichlet’s Conditions in (- w, tt ), and the limits /(x-0), 
/( - x + 0) exist. 

Thus we have lim s n (x) = |[/(-x+ 0 )-|-/(x- 0 )]. 

■ 

A similar discussion gives the same value for the sum at x— -7 r, 
which is otherwise obvious since the series has a period 2x. 

Thus we have shown that when the arbitrary function f(x) satisfies 
IHrichlet's Conditions in the interval ( - x, tt ), and 

Ip 

a 0 — f(x')dx' and, when n is 1, 

1 f w 1 f ff 

a n = - f(x') cos nx' dx r , b n — — I ' f{x') sin nx' dx\ 

7T J _ 77 7T J — tt 

the Fourier's Series 

a 0 + (% cos ® + &i sin «) + (a 2 cos 2a?) + . . . 

converges to 

l[f(x+ 0 )+f(x~ 0 )] 

at every foint in ~ v<x<r where f(x + 0) and f{x - 0 ) exist ; and 
at x— it converges to 

|[/( - 7T + 0} 4-/(x - 0)], 

when /( -x 4 - 0 ) dndf(rr - 0 ) exist* 

There is, of course, no reason why the arbitrary function should be defined 
by the same analytical expression in all the interval [cf. Ex. 2 below]. 

Also it should he noticed that if we first sum the series, and then let x 
approach a point of ordinary discontinuity x 0 , we would obtain f(x 0 + 0) or 
f(x 0 - 0), according to the side from which we approach the point. On the 
other hand, if we insert the value x 0 in the terms of the series and then sum 
the series, we obtain |[/(r 0 + 0) +/(;% - 0)]. 

We have already pointed out more than once that when we speak of the 
sum of the series for any value of x, it is understood that we first insert this 
value of x in the terms of the series, then find the sum of n terms, and finally 
obtain the limit of this sum. 

Ex. 1. Find a series of sines and cosines of multiples of x which will represent 
e x in the interval <x<~. 


2 sinh 7r 


* If the reader refers to § 101, he will see that, if f(.r) is defined outside the interval 
( —ir, ■■it) by the equation /(X+27r) ==/(&), we can replace (1) by 

' „ , sin{2?i-h l)a ,■■■■' 

. sill a 

In this form we can apply the result of § 94 at- once to every point in the closed 
interval ( -w, ? r), except points of infinite discontinuity. 


. . I lk., „ ,siu(2» + l)a . 1 

s n {x) =~ f{x - 2a) ' A jh ' da + = 
tv 1 a sin cc tv 
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What is the sum of the series for a: — ±tt ? 

Here f(%) = 2lfinh~ e * ant * ° w ~2iinh7r i e ‘ r cos nx d- c > -«S1. 
Integrating by parts, 

" - fir 

(1 +n z )\ e x cos nx dx = ( e r - e- 7r ) cos nr. 

’ — TT 


Therefore 
Also we find 
Similarly, 


Therefore 


” 1 + n 2 


^ISSES'L f^ nxdx 


T, ( ~ 1)” +1 . 


2 sinh 7 t 


_ 1 / 1 1 . \ 

6 2 + v ~rTp con ' + uT 2Smx J 

+ ( j ~28 cos .2* - sin 2x ) + ••• * 


when - tt- < x < ~. 

When x — ±if, the sum of the series is l~ coth tt, since 
/( - 77 + 0) +/(— — 0) = 7 r coth 7T. 
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In Fig. 16, the curves 


l 


^ 2 sinh 7 r 6 ’ y 

y=h+(~ j—p cos x + ^ sin x) + (...) + ( - j ~- 2 cos 3x + — 3 , sin 3x) J 
are drawn for the interval ( - "). 

It will be noticed that the expansion we have obtained converges very 
slowly, and that more terms would have to be taken to bring the approxima- 
tion curves [y=s w (x)] near the curve of the given function in ~ir <x< ir. 
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At x= ±r, the sum of the series is discontinuous. The behaviour of the 
approximation curves at a point of discontinuity of the sum is examined in 
Chapter IX. 

Ex. 2. Find a series of sines and cosines of multiples of x which will repre- 
sent f(x) in the interval - tt < x <; rr, when 

f(x) =0, -r<x =~. 0, 
f(x)=lirx, 0<x< r. f 

Here 

cos nx dx =^^ 2 (cos nr - I), 

l n = -l irx sin nx dx = - J cos nr. 

» tt.'o 4 n 

Therefore f(x) = jg + o L 003 x + 2 s * n x I " g s i n + • • . , 

when ~ tt < x < ir. 

When x= the sum of the series is |-7r 2 , and we obtain the well-known 
result. _a I I 

8 h 3 a + 5 a + 


Ex. 3. Find a series of sines and cosines of multiples of x which will repre- 
sent x + x 2 in the interval - tt < x < r. 

Here ; ; ■ ,5*p = glr) ^ < * as "" s ^ ^ 'f dx=s J^ 

1 ftr , 2 f lr 

a n ~ \ (x + sr) cos nxdx=~ x 2 cos nxdx, 

TV}~~Tr ar.'Q 

and, after integration by parts, we find that 
4 

a n= n o cos nr. 

Also, l n — M (x + x 2 ) sin nx dx~^ [ x sin nx dx, 

which reduces to = ( - l) n_1 . ■■ ■ . . 

n n 

Therefore 

x + x 2 + 4 ( - cos x + sin xj ~ 4 ^ eoa 2x + 1 sin2ay + . . . , 
when ~r<x<r. 

When x= ±7r the sum of the series is 7r a , and we obtain the well-known 
result that ^2 j 

■e =l + 22 + 32 + ... . 


96. The Cosine Series. Let f(x) be given in fche interval (0, 7 r), 
and satisfy Dirichlet’s Conditions in that interval. Define f(x) 
in - tt = £<() by the equation f{~x)—f(x). The function thus 
defined for ( — 7r, 7r) satisfies Dirichlet’s Conditions in this interval, 
and we can apply to it the results of § 95. 
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j_ f K) leads to a 0 .= * | fix') dx', 

1 f 5r 0 fir 

a n = - /(*') cos nx'dx' leads to a n = \ fix') cos nx'dx', 

WJ-ir ~J o 

1 fn- 

and b n = fix') sin nx'dx’ leads to & rt = 0. 

TTj _tt 

Thus the sine terms disappear from the Fourier’s Series for this 
function. 

Also, from the way in which f{x) was defined in - w % %<Q, 
we have M/( +0) +/( -0)]=/( +0), 

and- c I [/( - w +0) +/(t - 0)] =/(- - 0), 

provided the limits/(+0) and/(7r-0) exist. 

In this case the sum of the series for x — 0 is/(+0), and for 
x = 7r it is f(ir- 0). 

It follows that, -when f{x) is an arbitrary function satisfying 
Dirichlet's Conditions * in the interval (0, 7 r), the sum of the Cosine 
Series 

* J f{x’) dx’ -f- ^ V cos wajj* f[x f ) cos nx’ dx 1 . 
ttJq i J a 

is equal to H/(* +0) 4-/(sc~0)] 

at every point between 0 and xr where f[x + 0) and f[x — 0) exist; 

and, whenf(+ 0) and /(tt - 0) exist, the sum is f( +0) at x= 0 and 

/(x-O) at x — 7r. 

Thus, when f(x) is continuous and satisfies Dirichlet’s Con- 
ditions in the interval (0, 7r), the Cosine Series represents it in 
this closed interval. 

Ex. 1. Find a series of cosines of multiples of x which will represent x in 
the interval (0, tt ). 

1 j'lr ■ ■ . 

: 0 “ - 1 xdx — ^TT, ■ -i ’ 


V Here : 
and 

Therefore 


TTJo 

. 2 f”' 

TT JO 


x cos nxdx — 4 (cos nir - 1,). 


x == „ 


tt 4 r 


[cos * + cos Sx + . . .~j, 0Sa; = 7 r . 


Since the sum of the series is zero at a; •== 0, we have again 

X 2 , 11 

g" 1 +32 + 


*See footnote, p, 230, 
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and the approximation curve 


are drawn. 


It will be seen how elosely this approximation curve approaches the lines 
= ±x in the whole interval. 

Since the Fourier’s Series has a period 2tt, this series for unrestricted values 


Fig. 18. 

of a* represents the ordinates of the lines shown in Fig. 18, the part from the 
ir. ;; val ( - 7 r, ir) being repeated indefinitely in both directions, 
l’he sum is continuous for all values of x. 

Ex. 2. Find a series of cosines of multiples of x which will represent /(x) 
in the interval (0, 7r), where 

f(x) = \irx, 0 = x ^ r, 1 

f(x)—lir(ir-x), £ 7 v<x = tt. j 

TTT . _ 1 7 . 1 , , V 7 7 * 


Here 



AMHi amt 

iiHni 


['■■■a .j;:* 


PlK«a«»niiaSSaSSSSSSSSakSSSSSSS* 
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which gives a n = - ~ a [i + cos nir _ 2 cos \nir] 
Thus a n vanishes when n 


is odd or a multiple of 4. 

1 1 1 
>~2 cos 2x + ^5 cos 6 * + . . . , 


and the approximation curves 


are drawn. 

It will be noticed that the approximation curve, corresponding to the 


X FlO.'20. ; 

terms up to and including cos 6x } approaches the given lines closely, except 
at the sharp corner, right through the interval (0, 7 r). 

For unrestricted values of x the series represents the ordinates of the lines 
shown in Fig. 20, the part from - ir to ir being repeated indefinitely in both 
directions. . ■ 

The sum is continuous for all values of x. 
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From the values at z=0 and x~ir, we have the well-known result, 

In Fig. 21, the graph of the given function, and the approximation curves 
y = l"~ cos x, \ 

y — \iv- cos x + cos 3a;, 0 ~ x ~ ir, 

V — 1 K - cos x + }. cos 3a? - 1 cos 5a;, J 

are drawn. 

The points a; = 0 and x — tt arc points of continuity in the sum of the series : 
the point x — lir is a point of discontinuity. 

The behaviour of the approximation curves at a point of discontinuity, 
when ft is large, will be treated fully in Chapter IX. It will be sufficient to 
say now that it is proved in § 117 that just before x — \tt the approximation 
curve for a large value of n will have a minimum at a depth nearly 0-14 below 
y— 0 : that it will then ascend at a steep gradient, passing near the point 
l-r), and rising to a maximum just after x-\-k at a height nearly 0-14 
above Itt. 

Ex. 4. Find a series of cosines of multiples of x which will represent f(x) 
in the interval (0, it), where 

f(x) = }.7T, 0 ~X< l;7T, V. ;■ 

/{*) = 0, lrr<X< r s 7T, j 

/(*)=“ ~ rr. j 

Also /(•>**) - Jtt, f(: It) = - Jit. j 

Here a 0 — l dx - ?, 1 dx = 0, 

Jo .in’ 

fiir fir 

and a n — s 1 cos nx dx - s cos nx dx 

.'0 ” .'Sir 

2 

= „ - [sin lft7r + sin Hft7r] 

OTl 

— ^ sin \n 7T cos }nir. 

Thus a n vanishes when n is even or a multiple of 3. 

2a/3 

And f(x )= y ■ [cos a; - 1- cos 5a; + 1 cos lx - ^ cos 11* + ...], 0~a;:~7r. 

The points x—0 and x—v are points of continuity in the sum of the series. 
The points x—l t ir and *=gj r are points of discontinuity. 

Fig. 22 contains the graph of the given function, and the approximation 
curves 

2V3 \ 

y~ o cosx > ; - 1 


1 


y~~~3 ~ C cos x ~\ cos c*]» | 

- 2\/Z + ' ’ '■* ■■■■ *' ‘.A ■ ■- . 

-g- [cos x ~ 1 C08 0X + ] co&lx], 

y — - y* [cos x~l cos 5x + 1 cos lx - cos 1 lx],. 


QSx ~ 7T. 



‘H&i'-Hp&iKli 


Hill 

ill! 

rss£ia«ss}i! 

fcgjjjggS 
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Ex, 5. Find a series of cosines of multiples of a: which will represent 
log (2 sin $x)* in the interval (0, nr). 

1 fir 

Here a a — ~\ log (2 sin lx) dx 

" .'o 

2 fJir 

=log 2+\ log sin x dx 
~ Jo 

=0, by Ex. 4, p. I3X. 

2 [nr 

And a n — - 1 cos nx log (2 sin ix) dx 

r o 
4 ii w 

= -[ cos 2nx log (2 sin x) dx 


~ by Ex. 5, p. 131. 

Thus log (2 sin |rc) = - [cos # + 4 cos 2a; + J cos 3* + ...], whenO<a;~ir. 

It follows from this — or may be obtained independently — that 

log (2 cos |a:) = [cos at- 1 cos 2# + $ cos 3x when 0Sia;<7r. 

These expansions have been obtained otherwise in §70. 1. [See footnote 
on p. 159.] 

97. The Sine Series. Again let f(x) be given in the interval 

(0, 7T ), and satisfy Diriehlet’s Conditions in that interval. Define 

/(sc) in-x^sc<0 by the equation f(-x)= -f (x). The function 

thus defined for (- 7 r, 7r) satisfies Dirichlet’s Conditions in this 

interval, and we can apply to it the results of § 95. 

But it is clear that in this case 

l/V : 2 C V 

b n — — f(x') sin nx' dx' leads to b n =~ f (x f ) sin nx' dx', 

'> J — «• w Jo 

and that a M ~0 when n^O. 

Thus the cosine terms disappear from this Fourier’s Series. 

Since all the terms of the series 

b x sin x +b 2 sin 2sc + . 

vanish when x—0 and £c = -jr, the sum of the series is zero at these 
points... 

It follows that, when f(x) is an arbitrary function satisfying 
Dirichlet’s Conditions^ in ike interval (0, tt), the sum of the Sine 
Series, 

2 fnr - 

- Vsin nx /(#') sin m? dxt, 

7T V 


is equal to 


«/<z+0)+/(z-0)] 


♦This function is infinite at * ==0, but it satisfies Dirichlet’s Conditions, 
f See footnote, p. 230 . :■ 
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at every point between 0 and 7 r where f(x +0) and f(x~ 0) exist ; 
w/tcn £=0 nnrf .'<*=x, f/te 5?/w zero. 

It will be noticed that, when /(a?) is continuous at the end-points 
:r r— 0 and x=ir, the Cosine Series gives the value of the function 
at these points. The Sine Series only gives the value of f(x) at 
these points if f(x) is zero there. 

Ex. 1. Find a series of sines of multiples of .r which will represent x in the 
interval 0<.r<Tr. 

Here h n = “ \ n a; sin nx dx - ( ~ l)’ 1-1 “• 

« .0 11 

Therefore x -2 [sin x - i sin 2x + ?. sin Sx 0 ~ x < -. 

At x — rr the sum is discontinuous. 

V 


and the approximation curves V 

x - 1 sin 2x -f ?, sin Sx -- } sin 4a; + \ sin G.e], -tt'Sx ", 


convergence of the series is so slow that this curve does not approach 
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curve in the cosine series approached y = ± x. If » is taken large enough, 
the curve y~s n (x) will be a wavy curve oscillating about the line y~x from 
— 7r to +7 r, but we would be wrong if we were to say that it descends at a steep 
gradient from x — -tt to the end of y = x, and again descends from the other 
end of y = x to x—tt at a steep gradient. As a matter of fact the summit of 
the first wave is some distance below y=x at x— — 7r, and the summit .of the 
last 'wave a corresponding distance above y — x at x~ir when n is large. 

To this question we return in Chapter IX. 


Since the Fourier’s Series has a period 2-7T, this series for unrestricted values 
of a; represents the ordinates of the lines shown in Fig. 24, the part from the 
open interval ( - t, ir) being repeated indefinitely in both directions. The 
points ±tt, ±37t, ... are points of discontinuity. At these the sum is zero. 

Ex. 2. Find a series of sines of multiples of x which will represent f(x) in 
the interval 0 =rx ~"<r, where' 

f(x) --fax, \ 

f(x)=iTr(ir-x), l~^x J 

2 dir " ■ ■ 2 jV 

Here K — ~\ i*~XBin nx oa; + -| ~x) sinnxdx 


which gives 6, 


Fig. 25 contains the lines y~{ irx, 


and the approximation curves 
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It will be noticed that the last of these curves approaches the given line: 
closely, except at the sharp corner, right through the interval. 


For unrestricted values of or the series represents the ordinates of the lines 
shown in Fig. 26, the part from ~ tt to + tt being repeated indefinitely in both 
directions. 

The sum is continuous for all values of x. 


Fw. 26. 

Ex. 3. Find a series of sines of multiples of 
in the interval (0, tt), where 

/(«)“ 0, 0Sx<|tt ! ' 


x which will represent f(z) 
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Here 


= >( 
n \ 


sin nz dx 


mr 

COS ~ - COS ?i7T 


0 §* x 


2 . 3«jr . Mr 
=—sm — sin 
n 4 4 

Therefore b n vanishes when n is a multiple of 4. 

And /(x) =sin x - sin 2x+4 sin 3x + l sin 5x-4 sin(>x + ... , Q?S.x^-. 

Fig. 27 contains the graph of the given function, and the approximation 
curves 

y —sin x, 
y = sin x- sin 2x, 
y = sin x - sin 2x + J 5 sin 3x, 
y = sin a- - sin 2x + J sin 3x + 1 sin 5x, 

The points x |r and x~i r are points of discontinuity in the suni of the 
series. The behaviour of the approximation curves for large values of n at 
these points will be examined in Chapter IX. 

Ex. 4. Find a series of sines of multiples of x which will represent f(z) in 
the interval (0, r), where 

0 < X< ?.r, 
f(z)— 0, lir<x< Htt, 

f(x)~ - l~, Sr <x< 7r. 

/(0) =/( tt) =0 ; /{1 ; -) = !-;/( Htt) = - ,\r. 

r ..fU 


Also 

Here 


sin nx dx 


sin ?tx fix 


3n 


1 1 — cos ^nir — cos ?|tt7r + cos nr] 


8 . nr . „ Mr 

= 0 cos" - s - sm- -r-. 

3n 2 6 

Therefore a n vanishes when n is odd or a multiple of 6. 

And /(x)=sin 2x + ] sin 4x + ] sin 8x+ I sin 10x + ... , O^x^r. 

The points x=0, x = ?.r, x — 'f.-rr and x = ~ are points of discontinuity in the 
sum of the series. 

Fig. 28 contains the graph of the given function, and the approximation 
curves 

y=sin 2x, 

y=sin 2x + .l sin 4x, 
y=sin 2a: + .] sin 4x + j sin 8x, ■ 
y — sin 2x-f -] sin 4x+ ] sin 8x + | sin I0x, 


S 


ill 


Mi 


0 : 1 a; ^ r. 
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[CH. VII 


98. Other Forms of Fourier’s Series * When the arbitrary 
function, is given in the interval {-l, l), we can change this interval 
to ( - 7Tj tt) by the substitution u — Trxjl, 

In this way we may deduce the following expansions from those 
already obtained : 

<^J_ z /(*') <&' + j^J_ /(»') cos -x)dx', - 1 < x z l, ...(1) 
JJ.XO dx r cos ~ cos ~x f dx\ O^x^l, ...(2) 


2 . wtt 


; J* / (as') sin - a;' <&', O^lxzzl. 


(3) 

When/(jc) satisfies Dirichlet’s Conditions in ( - 1, l), the sum of 
the series (1) is equal to |[/(*+6) +/(*-0)] at every point in 
-l<x<l where f(x +0) and /(as.- 0) exist; and at x= ±Z its sum 
is +0) +f(l-0)], when the limits/(-Z +0) and/(Z-0) exist. 

When f(x) satisfies Dirichlet’s Conditions in (0, l), the sum of 
the series (2) is equal to |[/(®+0) +f(x-0)] at every point in 
0<x<l where f(x +0) mdf(x-0) exist; and at a = 0 its sum 
is/( +0), at x=l its sum is f(l - 0), when these limits exist. 

When f(x) satisfies Dirichlet’s Conditions in (0, Z) the sum of 
the series (3) is equal to \[f(x +0) +f(x - ())] at every point in 
i)<x<l where f(x +0) and f{x - 0) exist ; and at and a = l its 
sum is zero. 

It is sometimes more convenient to take the interval in which 
the arbitrary function is given as (Q, 2 tt). We may deduce the 
corresponding series for this interval from that already fo un d 

for ( ~ 7T, 7r). 

Consider the Fourier’s Series 

oZ j*_ F i x ') dx' +~ F(x > )cosn(x , -x)dx', 

where F(x) satisfies Dirichlet’s Conditions in (-tt, tt). 

Let u — tt-tX, w'==7r-f-a/ and f(u) = F(u — Tr). 

Then we obtain the series for f(u), 


1 

2 7T J 


for the interval (0, 2 r). 


*2tr 1 J? C2v 

o / { u> ) du f +-~ f( u ') cos n(u r -u) du f , 


* See footnote, p. 230. 
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Oil changing u into x, we have the series for /(x), 
2 ~ J 0 f( x ') dx> + - 2j J («') cos n ( x ' - x)dx\ 0 g a 


2 “ J 0 / (® # ) dx ' + " 2 J j V) cos n (x' - x)dx\ 0 ^ x < 2 ‘tt (4) 

The sum of the series (4) is i[f(x+0) +f(x- 0)] at every point 
between 0 and 2/. where f(x +0) and /(a; -0) exist; and at 
and x — 2~ its sum is 

i[/( +0) +/(2?r-0)], 
when these limits exist. 

In (4), it is assumed that /(a) satisfies Dirichlet’s Conditions in 
the interval (0, 2ir). 

This reduces to a Cosine Series if f(x) =/(2- - x) and to a Sine 
Series if f(x) = - /(2tt - a’). 

If the interval is (0, 1), we have instead of (4) 

J /(s') dx’ +2V)P/(*')cos2»» (*- *-)&', Osxsl, ....( 5 ) 
a series with period unity. 

Again, it is sometimes convenient to take the interval in which 
the function is defined as (n, b). W e can deduce the correspond- 
ing series for this interval from the result just obtained. 

Taking the series 

2^ £ dx ' + ~ S o F ( x ') cos n ( x ' - x ) dx', 0l:s£2t, 

we write u=a + anc i tr u \ __ j? ?)1 

2-r ’ l b~a J 

Then in the interval a ^ u we have the series for/(w), 

bh !/(“'> *•' + s h ? jV> cos fw, - «) 

On changing u into x, we obtain the series for f(x) in agagi, 
namely, 

b~a \j ^ ix ' + bh ?J/ M cos (*'“*) («> 

The sum of the series (6) is |[/(x +0) +/(a-0)] at every point 
in a<x<b where/(a +0) and/(a-0) exist ; and at x^a and x=b 
its sum is \[f(a +0) +f(b - 0)], when these limits exist. 

Of course f(x) is again subject to Dirichlet’s Conditions in the 

interval (a, b). , 

^ ■ J *** 1 

j aj[ LIBRARY 
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The corresponding Cosine Series and Sine Series 
spectively, 


is equal to c when. 0 < x < a and to zero when 


•*. snow tnat the series 

nf . siii2.c sin 3.r 

V.' ; - ■■■:;? LL; ‘ « : 3 

represents (ir ~x) in the interval 0 < x <2 tt. 

99. Poisson’s Discussion of Fourier’! 
mentioned in the introduction, within i 
discovery of the possibility of representi 
by what is now called its Fourier’s Serb 
subject from a quite different standpoint. 
He began with the equation 


251 



98 - 10 °J FOURIER’S SERIES 

where | f | •<!, and he obtained, by integration 


2ttJ ^ *>■ ~y ' | cos n{x'-x)dz'. 

Poisson proceeded to show that, addl, tUe intogral ou the 
left-hand side of th,s equation has the limit /(,;), supposing /(a) 
eontumous at that point, and ho argued that/(r) m J Ln b 7the 
sum of the senes on the right-hand side when r.— 1 Apart from 
the rncompleteness of his discussion of the questions connected 
wrth the lurnt of the integral as r->l, the conclusion he sought 
to draw is invalid until it is shown that the series does converge 

T 17 V. " m tJl ‘ S ’ “ fi * Ct> k the "*> In accordance 

with Abels I he ore m on the Power Series (§72), if the series 

converges, when r= 1, its sum is continuous up to and including 
r=l. In other words, if wo write 


we Know that, it F{1, x) converges, then 

■ lim F(r, x) = F(l, x). 

r— >1 

But we have no right to assume, from the convergence of 

lim F(r, x), 

r~ >1 

that F( 1, x) does converge. 7 

Poisson s method, however, has a definite value in the tr 
of Fourier’s Series, and we shall now give a presentation 
the more exact lines which we have followed in the discu 
series and integrals in the previous pages of this book. 

100. Poisson’s Integral. The integral 


2tt 1 1 - 2r cos (U -ar) + r* J ^ > LM ’ J r I < J » 

is called Poisson’s Integral. 

We shall assume that f(x) is either bounded and integrable 
( -7T, tt), or that the infinite integral j*’ J\x)dx is absolutely c 

Now wo know that + r , 1+2 | f» ooa nO 

when 1 r j < 1 , and that this series is uniformly convergent for t 
6, when r has any given value between - 1 and + 1. 
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It. follows that 


under the limitations above imposed upon fix). (Cf. §70, 1, Cor. II, and 
§ 74, I.) 

Now let us choose a number x between and - for which we wish the 
sum of this series, or, what is the same thing, the value of Poisson’s Integral, 


2tt] 1-2 r cos - x) + r~ J v ’ 

Denote this sum, or the integral, by F(r, x). 

Let us assume that, for the value of x chosen, 

lim [f(x + t)+f(x-t)] 
t-^o 

exists. 

Also, let the function (fix') be defined when -it'-. 

</> (x') =f(x') - | lim [f(x + 1) +/(, 

t — >0 

Then 

F(r, x) - | lim [/(* + /) +/(.r - /)] 


7 r by the equation 


2~< 1 - 2r cos (x' -x) + r a M *' ’ 

But we are given that lim [f{x + 1) +f(x - /)] 

<->■0 

exists. 

Let the arbitrary positive number e be chosen, as small as we please. Then 
to there will correspond a positive number >/ such that 

| f(x + 1) +fix -0- lim [fix +t)+fix-m | < (3) 

t-~ o 

when 0 < t ~ 

The number ?/ fixed upon will be such that (x-ij, x + >/) does not go beyond 


Then 


[<f> [x + /) + <f> [x - 1 )] dt 


f(x + t)+f(x- 1) - lim [ fix + 1) +f(x - <)]} df. 
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It follows that 
1 [x+v 


1 - r 2 


2ir)x - 1 ) 1 - 2 r cos (x' ( ^ X " 4l r, o 1 - 2?' cos t + r 2 ^ 


1 

cos 
1 -r a 


Also, when 0 < r < 1, 
I 1 f 

2tt 


4tt 1 _ * 1 - 2r cos t + r 

<£e 


dt 


.(4) 


V 

. x+n 1 1 


< 


1 


1 ~r 2 


2 r cos (.r / - .r) +r z ^^ X I 

f | <l>(x')\dx' 

j — TT 


< 


2tt 1 - 2r cos p + r 2 , 

nr27^iW» ( i S'. . vw i dx ’ + * i J™ [/(*+« +/<*-'>] i ) 

1 -r 2 


^ x A , say. 


But 


<• 


2(1- r) 


1 - 2r cos i] + r 
I -r 2 

l-2r cos >,+!•“ „ _, )I+4r ^.jj 

1 -r 


.(5) 


if 0 < r < 1 , 


2 r sin 2 - 


And 

provided that 
It follows that 


1 ~r 


2 r sin 2 


K 2 A ’ 

2 

r>‘ 


1 + 2"1 


/ “S-TJ rtr \ 

27T \ , -n- , 1 


■ 2r cos (a:' -x) + r 8 ^ ^ ^ ^ < 2 : 


1 >r> 


I+ i Bin, 2 


.( 6 ) 


Combining (4) and (6), it will be seen that when any positive number e 
has been chosen, as small as we please there is a positive number p such that 

| F(r, x) - £ lim [f(x+t) +f(x - f)] | <«, 
t~* o 

when p^lr < 1, provided that for the value of x considered lim [/(# + 1) +f(x-t)] 
exists. t ~ >0 

We have thus established the following theorem ; 

Let f(x), given in the interval ( - tv, rr), be bounded and integrable, or have an 
absolutely convergent infinite integral, in this range. Then for any value of 
x in -ir<x<7r for which 

lim [f(x + t)+f{x-t)l 

t—fO 

exists, Poisson's Integral converges to that limit as r-r 1 from below. 
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In particular, at a ’point of ordinary discontinuity off(x), Poisson's Integral 
converges to .1 [ /(* + 0) +f(x - 0)] , 

and, at a point where. f(x) is continuous, it converges tof(x). 

It has already been pointed out that no conclusion can be drawn from this 
as to the convergence, or non-convergence, of the Fourier’s Series at this 
point. But if wc know that the Fourier’s Series does converge, it follows 
from Abel’s Theorem that it must converge to the limit to which Poisson’s 
Integral converges as r~>l. 

We have thus the following theorem : 

Iff(x) is any function, given in ( - — , v), which is either hounded a?ul integrable, 
or has an absolutely convergent infinite integral i f(x)dx, then, at any point x 

J — 7T 

in ~tt <x<~ at which the Fourier's Series is convergent, its sum must he equal to 

lim [f{x + t)+f{x-t)], 
t—*o 

provided that this limit, exists. 

With certain obvious modifications these theorems can be made to apply 
to the points — r and 7 r as well as points between - 7 r and 7 r. 

It follows immediately from this theorem that : 

If all the Fourier's Constants are zero for a function, continuous in the interval 
( — 1 7T, 7r ), then the function vanishes identically. 

If the constants vanish but the function only satisfies the conditions 
ascribed to f(x) in the earlier theorems of this section, we can only infer that 
function must vanish at all points where it is continuous, and that at 

where lim [ f(x + t) +f(x - f)], exists, this limit must be zero. 

. <->(»' . 

Further, if (a, h) is an interval in which/(x) is continuous, the same number 
p, corresponding to the arbitrary e, may be chosen to serve all the values of a: 
in the interval (a-, b ) ; for this is true, first of the number v in (3), then of A 
in (5), and thus finally of />. 

It follows that as r-» 1 Poisson's Integral converges uniformly to the value 
x) in any interval (a, b) in which f(x) is continuous.* 

This last theorem has an important application in connection with the 
approximate representation of functions by finite trigonometrical series.f 


101. Fejer’s Theorem.;!: 

Let f(x) be given in the interval ( 


7 r). If bounded, let it he 


* It is assumed in this that f(a - 0) =/(«) =/(« + 0) and f(b - 0) ~f{b) —f(b + 0). 
Also f(x) is subject to the conditions given at the beginning of this section, Cf. 
§ 107. 

Traite d'A nnJyse, 1 (2 v ed., 1905), 275; Bficher , Annals of Math., (2), 
Hobson, Theory of Functions of a Peal Variable, 2 (2nd ed., 1926), 
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integrable ; if unbounded, let the infinite integral j f(x)dx be 

J -TT ' 

absolutely convergent. Denote by s n the sum of the (n +1) terms 
27 r| f&')dx' /(a;') cos r (x r . ~x)dx r . 


Also let 


<r n (x)- 


, s 0 +®1 + $«-! 


Then at every point x in the interval -x<»<x at which f(x+Q) 
andf(x- 0) exist, 

lim ar n {x)-=l{f(x +0) +f(x - 0)]. 

n -> to 

With the above notation, 

8 _ 1 p f, x >s cos n {x' - x) - cos (n + 1) (x' - x) ^ 
n 2-J ^ ' 1 - cos (x' - x) 

Therefore 

/ \ 1 C" ,, 1-cos n(x f ~x) , , 

<r n (a;) = n — - fix ) -z 7 ~ do; 

" v ' 2 ' 1-cos (x'-x) 

= j r f ( . r ^ ™ z M x '-x) dr > 

2wxJ sin 2 |(a3' -a;) 

111 

if / (x) is defined outside the interval ( -x, x) by the equation 
f(x+2-)=f{x). 

Dividing the range of integration into ( — x +£, x) and 
(x, 7 r +x), and substituting x' = x-2 a in the first, and »'~a:-b2a 
in the second, we obtain 

, v 1 f lir j/ n \Sin a na , , 1 f i,r ,, , x sin ?m 7 

'•W = isJ, K X ~ ia) sin a a da + ,J 0 ^ +2a) "«ln*« ** (2) 

Now suppose that a: is a point in ( -- -tt, x) at which f(x +0) and 
f(x - 0) exist. 

Let e be any positive number, chosen as small as we please. 
Then to e there corresponds a positive number i] chosen less 
than |x such that 

| f(x + 2a) | -f(x +0)| < e when 0 <a^rj. 
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1 a . sin 2 na , 1 p> f ,, n . ,, tA ., sin 2 na, 

rj 0 f( x+ ^-is?a ia =do {f{x+2a) ~ f{ + )} ™ a 

1 /•/ m f*'sin 8 wa , 

+-—■/(« +0) — r~ 2 - da 

Jo sin 2 a- 


+ -Lf7(* + 2a) S ^°* 

Kir. „ J 


da 


sin* a 

1 A . f^sin^a 

f(x + 0) I .- = — 

n a J v sin 3 a 

== ^X+^2+^3+^4> sa y** 

Putting C? w _ 1 = | +cos 2a+cos 4a +... +cos 2(w- l)a, 
(cos 2(w - l)a - cos 2na) 


.(3) 


we have C n _ x 
and 
Thus 


4(1- cos 2a) 

,, ~ . (1 - cos 2 na) , simWj- 

C,+C 1 +...+C > _pj'- fr ^ = l-j S -. 

[»'snAa rfa=2 rt" , +c +C ) ia 
J 0 sm-a J 0 


: i»7 r, 


since all the terms on the right-hand side disappear on integration 
except the first in each of the C's. 

It follows that 1 2 = lf(% +0). 

Also l/J * |/(.r +2a) -f(x +0) | ^da 



e I 

’i 

sin 2 «a 


< 




da 


nir] 

0 

sin z a 



el 

f i,r sin 2 «a 

da 

< 



* *> 


Hir] 


sm 2 « 



<h. 


.(4) 


Further, |/ ; 


n-rr. 


f ff \f( x +2a)| 

' n 


sm^wa 

sin 2 a 


da 


< ;dUr i/( * +a “ )l *‘ 


'V V 

1 (, ‘ r+,r 




.(5) 


♦This discussion also applies when the upper limit of tlio integral on the left, 
is any positive number less than ^rr. 

|This integral can be obtained at once from (1) by putting f(x) — 1 in ( - 7r, n) 
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But we are given that \ f(x')\dx > converges, and we have 

— TT 

defined f(x) outside the interval (-t, 7 r) by the equation 
f(x +2 tt) =f(x). 

Let | f(x’) j dx' = 7rJ, say. 

J — Tt 


Then we have 1 ^3! < 


Also 


2 n sin 2 ?/' 

^l<srL=l/(*+0)l (6) 


'2 n sin 2 ?/ 

Combining these results, it follows from (3) that 

J <27 11 2 

\nirj^ u N ' sm*u 

1 


rj 0 


<|e+d 


n Sim?/ 


{j + [/(x+o)!}. 


Now let i/ be a positive integer such that 


Then 


— ~{J + \f{x+0)\}<^ (7) 

z'sm-77 x 1 


2 

?'t7rj 


r ‘7(*+ 2 a)^gda- */(* +0) 


<|e + 2 e 
<e, when 


In other words, 

lim f( x + 2a ) da = lf{x +0), 

when f{x +0) exists. 

In precisely the same way we find that 

lim ~f~ /(* - 2a ) = ^ ~ 0) > 

71->00 Sill (X 

when /(sc - 0) exists. 

Then, returning to (2), we have 

lim (r n (x)~%[f(x +0) +/(»- 0)], 

M— >W 

when f{x±0) exist. 

This proof applies also to the points x = ± 7r, when /(tt - 0) 

/(- tt +0) exist. Since we have defined f(x) outside the interval 
(-71-, 7 r) by the equation /(& +27 t) =f(%), it is clear that 
/(-T+0)—/(7r+0) and /(-7r-0)=/(7r-0). 

In this way we obtain 

lim cr„( ± 7r) = 1 [/( - 7T +0) +/(tt - 0)], 

when/(-7r +0) and /(7r - 0) exist. 
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Corollary. * If f(x) is continuous in a~x^b, including the end-points, 
when the arbitrary positive number t is chosen, the same ?/ will do for all 
values of x from a to b, including the end-points. Then, from (7), it follows 
that the sequence of arithmetic means 

a i> fr 2» ^ 3> ••• 

converges uniformly to the sum f(x) in the interval {a, b). 

It is assumed in this statement that f(x) is continuous at x~a and x = b 
as well as in the interval (a, b ) ; i.e. /(a - 0)—f(a)—f{a + 0), and 
/(& - 0) =f(b) =f(b + 0). 

102. Two Theorems on the Arithmetic Means. Before applying this very 
important theorem to the discussion of Fourier’s Series, we shall prove two 
theorems regarding the sequence of arithmetic means for any series 

« 1 +W 2 + ?i 3+ — . 

In this connection we adopt the notation 

^n=«l + «2+...+W„, 

_.S 1 +£2 + + <S„ 


Tiikokkm I. If the series v l + v 2 + v 3 + ... converges and its sum is s, then the 
sequence of arithmetic means <r n also converges to s.* 

(i) First, wc assume that lim s n = 0, and we prove that lim cr n =Q. 

Take the arbitrary positive number e. 

Then there is a positive integer N, such that 

|s„ | < ic, when n N. 

Also lo- \— l S l +a 3' f •" +5v i + l*.V+l| + k v +3 l + --- + l<? n [ ^ 

I ni ~~ n n 

But we can choose v > N, so that 

I Sj -f- + ... 4- S.y i J , 

— 2 — < |e, when n~ v. 


Therefore j<r n | < Je + J ”~V«, when 


<€, when n i~ i*. 

lim <r rt =0. 


(ii) Let 


the series diverges <0 -fee (or to -ao ), then lim er n = + oc (or -00 ). 

1 

For, in the case of divergence to + 00 , however large K may be, we know that 
there is a positive integer N such that s n >K, when n ~ If. 

t, ^ a f^ -f ■■■ -i~ '?.v | . 8,v+i -f S.\ fQ + ... + S n 

1 71 — n n 

The first part tends to zero when n 00 , and the second part is greater than 

A j K, which tends to K ,when n~>° 0 . 
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Then 0 = («! — a)+tt 2 + i/ 3 + .... 

The arithmetic mean for n terms of this series is equal to - ( - ns\ where 

» , , «• \ i J 

s n =Zu r ; and thus it is equal to (<r n -s). 

But by (i) the limit of this sequence of arithmetic means is zero. 

Therefore lim <r„~s. 

«->OB 

Theorem II. Let the sequence of arithmetic means tr n of the series 

tt l + % 2 + ?t 3 + ... 

converge to cr : and either n(s n ~s ni l ) < K or n(s n+t -s n ) < K, where K is some 
positive constant. 

Then lim s n —<r.* 

■ n^>*) 

We may, as above, without loss of generality, take 

rr=0, K — l, and m(s„ — » B+1 )<Lf 

Suppose we are given lim rr n =0 and n(s n ~s n+1 ) < 1. 
n~~> co 

It is clear that lim s n is not equal to -foo (or — oo), because if this limit 
00 ■ 

were +oo (or - x ) we would have lim <r M = + oo (or -oo). [Cf. footnote on 
p. 258]. K-K * 

(i) If possible, let lim %= A, where A is + co , or a finite positive number. 

n—> co 

Then, if A is any positive number < A, 

s n > A, for an infinite number of values of n, say M v M % , M 3 , ... . 

But to the arbitrary positive number e, there corresponds a positive integer yx, 
such that 

| cr n | < e, when n p. 

Let M be the first of the secpience M t , Jl/ 2 , Jf 3 , ... which is greater than 
and such that 3fA-~ an even positive integer. 

Let 2 p be the largest even positive integer not greater than JILL 
Then 2p^MA<ip. 


*This proof of the Hardy-Landau Theorem is due to Professor A. E. Jolliffe. 
This theorem, in a less general form, was given by Hardy in Proc. London Math . 
Soc. (2), 8 (1910), 302. In the earlier edition of this book Littlewood’s proof, given 
in Whittaker and Watson’s Modern Analysis is followed. Cf. also de la YalMe 
Poussin, loc. cit. 2 (4 C ed., 1922), § 93 ; and Bromwich, loc. cit. (2nd ed., 1926), § 
where further references will be found. 


+For if we put U x =- 


U. etc., and S n =]£L T 


we have 
Thus 


n{Sn-B* +1 )<h h «(%~%+i)<A 


Ml rr _ 


> Pi” * i7> etc. 


In the other case, we put U } 
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•S.I/+1 > S M ~ ~%St 


l / 1 1 \ __2 

** + 2 > SJ/+1 - mTI > 8m ~\M + M + l) >$M M ’ 

3 

«J/+3> * >8jr M’ 


3.\r+}i > 

V 

and each of these > A - 


Mtr,„ + (sji+i + s.u+° 4- • ■ • +a.i/+ P ) 


^ M ir , P ( A p ) 
> M+p <rjl + M+p\ A M) 

>—^ t (A - a) where o = |-4. 

a 4" 1 


j>faw 4 — ■ ct and ~ ^ < , since a J4 • 

* a + 1 A , , in 


Therefore 


n A 2 

STI <'*-“)> 2(3Ti)- 


““ <r -”« > 2(3tT4j" < - 

4 2 

If we take €=77^— YT, we have 0-.!/+^ > e, which is impossible. 

+4r) 

Thus lira s n <0. 

(ii) We shall now prove that lim s n 2| 0. 

For, if possible, let lim s n = A. < 0, 

Take B any positive number < - A. 

Then s n <- B, for an infinite number of values of n, say N v JV 2 , N 

And jcr n | < €, when n'-~ v. 

N 

Let N be the first of the sequence N,, No, N a , ... such that . ,-p > v and 
NN 1+iB 

such that between - — r-pr and , — r-g there shall be at least one positive 
1 +hB 1 +±B 

integer. 

N N 

Let the integer next above y— -y-p be q, and write — = 1 +b. 

i 7* ;yjL) ^ 


Then since 

we have '■ .. 

Also as before 


N N 

l+$B <q< l+}B' 

.T-a- 

g<r Q 4- Sg + 1 -fr ... +3y 
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S.V_‘2 < +y- 1 + 
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1’ 

1 


A T -1’ 
1 


N- 


2 <Sx + { 


N-l + N-2)' 


1 


s a+i < ••• < ,s .v + ^ 
Therefore each of these < ~ B + ~ 
Also 


1,1 11 

ATUI+^2 + - + g ~TT + g 


< - J3 + b. 


^ A r -u. . 

flP - v <T?* r * + ”Tr(“'- B+6 ) 


But 

Therefore 

and 

If we take € ; 


B ~b> \B and 


>- 


B 


B 2 


4(B + 4) 


Thus 

But we have seen that 
It follows that 


1-1-6 {B+ 4) 

6 ,n ixA 52 

1+6 6)> 2(B + 4)’ 

B 2 

<r - v< "2(B + 4) + € - 
, we have o\ v < - e, which is impossible. 

0. 


lim s, 

n — 

lim s tv 
lim s„=0 


0. 


Corollary I. Let the sequence of arithmetic means ir n for the series 


converge to cr. 

If a positive integer n 0 exists such that \u n \<^-, when n~-n Q , 
where K is a positive number independent of n, 

GO 

then the series y£u n converges and its sum is xr. 

1 

This is a special case of Theorem II. 

Corollary II. Ae£ Wj(.r)+ w 2 (a:) + ... 6e « senes whose terms are. functions 
of x, and let the sequence of arithmetic means <r n (x) converge uniformly to a(x) in 
an interval (a, 6). 

Then, if either n [«„(«) -* n+1 G*:)3< K or n{s nl . 1 (x) ~ s n (x)]> K, when n : =~-n v , 
where K is independent of x and n, and the same « 0 serves for all values of x 1 n 
( a > &)» lim s n (x) — <r(x) 

n — >>00 

uniformly. 

As before we may, without loss of generality, puc 

K = \, a(x) =0, and n[s n (x) -s w+1 (»0] < 1. 

Then we have ( <r n | < e, when n is v, 

the same v serving for all values of x in (a, b). 
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If s n (x) does not converge uniformly to zero, there must be a positive 
number « 0 such that an infinite number of the set 

l' s i(‘ j; )!> i <s 2( ;i; )l> |s 3 (#)|, ... . 

are greater than or equal to e a , each for some value of x in (a, ft) ; that is, there 
must be an infinite set of positive integers N v iV 2 , N t , ... such that 

I«.V,(*.V,)|, |s.v 4 (a.v s )|, ••• 

are each greater than or equal to e„, x St , x y .,, ... being points of (a, b), corre- 
sponding to N v N z , .... 

Let N be the first of this set N v N«, ... which is greater than v 0 and n 0 , and 
such that iVt Q an even positive integer, say 2p. 

Then . . , . 1 

S.v+l(».v) > S.v(%) - 'y> 

2 

®.v+s(®-v) > ^a(*^.v) ~ "y» 


And the argument proceeds as before. 

103. Fejer’s Theorem and Fourier’s Series.* We shall now use Fejdr’s 
Theorem (§101) to establish the convergence of Fourier’s Series under the 
limitations imposed in our previous discussion; that is we shall show that : 
Whenf(x ) satisfies Dirichlet's Conditions in the interval ( - tt), and 

1 j* 7T IT 

a o = s“ f{ x ')d x '> a n = _ f(x') cos nx' dx'. 


b n = -j f fix') mi nx' dx' (w~l), 

the sum of the series 

a 0 + (dj, cos x + b x sin x) + {a„ cos 2a; + ft 2 sin 2a;) + . . . 
is | [f(x + 0) +f{x - 0)] at every point in - tt < a; < tt where f(x + 0) and /( x - 0) 
exist ; and atx— the sum is h\f{ - tt + 0) +f(rr -0)], when these limits exist. 

I. First, let f(x) be bounded in ( - 7 r, tt) and otherwise satisfy Dirichlet’s 
Conditions in this interval.f 

If the interval ( - r, tt) can be broken up into a finite number (say p) of 
open partial intervals in which, /’(a;) is monotonic, it follows at once from the 
Second Theorem of Mean Value that each of these intervals contributes to 
| a n | or j b n | a part less than iMjnir, where j f(x) | < M in ( - tt, it). 

Thus we have | a n cos nx + b n sin nx | < SpMjmr, 
where M is independent of n. 

It follows from Fejer’s Theorem, combined with Theorem II, Cor. I of 
§ 102, that the Fourier’s Series 

a 0 + (dj cos x + b-t sin a*) + (o 2 cos 2a: + 6 2 sin 2a:) + ... 
converges, and its sum is H/(®+0)+/{a;— 0)] at every point in ~ 7r < .t < tt 


* Of. Whittaker and Watson, he. cit. (2nd ed,, 1915), 167. 

flf the more general condition that the function is of bounded variation in 
(-it, tt) is taken, then f(x) is the difference of two positive, bounded and 
monotouic functions, and a similar argument applies. 
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at which f{x ±0) exist, and at x- ±tt its sum is |[/(- 7 r + 0)+/(7r-0)], 
provided that /( ~v +0) and f(rr -0) exist. 

II. Next, let there be a finite number of points of infinite discontinuity 
in ( -7r , tt), but, when arbitrarily small neighbourhoods of these points are 
excluded, let f(x) be bounded in the remainder of the interval, which can bo 
broken up into a finite number of open partial intervals in each of which f(x) 

is monotonic. In addition, let the infinite integral \ f{x')dx' be absolutely 
convergent. j—ir 

In this case, let a; be a point between - rr and tt at which f(x + 0) mdf{x - 0) 
exist. Then we may suppose it an internal point of an interval {a, b), where 
b~a< 7r, and f(x) is bounded in (a, 6) and otherwise satisfies Dirichlet’s Con- 
ditions therein. 


Let 

7 Ta n~\ f (x') cos nx'dx' 

Jo 

and 

Trh n ' = \ b f(x') sin nx' dx' 
Jo 

while 

2■7ra 0 ' = [ 6 /(a:')d!a; , . 

Jo 


Then, forming the arithmetic means for the series 

a 0 ' + (a/ cos x + 6/ sin x) + (a 2 ' cos sin 2a;) + . , . , 

we have, with the notation of § 101, 


<r n ( x ) ■■ 


- tS 'o + + • • • + s n-l 

n 


- 1 6 ff r '\ fa' 

~2HVa J{ ’ sin^x'-x) 


_ 1 _ 
nir 


(i 


l(x -a) sin 2 wa , , 

f(x-2a) -j-j- da + 


~'f(x + 2a) T da 
J ■ • ' sxn 2 a y 


where l(x - a) and l(b-x) are each positive and less than \tt. 

But it will be seen that the argument used in Fejer’s Theorem with regard 
to the integrals 

1 , o , sin 2 na , 

f(x±2a)-~.~ r -du 

mr\ 0 J ' sm 2 a 

applies equally well when the upper limits of the integrals are positive and 
less than Air.* 

Therefore, in this case. 

lim cr n (a;) = J [/(* +0) +f(x ~ 0)]. 

■■■ ■ 

And, as the terms (a n ' cos nx + b n ' sin nx) 

satisfy the condition of Theorem II of § 102, it follows that the series 
a 0 ' + (ct>i cos x + &]/ sin x) + {a t ' cos 2 x + b 2 ' sin 2a’) + . . . 
converges and that its sum is lim S n (x). 


*Cf. footnote, p. 256. 
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=j { i - » + ) 6 } A*'® + 2 *■■<« »(■*' - ■<■)' 

= 1 (*' nx - 2a) da + 1 T /(x + 2a) S”! 2 ” +i>? da . 

’TJiU-tt) sin a ^.4(6-3.-) sma 

By § 94 both of these integrals vanish in the limit as n-r oo . 

It follows that the series 

CO 

(« 0 - a. 0 ') + 2 {(« m - «„') coa nx + (bn ~ & n ) TC:c } 

converges, and that its sum is zero. 

But we have already shown that 

n 

af +• cos nx + b n ' sin nx) 

1 

converges, and that its sum is 

i [f( x + 0) +f(x - 0)j. 

It follows, by adding the two series, that 

CO 

a 0 + 2(«„ cos nx + b n sin nx) 
i 

converges, and that its sum is 

i C/(* + 0) +f(x - 0)] 

at any point between - w and r at which these limits exist. 

When the limits /( -tt +0) and/(7r -0) exist, we can reduce the discussion 
of the sum of the series for x— ±77 to the above argument, using the equation 
f{x + 2ir)=f{x). 

We can then treat x— ±tt as inside an interval (a, b), as above. 
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In the interval 
and in the interval 
Prove that /(») = 


EXAMPLES ON CHAPTER VII. 

0 <X< 1’ 

\<x<l, f{x)^x- |z. 


27 rx 1 6 tx 1 lOrnc 

cos — + b cos t " + 25 cos ~ r + ' 


2. The function f(x) is defined as follows for the interval (0, rr) ; 

ls«- f(x) = \]x, when 0 g x rg ^ tt, 

when },rr < x < irr, 
f(x) — il(ir-x), when jv g; x^=.ir. 

Show that 

when 0S.S,. 

3. Expand f(x) in a series of sines of multiples of tt x(a, given that 

f(x) = mx, when 0 h'x :X hi, 

f(x) = m(a -x), when \a r:; x r.:: a. 


4. Prove that 


¥ 


■ x = ~ 2 j’ 
TT 1 


2mrx 

l 'T 


-, when 0 <x<l, 
2mrx 


and 




l 2 l 2 ?... 

12 + tt 2 i ‘ 


«, when Ox. xx l. 


5. Obtain an expansion in a mixed series of sines and cosines of multiples 
of x which is zero between - tt and 0, and is equal to e x between 0 and tt, and 
give its values at the three limits. 

6. Show that between the values -w and + tt of x the following expansions 
hold : 

2 . / sin £ 2 sin 2* , 3 sin 3x 


sm mx : 


: - Sm VITT 

7 r 


12 _ m a 2 a - m 2 + 3 2 ~ m 2 


■ 4* . • • 


cos mx = - sm mir l ^ + p 


2 . (1 
\2i 

cosh mx __ 2 / I_ _ 
it tt \2m 


cos x m cos 2x m cos 3x 
m 2 2 2 np + y + m 2 
m cos x m cos 2x m cos 3a; 




sinh mir it \ 2m 1 2 + m? 2 2 + in 2 3 2 + m 2 
7. Express a; 2 for values of x between - tt and tt as the sum of a 
and a series of cosines of multiples of x. 

Prove that the locus represented by 


l n 

is two systems of lines at right 
of area tt l 2 . 


03 / _ 1)«— ' 1 

y i 1 — sin nx sin ny = 0 
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8. Prove that 


2 c 3 ” U 
~3 (l + Y n 3 it 3 


, . Hire 71TTC 

d sm — j — nrre cos —7 


ntr 

COS - 7 " X 

d 


represents a series of circles of radius c with their centres on the axis of x 
at distances 2d apart, and also the portions of the axis exterior to the circles, 
one circle having its centre at the origin. 

9. A polygon is inscribed in a circle of radius a, and is such that the alternate 
sides beginning at 0—0 subtend angles a and p at the centre of the circle. 
Prove that the first, third, ... pairs of sides of the polygon may be represented, 
except at angular points, by the polar equation 


7 tO . 2tt0 

-a x sm—o+aj sm ~r~d+ 


where 


a n (a + p) 

” - =sm 


4 a 


a + p 
nira 

2 (a -j- /3) 003 2 ] 


' a + ft 




cos sec <b dd> 

a + p f v 


. mr(2a + P) P{ ^ mr<f> , , . 

+Sm "2 (a + ffl C0S 2 ]„ C ° S 5+7 860 $ 


Find a similar equation to represent the other sides. 

10. A regular hexagon has a diagonal lying along the axis of x. Investi- 
gate a trigonometrical series which shall represent the value of the ordinate 
of any point of the perimeter lying above the axis of x. 


11 . 


If 0 < x < 2ir, prove that 

T sinho(7r-a; ) sin x 
2 sinh air 


2 sin 2x 3 sin 3a; 

t r -A,, ' H ■> . + . 


a 2 + 1 2 a 2 + 2 2 1 a 2 + 3 2 


12. Prove that the equation in rectangular coordinates 


2 , .4 h 




TTX , 1 
cos — +2~ 2 


cos 


2irx 1 


+ ^ cos 


3ra; 

K 


3 TT- \ K K 

represents a series of equal and similar parabolic arcs of height h and span 
2 k standing in contact along the axis of x. 

13. The arcs of equal parabolas cut off by the latera recta of length 4 a are 
arranged alternately on opposite sides of a straight line formed by placing 
the latera recta end to end, so as to make an undulating curve. Prove that 
the equation of the curve can be written in the form 


ir 3 y 

64a 


. vx 1 . 3~r 1 , 5~x 

!Sm E + 3» 8m 'Sr + 5» Mn 4a + 


14. If circles be drawn on the sides of a square as diameters, prove that 
the polar equation of the quatrefoil formed by the external semicircles, referred 
to the centre as origin, is 

71 r 

4^/2 = * + A cos 4:0 ~ in; cos 80 + 1 } a cos 120 + ... , 

: where a is the side of the square; 

15. On the sides of a regular pentagon remote from the centre are described 
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segments of circles which contain angles equal to that of the pentagon ; pro ve 
that the equation to the cinquefoil thus obtained is 

a being the radius of the circle circumscribing the pentagon. 

I 

'2 

\<x<l, f(x) =0. 


16. In the interval 
and in the interval 

Express the function by means of a series of sines and also by means of a 
series of cosines of multiples of Draw figures showing the functions 
represented by the two series respectively for all values of a; not restricted to 
lie between 0 and 1. What are the sums of the series for the value x = ^ ? 

17. A point moves in a straight line with a velocity which is initially n, 
and which receives constant increments each equal to u at equal intervals r. 
Prove that the velocity at any time t after the beginning of the motion is 

1 , ut u 2, I . 2 nv.. 
v~ n u+~~ + ~ 2 ~sm — t, 

2 T 7T „«i n r 


and that the distance traversed is 


ut 


£ {t + r) + 5 ~ £ t is cos L [See Ex - 4 above - ] 


2tt7T 


18 . A curve is formed by the positive halves of the circles 
(x - (4n + 1) a) 2 + y 4 = a 2 
and the negative halves of the circles 

(x~(4:n~ l)a) z +y 2 —a 2 , 

n being an integer. Prove that the equation for the complete curve obtained 
by Fourier’s method is 

1\ t rx' 


2 K v M , ,vk-1 • f 1\ 


- 1'* ,w. 


19. Having given the form of the curve y~f{x), trace the curves 


''"2 ri> f- 

y~- Ssinraq f(t)sinrtdt, 

^ 1 Jo :Vv' v ■:: 1, ; 

"r ; -. ' . ' If.".".. 

y = 4 I sin (2r - sin (2r - l)f dt, 

v I . Jo. ' . « 

7T 7T 

and show what these become wben the upper limit is j instead of ^ • 

jL 

20. Prove that for all values of t between 0 and - the sum of the series 

a 

.» 1 . rirb . TTrx , rirat . 

V - sm ~r~ sin ■ sin — j- 

is zero for all values of x between 0 and b - at and between ai^-b and I, and 
- .. ■ ■■ ■ l 

is ~ for all values of x between b at and ai + b s when b < g • 
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21. Find the sum of the series 


1 ” sin 2n~ x 


1 ^sin(2«.-l)7r.r 
7T f 2 n- 1 


and hence prove that the greatest integer in the positive number x is repre- 
sented by x + m - 8v~. [See Ex. 1. p. 250, and Ex. 4 above.] 

22. If x, y, z are the rectangular coordinates of a point which moves so 
that from //— 0 to y = X the value of z is i<(a 2 -x 2 ), and from y — x to y — a 
the value of z is k(« 2 - ?/-), show that for all values of x and y between 0 and a, 
z may be expressed by a series in the form 

, . p7T(x-a\ . qir /•// + a\ 

and find the values of A p ,,, for the different types of terms. 

23. If f[x) — sin x, when 0 ~ x Jr, 

and f{x) = when Jr < a; Sir, 

prove that, when 0 ^ x < r, 

f(x) - ]r sin x + S t + S., - S 3 , 

where S l 

5 2 ~ sin x + l sin 3x + l sin 5x + . . . , 

5 3 — sin 2.t + J sin 6x + 1 sin 10.r + ... , 

an<I find the values of S v S„, and S 3 separately for values of x lying within 
the assigned interval. [Cf. Ex. 1, p. 250.] 


2 4 6 

T - - r , sin 2x - n — =- sin 4x + = — - sin 6x ■ 
l.o «i.o 0.7 


24. If 


/(*) = “ 


sin 3a: sin 5a; 

. -f-- 


3 2 


5 2 


[ . sin 
^ sm x 7 


sin 2a; sin 3a; 

"f~- 


v \ 2 1 3 

show that /(x) is continuous between 0 and r, and that /(tt- 0) = 1. Also 

2 TV 

show that f'(x) has a sudden change of value — at the point [See Ex. 1, 2, 
pp. 242-3.] 

25. Let 

. 2, sin 3(2» - 1 )x A sin (2n - l)x 6£ sin J(2/i - l)r sin (2n - l)x 

f{x)=z t 2^1 2 r~2iUT“ + 7rt (2^1? ’ 

/(+0)-/(7r~0)=-lr, 

Mr + 0) -/( Jr - 0) = - Jr, 

/(Jr + 0) -/(§r-0)=Jr ; 
also that f(0) =/( Jr)'=/(f r) =/(r ) - 0. 

Draw the graph of f(x) in the interval (0, r). [See Ex. 1, p. 250, and Ex. 2 
above.] 



CHAPTER VIII 

THE NATURE OF THE CONVERGENCE OF FOURIER’S 
SERIES AND SOME PROPERTIES OF FOURIER’S 
CONSTANTS 

104. The Order of the Terms. Before entering upon the dis- 
cussion of the nature of the convergence of the Fourier’s Series for 
a function satisfying Dirichlet’s Conditions, we shall show that in 
certain cases the order of the terms may be determined easily. 

I. If f(x) is bounded and otherwise satisfies Dirichlet’s Conditions 
in the internal (-tt, 7 r), the coefficients in the Fourier’s Series for 
f(x) are less in absolute value than Kjn , where K is some positive 
number independent of n. 

If the interval ( - 7r, 7 r) can be broken up into a finite number of 
open partial intervals (c r , c r+1 ) in which/ (a;) is monotonic, it follows, 
from the Second Theorem of Mean Value, that 

j* c r+l 

' 7 ra n =z J J f(x}Gosnxdx 
*U r 

■— S | f(c r + 0) J cos nx dx + f{c r+1 - 0) cos nx , 

where § r is some definite number in (c r , c r+1 ). 

Thus ir\a n \ <\ E (| f(c r +0) | + 1 f(c r+1 - 0)|} 

#6 

4 pM 

< ^C.‘ 9 . ... 

n 

where p is the number of partial intervals and M is the upper 
bound of \f{x) | in the interval (~ tt, tt). 

Therefore |« n |< KJ n, 

where K is some positive number independent of n. 
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And. similarly we obtain 

\b n \<K/n. 

We may speak of the terms of this series as of the order Ijn. 
When the terms are of the order 1 jn, the series will, in general, 
be only conditionally convergent, the convergence being due to 
the presence of both positive and negative terms. 

II. If we are given that f(x) is of bounded variation in ( - 7 r, ir)* the same 
result follows at once, since /(&■) = F(x) - G(x), where F(x) and G(z) are bounded 
and monotonic functions. 

III. If f(x) is bounded and continuous , and otherwise satisfies 
Dirichlet's Conditions in - 7r<x<7r, while f{ir- 0 >=/( — 7T +0), 
and if f'(x) is bounded and otherwise satisfies Dirichlet’s Conditions 
in the same interval, the coefficients in the Fourier's Series for f(x) 
are less in absolute value than Kjn I 2 , where K is some positive number 
independent of n. 

In this case we can make f{% ) continuous in the closed interval 
( - 7 r, x) by giving to it the values /( - 7r +0) and f(nr - 0) at x~ - x 
and 7 r respectively. 


Then 7 ra n - 


f /(*) 

J — rr 

1 r /( x ) ^ 

n L J 


cos nx dx 


sin nx 


sin nx dx 


— — /'(#) sin nx dx. 

nj - „ 

But we have just seen that with the given conditions 

I f(x) sin nx dx ■■■■;[[ 

V/'.-.. . ' j ~7T ; \ .. ’■ ■ ■ ■ „ ' 

is of the order Ijn. 

It follows that - , \a n \<K/n 2 , 

where K is some positive number independent of n. 

A similar argument, in which it will be seen that the condition 
f (tt “ 0 ) —~f ( - t + 0 ) is used, shows that 

\b n \<Kln\ 

Since the terms of this Fourier’s Series are of the order Ijn 2 , 
it follows that it is absolutely convergent, and also uniformly 
convergent in any interval. 

The above result can be generalised as follows : If the function 
f(x) and its differential coefficients , up to the (p-l) th , are bounded, 
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continuous and otherwise satisfy Dirichlet’s Conditions in the 
interval ~ 7r<x<TT, and 

f ‘( • - x -r0) — /’"’(x - 0), [r=0, l,...(p-l)l 
and if the p fl ' differential coefficient is bounded and otherwise satisfies 
Dirichlefs Conditions in the same interval , the coefficients in the 
Fourier’s Series for fix) will be less in absolute value than Kjn p+l , 
where K is some positive number independent of n. 

105. The Riemann-Lebesgue Theorem,* and its Consequences. Let. f(x) be 


bounded and integrable in (a, 6), or, if f(x) is unbounded, let | f{x)dx he absolutely 
convergent. 

Then lim f f(x) nxdx— 0. 

.a cos 

(a) Let | f(x) | be less than A in (a, b), and e the usual arbitrary positive 
number. 

There is a mode of division of {a, b), say a-x 0 , x x , a; a , ... x m _ t , x m —b, such 
that S~ s for it is less than U (§ 42). 
r 6 m 

Thus I f{x) sin nx dx .= S l [/(ay) + (/(®) ~/(ay)3 sin nxdx 

Jo i J*r_l 

Ifay I f.r r . 

{ i/(x r )|i sin nx da: + 1 l/(U -/(*»•) 1 sin nx\dx \ 
l \ U^r-l 1 < ,a r- 1 J 

O jyj A Vft 

< z. — _ + V (jf r _ m r )(x T - with the notation of § 39 
n i 


■< 


2mA 

n 

2mA 

n 


+ (S-s) 

+ h 


<e, when n 


A, Am A 


Hence 


lim 1 f(x) sin nx dx~0. 

M--+C1D. O' 


fft 

And in the same way, lim I f{x) cos nx dx--Q, 

' ' H— >00 J O 

(/) If \ f(x)dx is an absolutely convergent infinite integral, according to 

the definition of § 51, we have only a finite number of points of infinite discon- 
tinuity in (a, b). 

As we can treat these separately, it is clear that we need only discuss 
the case when a or h is a point of infinite discontinuity. We take the latter 
alternative. ■ 


* This theorem was proved by Riomann [Math. Vferhe, 1 (2 AufL, 1892) 254] for 
the functions stated in the text, andextendedby Lebesgue to functions with a 
Lebesgue Integral [Ann. sc. de VEcole normale (3), 20 (1903), 471], 
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In this case, there is a point /?, between a and b, such that 
\ b |/(.r)| ( /.i-< y. 


Also j j ■/(. r) sin nx «hrj == Jj f(x) sin nx. dx + j /(*) s * n nx f ^ r j 

f(x) sin nx f/.rj + 1 |/(a:) | dx. 
i I J/J 

But/(.r) is bounded in (a, p) : and thus, by the above, we know that 
I j'{x) sin nx dx | < Je when n~ a. 


Therefore 


f(x) sin nx dx < Je + Jt, when n £= v. 


and the theorem is proved. 

The following results can be deduced almost immediately from the Riemann- 
Lebesgue Theorem. In all of them x u is a point of the. interval ( - rr, w) ; and 
f(x) is subject to the conditions named in that theorem : it is bounded and 

f-rr 

integrable in ( -t r, -), or, if unbounded, the integral \ f(x)dx is absolutely 

J — IT 

convergent. 

(i) The Fourier's Constants a n and b n of f(x) tend to zero when n->co . 

(ii ) The behaviour of the Fourier's Series corresponding to f{x), as to con- 
vergence, divergence, or oscillation at a point x 0 , depends only on the values of 
/(.<•) in the. neighbourhood ofx Q . 

Here, with the notation of § 95, we have 


, . 1 ( ’*■ 0 “ 2 r, po + 2rj 

s n(' r o)—2^\ _ +t + 


sin l(27i + 1 ) (x f - x 0 ) 
j f o - }.r 0 A:2r,/ JK sin |(.V - X Q ) 


where (.}•„ - 2//, a’ Q + 2?/) is a neighbourhood of ;r 0 . 
Thus 

1 ;'I(’r-!-.r 0 ) sin (2«. + l)a 7 

/(V -2-) sina fe 




. . , sin (2k + l)a , If. /( ^ + 8a) ™(i» + l )g fc . 


/(*o + 2a)- 


: da + - 1 
wj 


By the Riemann-Lebesgue Theorem, the first and second integrals vanish in 
the limit when oo : and the result follows. 

(hi) The behaviour of the Fourier s Series corresponding to f(x) in an interval 
{a, b),. where - tt < a <6< it, as to convergence, divergence, or oscillation, depends 
only on the values of f{x) in (a - <% b + S), where S is an arbitrarily small positive 
number. 

This is proved as in ,(ii)» 

(iv) Jff(x) is of bounded variation in a neighbourhood ofx 0 ,the series converges 
at :r 0 to | [/(*„ + 0) +/(a- 0 - 0)].. . ; 

As above, lim 5„(a? 0 )=- lim P* f(x 0 +2a) ~ da, 

*«-«>» since 

and the result follows from Dirichlet’s Integral (§ 94). 
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If lim Ifi-i'a+h) +f{x 0 - h)] exists, and 2 f(x 0 ) is taken equal to this limit, two 
h-> 0 

important sufficient conditions for the convergence of the Fourier’s Series 
at A ' 0 to the value /(.r 0 ) are given in (v) and (vi). They are usuaUy called 
Dini’s Condition and Lipschitz’s Condition. In both 

</•>(«) —f( x o + 2«) +/(r 0 - 2a) - 2 /(.t u ). 

(v) Dini’s Condition.* The Fourier's Series corresponding to j\x) has J U 0 ) 

for its sum when x = x 0 , if there is a positive number >) such that, •! da is a 

, -o a 

convergent integral. 

For, we see from (ii), that lim s n (x 0 )=f(x 0 ), provided that 


lim \ V { f(x 0 + 2a) +/(.t’ u - 2a) - 2/(.r tl ) 


i.e. if 
Also 


lim r/,(a) 
;?■ — >q o Jo 




I 

sin (2,. H-Da ^ 


da — Q : 


i£zr ’ n if 0 

a a “ 


(vi) Lipschitz’s Condition.! The Fourier's Series corresponding to fix) has 
f(x 0 ) for its sum when .r = .r 0 , if positive numbers G and k exist such that, 
1 /(A, + 1) — /(»’<)) I < w/ie» |*|.^ some fixed positive number. 

In this case, there is a value of // for which 

]/(.>•„ + 2a) +f(x 0 - 2a) ~ 2 f(x 0 ) j <2* ! + 1 C , a* ! , when OSag .7. 

And 

I Jo sma I Jo 

which can be made as small as we please by taking g small enough. 

This condition is a special case of the preceding. 

106. Discussion of a case in which f(x) satisfies Dirichlet’s Conditions and 
has an infinity in ( -t, rr).f : We have seen that Dirichlet’s Conditions i&clude 
the possibility of f(x) having a certain number of points of infinite discontinuity 

in the interval, subject to the condition that the infinite integral 1 f(x)dx is 

J — 57' 

absolutely convergent. 

Let us suppose that near the point a- a , where ~ir<a: 0 <7r, thefun>Aoa ;A 
is such that 

J{X} -(x-x 0 y' 

where 0 < v < 1 and <j>{x) is monotonic to the right and left of x^, while <j>(x 0 ± 0) 
do not both vanish. 

In this case the condition for absolute convergence is satisfied. 


*Dini, Serie di Fourier e altre rappresentazioni analitiche ddle funzioni dl una 
var labile retile. (Pisa, 1880), p. 102. 
jLipschitz, Journal fur Math., 63 (1861), 296. 

£See also Ex. 5, p. 241. 

a.i . s 
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Then, in determining a n and b n , where 

%a n ~\ f(x) cos nx dx and vb n = f f(x) sin nx dx. 


we break up the interval into 

(-7T, a), (a,x Q ), (x 0 , P), and (p, v), 
where (a, ft) is the interval in which fix) has the given form. In ( - 7 r, a) 
and ([}, 7 r) it is supposed that f(x) is bounded and otherwise satisfies 
Dirichlet’s Conditions, and we know from § 104 that these partial intervals 
give to a n and b n contributions of the order l/n. 

Tlie remainder of the integral, e.g. in a n , is given by the sum of 


To - 5 (fj(x) 


cos nx dx and lim 


cos nx dx, 


lim , - — - — - , . . 

£— >0 J a [X- >T 0 )*' 6— >0 J.ro + S \ X ~ x 0) 

these limits being known to exist. 

We take the second of these integrals, and apply to it the Second Theorem 
of Mean Value. 

Thus we have 

O 3 <ji(x) , , , , cos nx 7 . , , cos nx 




where x 0 ■+ 8~^~p. 

Putting n(x~x Q )~ij, we obtain 


l Ax, 


.,- 0+2 {x- x^Y nX-y _„s y v 


+ 


»<£ - To) 
p cos 

)a r 


cos (y + nx 0 ) 


cos (y+nx n ) , \ ! > cos ?/ , 

1 -r — ~f/y/ = cos nx 0 \ - dy ■ 


Ay\, 


y V 

. f 6 sin y , 

■ sm ?ia' n —dy. 

Ja r 


• a r * 


But 

• Ja : ' y v 

Also when a, b are positive. 

Ip cos y 

I. « ~~y v 

are both less than definite numbers independent of a and b, when 0 < v < 1. 

Thus, whatever positive integer n may be, and whatever value 8 may have, 
subject to 0 < 8 < fi - x 0 , 

I P cos nxdx 1 < K'/n~L - y, 

l.'T 0 + S (*~^o) I 

where K' is some positive number independent of n and £. 

It follows that 

4>{x) 


cos nxdx 


< K'jnX - v. 


I fi— >0 J ^ 0 4- 5 ( *& ^ 0 )^ 

A similar argument applies to the integral 

fTo-S </>(&•) , 

\ r- --- - -- cos nx dx. 

ja (X—Xq) 

It thus appears that the coefficient of cos nx in the Fourier’s Series for the 
given function f{x) is less in absolute value than Kjn^-y, where K is some 
positive number independent of n ; and a corresponding result holds with 
regard to the coefficient of sin nx. 

It is easy to modify the above argument so that it will apply to the case 
when the infinity occurs at ±71-. 
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107, The Uniform Convergence of Fourier’s Series.* We 
shall deal, first of all, with the case of the Fourier’s Series for 
f(x) } when f(x) is bounded in ( - tt, tt) and otherwise satisfies 
Dirichlet’s Conditions. Later we shall discuss the case where a 
finite number of points of infinite discontinuity are admitted. 

It is clear that the Fourier’s Series for /( x) cannot be Uniformly 
convergent in any interval which contains a point of discontinuity ; 
since uniform convergence, in the case of series whose terms are 
continuous, involves continuity in the sum. 

Let f{x) be bounded in the interval ( - tt, i r), and otherwise satisfy 
Dirichlet’s Conditions in that interval. Then the Fourier’s Series 
for fix) converges uniformly to f{x) in any interval which contains 
neither in its interior nor at an end any 'point of discontinuity of the 
function .f 

As before the bounded function fix), satisfying Dirichlet’s Con- 
ditions in ( - 7 r, 7 r), is defined outside that interval by the equation 
f(x+2Tr)=f(x). 

Then we can express f(x) in any interval — e.g. (-2 tt, 2tt) — as 
the difference of two functions, which we shall denote by F(x) 
and G(x), where F(x) and G(x) are bounded, positive and, mono- 
tonic increasing. They are also continuous at all points where 
f{x) is continuous [§ 36. 1 or § 36. 2]. 

Let f[x) be continuous at a and b% and at all points in a<x<b, 
where, to begin with, we shall assume —7 -<a and 6<7r.* 

Also let x be any point in (a, b). 

Then with the notation of § 95, 

1 


/ \ -1 f* U s i n $(2»+l) (x'-x) 7 , 

s ” (x)= 2d _/<* > - ±w- w dx 


If iW 


f{x +2a) 


sm ma 
sin a 


da, where m— 2>i + l.§ 


*See footnote, p. 230. 

fit will be seen from § 105, (ii), that if {a, b) be any interval contained in 
( - 7 r, n-) such that f(x) is continuous in (a, b), including the end-points, the answer 
to the question whether the Fourier’s Series converges uniformly in (a, b), or not, 
depends only upon the nature of f(x) in an interval («", b'), which includes (a, b) in 
its interior and exceeds it in length by an arbitrarily small amount. 

JThus /(a + 0) =/(a) =/(« — 0) and /(& + 0) =/<6) -/(6 -0). 

§We have replaced the limits - tt, tt by -v + x, t + x in the integral before 
changing the variable from x' to a by the substitution x' = x + 2a. Cf. § 101. 
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Then, in determining a n and b n , where 

f(x) cos nx dx and ir b n ~ f f(x) sin nx dx, 


we break up the interval into 

(-7r, a), (a, x 0 ), (x 0 , ft), and {ft, ir), 

where (a, ft) is the interval in 'which f(x) has the given form. In ( ~tt, a) 
and (ft, 7T ) it is supposed that f(x) is bounded and otherwise satisfies 
Dirichlet’s Conditions, and we know from § 104 that these partial intervals 
give to a n and b n contributions of the order 1/ft. 

The remainder of the integral, e.g. in a n> is given by the sum of 

lim ( J ° 5 cos nx dx and lim P — cos nx dx, 

<$->o J« (x-x 0 ) v a->oir 0 +5 (x~x 0 ) v 

these limits being known to exist. 

We take the second of these integrals, and apply to it the Second Theorem 
of Mean Value. 

Thus we ha ve 

p , , , . P ,ff cos nx , . cos nx 


i At cos nx , ' JIO JP cos nx , 

ix dx — (f)(x 0 + S ) +8 


-dy 


dy 


But 


|* sar. 


■.W+« (x-.x 0 ) v 

where .r 0 + 8 — £ — ft. 

Putting n(x - x Q ) —y, we obtain 

[" -M*\ c03 003 

)j. Q+s (x~x 0 ) v nl~y J«8 y» 

[ <t>(ft) ( n P cos (y + n x 0 ) 

, . \ b sin y 7 

„ dy-smnxA z~dy. 

y v u .'o y y J °' a y v 

Also when a, b are positive. 

IP cos y 

l!« w ' " i* l.’a y v 

are both less than definite numbers independent of a and b, when 0 < v< 1. 

Thus, whatever positive integer n may be, and whatever value S may have, 
subject to 0 < 8 < ft - x 0 , 

I P cos nx dx I < JST7»l - v , 

lia-o+ste-so Y 1 

where K' is some positive number independent of n and £. 

It follows that 

limP 1 .&*>_ 


dy , 


cos nx dx 


<K'lni~*. 


I fi— >o %o) V 

A similar argument applies to the integral 

Go -a <f>(x) j 

\ cos nx dx. 

,'a ( X X 0 ) 

It thus appears that the coefficient of cos nx in the Fourier’s Series for the 
given function /(x) is less in absolute value than K/nl-v, where K is some 
positive number independent of n ; and a corresponding result holds with 
regard to the coefficient of sin nx. 

It is easy to modify the above argument so that it will apply to the case 
when the infinity occurs at ±ir. 
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107. The Uniform Convergence of Fourier’s Series.* * * § We 
shall deal, first of all, with the case of the Fourier’s Series for 
f(x), when f(x) is bounded in ( - 7 r, 7 r) and otherwise satisfies 
Diriehlet’s Conditions. Later we shall discuss the case where a 
finite number of points of infinite discontinuity are admitted. 

It is clear that the Fourier’s Series for / (x) cannot be uniformly 
convergent in any interval which contains a point of discontinuity ; 
since uniform convergence, in the case of series whose terms are 
continuous, involves continuity in the sum. 

Let f(x) be bounded in the interval ( - 7 r, tt), and otherwise satisfy 
DiricMet’s Conditions in" that interval . Then the Fourier’s Series 
for f(x) converges uniformly to f(x) in any interval which contains 
neither in its interior nor at an end any point of discontinuity of the 
function.^ 

As before the bounded function f(x), satisfying Dirichlet’s Con- 
ditions in ( - 7r, 7 r), is defined outside that interval by the equation 
f(x+2ir)^f{x). 

Then we can express f(x) in any interval — e.g. (- 2t , 27r) — as 
the difference of two functions, which we shall denote by F(x) 
and G(x), where F{x) and G(x) are bounded, positive and, mono- 
tonic increasing. They are also continuous at all points where 
fix) is continuous [§ 36.1 or § 36. 2]. 

Letf(x)be continuous at a and b% and at all points in a<x<b, 
where, to begin with, we shall assume -7r<« and 6<7i\- 

Also let x be any point in («,&). 

Then with the notation of § 95, 


z N 1 { s, ,, sm |(2n-+.l) (x -x) , , 

S n (x) — v; I f(x ) ■ ~ ; . /• , dx 

v ' 2 7rJ _ f K sml(s -x) 

"If 


/( x +2a) 


sm ma 
sin a 


da, wh ere m~ 2 n + 1. § 


*Seo footnote, p. 230. ... 

fit will be seen from § 105, (ii), that if [a, b) be any interval contained in 
( - ir, 7r) such that /(*} is continuous in (a, b), including the end-points, the answer 
to the question whether the Fourier’s Series con verges uniformly in (a, b), or not, 
depends only upon the nature oif(x) in an interval (a', b'), which includes (a, 6) in 
its interior and exceeds it in length by an arbitrarily small amount. 

JThus /(a +0) =/(a) -/(« - 0) and f(b + 0) =f(b) =/(6-0). • ; , 

§ We have replaced the limits - ir t w by -v+a:, ir-i-x in the integral before 
changing the variable from x' to a by the substitution z'~ x + 2a. Cf. § 101. 
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Thus 
s. 


% 1 fi ,r _ , sin ma , 

‘-w.-ij .J (x+2a) "ssur d “ 


1 f i,r n, o \ sin ma 

• - GLe+2a) — v da. ... 

ttJ-i* v sm a 


•( 1 ) 


?-.e. 


We shall now discuss the first integral in (1), 
f- 7 " t,/ ~ v sin ma , 

L,/< x+2a) H5T' ia ’ 

f V(* +2a) SITS ia + f >(* - 2a) ^ da. 

J 0 ' ,sin a J 0 sm a 

Let /i be any number such that 0 </*<$tt. 

Then 

f>(® +2a) ^ = ^ +0)f ^ ^ da 

j 0 v ; sina Jo sm a 

fM- „ ^ v ... sin ma 7 

+ j ^ {F(x +2a) - F(x +0)} — ^ 

+ J { + 2a) - F(x + 0)} - g v— da 

= /i + / 2 +I 3 , say (2) 

We can replace F{x +0) by F{x), since F(x) is continuous at x. 

But P , 3in(2w + l )a <fa= P’ (1 +2 ± cos 2ra) da= lx. 

J 0 sm a Jo i 

Thus Ji = £?r#(a?) • ( 3 ) 

Also {F(x +2a) - F{x)} is bounded, positive and monotonic 

increasing in any interval; and is also bounded, positive and 

monotonic increasing in 0<a si 1 7T. 

Therefore we can apply the Second Theorem of Mean Value to 

the integral 

sin ma 


A(«) 


da, 


where 

It follows that 

h= 

where 


«=#+ 2“)- ■*■(*)) ^ 


u sin ma , 

{F(x +2fu) - F(x)} gin ^ J ^ a da > 
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But we know that 


p sin ma , sin a . 

d a _ da 

U a . m t a 


< 7r * (§91.) 


(4) 

bin it 


Therefore 

Finally I z ~{F(x +2//) - A(a;)} f — ■ !-- - ■ ? da 

Ja si net 


+{*(*+*)-*(*)} f" 

, _ , Jr sm a 

where -| x . 

But, if 0 <0<0^£ Xj 

p sin Mia 7 1 f v . 1 p/. 

J. ii7 'flj, Sln *» + dn - £| sin ma **. 

where 


Therefore 


P sin i 
Jo si 


w.a da 
sin a 


{cosec 0 + cosec 0} 


It follows that 


< - cosec 6. 
m 


|/*l< 


131 + 2 /‘) - +{-*> + T ) - F(x )} J 


< 


m sm ft 

where A" is some positive number, independent of m, and de 
pending on the upper bound of |/(z)| in ( - , r , 7 r). 

Combining (3), (4) and (5), we see from (2) that 


T r(*+2a) sin “&-R(,) 

JttJo sm a " v 7 

<{F{x +2/i) - F(ar)}-^ 


+ - 


sm ji m-n- sm fi 
A similar argument applies to the integral 


* ey 0 vSmwa, 

J? (a? - 2a) — T da, 

Jn sm a 


but in this case it has to lie remembered that F(x — 2ct) is mono 
tonic decreasing as a increases from 0 to |tt. 

The corresponding result for this integral is that 

1 7 rj 0 sm a 2 v ’ 


<L\F{x~%h) 
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K as before being some positive number independent of m, and 
depending on the upper bound of |/(a:)| in ( - 7 r, x). 

Without loss of generality we can take Ii the same in (6) and (7). 
From (6) and (7) we obtain at once 

1 1 f i,r -n/ ~ x sin ma 1 ^ , . 

- F(x+2a) da-F(x) 

JxJ-u sm a 


< -A~ { | F(x +2/i) - J(i)| + 1 F (x - 2/j) - F{x) 1 } + 8K 

Bill ju u K r w 1 1 1 1 mir sm pi 

Similarly we find that 
II 


^ n, n x sm ma , . 

G(x +2 a) da - G(x) 

-u sm« 


< + - 2 "> - sm „ 


Thus, from (1), 

If*" ft , o \ sin , ,, . 

d-./ ( * +2a) 


C ( I J?(* +2/*) - J(*) I + 1 - » - F(x) | 

+ \G(x +2pi) - <?(i)| + \G{x - 2 pi) - &(»)(} 

1 6K 

_j 7 — (10) 

«ix sm pi ' ' 

Now F(x) and G(x) are continuous in ci<x<b, and also when 
x~a and x = b. 

Thus, to the arbitrary positive number e, there will correspond 
a positive number pi 0 (which can be taken less than |x) such that 

| F{x +2 pi) - F(x)\<e, I G{x +2 pi) - G(x ) I <e, 
when \pi\ M pi 0 , the same pi 0 serving for all values of x in a^x^b. 

Also we know that pi cosec pi increases continuously from unity 
to \v as px passes from 0 to far. 

Choose pi 0 , as above, less than -|x, and put pi ~pi Q in the argu- 
ment of (1) to (10). This is allowable,, as the only restriction 
pi was that it must lie between 0 and \ir. 

the terms on the right-hand side of (10), not including 
r sin pi 0) are together less than 8e for all values of x in 

So far nothing has been said about the number m, except that 
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Let ft 0 be the smallest positive integer which satisfies the in- 
equality 

16ff 

(2w 0 +1)tt sin ju Q <e ' 

As li., ju 0 and e are independent of x, so also is n 0 . We now choose 
m (i.e. 2n + 1) so that n ^ n 0 . 

Then it follows from (10) that 

f » «(*)-/(*)!< 9e, when ft =5 n 0 , 
the same w 0 serving for every x in a g x g 6. 

In other words, we have shown that the Fourier’s Series con- 
verges uniformly to f(x), under the given conditions, in the interval 
(a, b)* 

If /( -- ?r + 0) =f(ir -0), we can regard the points ±tt, +2tt, etc., as points 
at which f(x), extended beyond (-tt, tt) by the equation f(x + 2r) =f(x), is 
continuous, for we can give to /(±ir) the common value of /( - ~ + 0) and 
f{ir — 0). 

108. The Uniform Convergence of Fourier’s Series f (continued). By 
argument similar to that employed in the preceding section, it can be proved 
that when /(a:), bounded or not, satisfies Dirichlet’s Conditions in the interval 
( - it , 7T ), and/(.c) is bounded in the interval (a', V) contained within ( - tt, tt ), 
then the Fourier’s Series for f(x) converges uniformly in any interval (a, b) in 
the interior of (a', ¥), provided f(x) is continuous in (a, b), including its end- 
points. 

But, instead of developing the discussion on these lines, we shall now show 


* It may help the reader to follow the argument of this section if we take a 
special case: 

E.g. f(x) =0, -rgiS^O, \ 

/(») = !, 0 ./ 

Then we have: 


Interval. 

Ax) 

m 

<•(*) 

-27 r< x < - 7 r 

1 

l 

0 

-rS a^.G 

0 

i 

1 

0< X*y T 

1 

2 

1 

7r< x~y 2ir 

0 

2 

2 


If 0 < a —■ x — b < tt, the interval (a, b) is an interval in which f(x) is continuous. 

The argument of the preceding section will then apply to the case in which 
-tt or ir is an end-point of the interval (a, b) inside and at the ends of which 
f(x) is continuous. , 
f See footnote, p. 230. 
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how the question can be treated by Fejer’s Arithmetic Means (cf. § 101), and 
we shall prove the following theorem .* 

Let f(x), bounded or not, satisfy DiricMefs Conditions in the interval ( ~ir, rr), 
and let it be continuous at a and b and in ( a , b), where - tt v: a and b -g tt. Then 
the Fourier's Series for f(x) converges uniformly to f{x) in any interval (a + 8, 
b - 8) contained within (a, b). 

Without loss of generality we may assume b - a Si w, for a greater interval 
could be treated as the sum of two such intervals. 

Let 2-rraf ~\ b f(x')dx'. 


and 


Tcaf = fif) cos nx' dx' 


irbf — fix') sin nx' dx', 




Since/(a:) is continuous at a and 5 and in (a, b), it is also bounded in (a, b), 
and we can use the Corollary to Fejer’s Theorem (§ 101) and assert that the 
sequence of Arithmetic Means for the series 
00 

af + 2 {af cos nx + bf sin nx) 

l 

converges uniformly to f(x) in {a, b). 

Also | a n ' cos nx-bbf sin nx | (af 2 4- b r 

But f(x) is bounded in (a, b) and satisfies Dirichlet’s Conditions therein. 

Thus we can write f(x)—F(x)-G( x), 

where F(x) and G{x) are bounded, positive and mpnotonic increasing functions 
in (a, b). It follows that we can apply the Second Theorem of Mean Value 
to the integrals 

P p, „ COS , y , f COS , J , 

| Fix ) , nx dx , G(x ) . nx dx , 

} a ' ' sin Jo sm 

and we deduce at once that (a n ' 2 + b n ' z $ < Kjn, 

where K is some positive number depending on the upper bound of \f(x)\ 
in (a, b). 

Then we know, from Theorem II, Cor. II of § 102, that the series 

00 

a 0 ' + cos nx + h n ' sin nx) 

.. l '■ 

converges uniformly to f{x) in (a, b). 

Let us now suppose x to be any point in the interval (a + 8, b - 8) lying within 
the interval (a, b). - 
With the usual notation 
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It follows, as in § 103, that 

CO 

(a 0 - <) + 2 { (a n - «,/) cos rca + (b n ~ b n ') sin nx) 


:r «,+ 2a) ?ta(|?±i)« rfa , 


is equal to 
lft* 

7r ;' i(a: “«)'■ ' ' ’ a-Jj(6-a)- • ' sin a 

/(ai) being defined outside the interval (—ir, 7 r) by the equation 

f{x + 2ir)—f(x). 

No wf{x) is supposed to have not more than a finite number of points (say m) 
of infinite discontinuity in { -tt, 7 r), and j'j/fa;') | dx' converges. 

We can therefore take intervals 2 7l , 2y~J... 2y ni enclosing these points, the 
intervals being so small that 


| f{x’) | dx’ < 2e sin 18, [r = I, 2, 


Wil 


e being any given positive number. 

Consider the integral 

[!' f {x -2a) s ^±ih du, 

Site -a) sin a 

x, as already stated, being a point in (a + 8, b-8). 

As a passes from b{x~a) to \ir, we may meet some or all of the m points 
of discontinuity of the given function in f(x -2a). Let these be taken as the 
centres of the corresponding intervals y v y 2 , ... y m . 

Also the smallest value of (a; - a) is S. 


Thus 


f[% ~ 2a) 

. V.. 


sin(2w + l)a 


sina 


da 


< 


sinlSj^ \f( x ~ 2a )\ da 

P.L l/MI*' 


2 sin | 

<£. 

When these intervals, such of them as occur, have been cut out, the integral 

x sin (2 ?h- l)a 


f' ;/0rA) ^ (2,,+1 > a & 

,i(x~a) sin a 


will at most consist of {m+ 1) separate integrals (I r ). [> = 1, 2, ... m j- 1 .] 

In each of these integrals ( I r ) we can take /(a.- - 2a) as the difference of two 
bounded, positive and monotonic increasing functions 

F(x - 2a) and G\x - 2a). 

Then, confining our attention to ( I r ), we see that 

1.1 sina | 

F-Q ){ cosee (cosec £<3 - cosec a}} sin (2w -I- 1 )a da 

IAI +!■/,! +M»I + |/,|, 
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where J x = eosec |S j F sin (2n + l)a da, 

i7g = cosec §s| G sin (2?i+ l)ct da, 
jr g = j F {cosec |-<5 — cosec. a} sin (2 n + l)a da, 

J 4 ~ j G {cosec |8 - cosec a} sin (2 n + l)a da. 

But we can apply the Second Theorem of Mean Value to each of these integrals, 
since the factor in each integrand which multiplies sin (2n + l)a is monotonic. 

It follows that 1 1 A < '2jUP~ 1 cosec 

where K is some positive number independent of n and ay and depending 
only on the values of /(a-) in (-r, tt), when the intervals 2y v 2y„ ... have 
been removed from that interval. 

Thus 


sma 


< 


(m + l)K 


+ me 


' (2n + 1 ) sin 
< (2m + l)e, 

when (2»+l)«> K cosec R 

Since this choice of n is independent of x, the integral converges uniform y 
to zero as a> , when x lies in the interval (a + 8, b - 5). 

Similarly we find that 

h(b-xy J[ m ] a 

converges uniformly to zero when x lies in this interval. 

Thus the series 

(o 0 - a A) + 1 {K - <) cos w + (&„ - V ) sin 
i 

converges uniformly to zero in (a + 8, b-S). 

But we have shown that the series 

a 0 ' + 2(o n ' cosrax + 6 n 'sinna;) 
converges uniformly to f(x) in (o, &}. 

Since the sum of two uniformly convergent series converges uniformly, we 
see that 

GO 

a 0 + 2(«« cos nx + b n sin nx) 
x 

converges uniformly to /(a?) in (a 6-8). 

109. Differentiation and Integration of Fourier’s Series. 

Differentiation. From the worked out examples in §§ 95-97 it is clear that 
term by term differentiation of Fourier’s Series is not in general permissible, 

the terms do not tend to zero sufficiently quickly. _ _ 

This difficulty does not arise in the application of Fourier’s Series to the 

dv o 2 v 

of Heat— often written as = 
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Here * the terms in the appropriate series are multiplied '.by a factor (e.tj. 

which may be called a convergency factor, as it increases the rapidity 
of the convergence of the series, and allows term by term differentiation both 
with respect to x and t. 

Integration. Again we have seen that under certain conditions the Fourier’s 
Series for f(x) converges uniformly to f(x) in the interior of any interval in 
which the function is continuous. In this case we know that we may integrate’ 
the series term by term within such an interval, and equate the result to the 
integral of/(aj) between the same limits. Also this operation can be repeated 
any number of times (§ 70. 1). 

But such a simple series as the Sine Series for unity in 0 <x< v, namely 

4 / 1 1 \ 

l= 7 _^sina:+-gsin3a! + g sin 0<a;<7r 

is not uniformly convergent in the interval 0 C- x t r, as its sum is discon- 

tinuous at a;=0 and x — tt. 

However it can be integrated term by term between the limits 0 and x, 

where, x — tt (cf. § 70. 2). This can be verified at once by comparing the Cosine 

Series for x in (0, ir), namely 

it 4/ 1 1 \ 

x = - - (cos x + cos 3.r + ^ cos 5x + . . . j, 0 ‘C x -- tt 

with the series obtained from the above by integration. 

In the days when Fourier’s Series were iirst used, term by term integration 
was employed without any hesitation, both in the case of the Fourier’s Series 
for/(a:), and when the series considered was that obtained by multiplying the 
Fourier’s Series term by term by another function. Later it was seen that 
such a step required justification. Hence the importance attached to the 
question of the. uniform convergence of Fourier’s Series in certain eases. But 
the theorem that follows shows that the presence or absence of uniformity of 
convergence has little or no hearing on the subject of the integration of the 
Fourier’s Series : and that, even the convergence of the series, is of secondary 
interest. 

Lei f(x) be bounded and integrable in ( - tt, tt), or, if unbounded, let 1 f{x)dx 

J - TT 

be absolutely convergent. Then , whether the Fourier's Series corresponding to 
f{x), namely 

a 0 + («! cos x + b t sin x) + (« 2 cos 2x + b 2 sin 2a;) -|- . . . , 
converges or not, 

rx * 1 

I f(x)dx=a 0 {x + ”) + 2 (® n sin nx + b n (cos nrr - cos nx)), 

J l 71 

when — tt ~ x !— tt. 

Let y = F(x) = \^ f(x)dx- a 0 x. 

( TT ■ ■ ■ TT 

f(x) dx - a 0 Tr — a 0 rr, since 27ro 0 = f(x)dx. 

— TT ■ ■■ J - TT 

and F( - tt) ~ F(tt). 


*Carslaw, Conduction of Heat (2nd ed., 1921), Ch. IV. § 30. 
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Also F(.v) is continuous in ( -tt, tt) {§ 49). 

And it is of bounded variation in this interval ; for, with the notation of 
§36.2, 


a - 1 

v 


!/r + 1 Hr 


ii r l I f.r 
- V 


r + 1 




1 fa-. 


r+I 


0 •• r r 




\f{x)\dx. 


Hence, by § 95, the Fourier’s Series for F(x), which we write as 
J 0 + ( A x cos x + B x sin .?•} + (A 3 cos 2x + B 2 sin 2.r) + . . . 
has F{x) for its sum at every point of - 7r Is x fi it. 

. If* 


Also, when n IT 1, 


F(x) cos nx dx 

— IT 

1 f ■ ir 

— l F'{x) sin nx dx 


(/(*) - « 0 ) sin nx dx* 


Similarly 

Therefore 


■ ii' 

me) 

K 

n 


XL = - f F(x) sin nx dx = — 
" 7T,I ~ir n 

1 


F(x) —A 0 + 2— (% sin nx - b n cos nx). 
l n 

But since F(ir) = F( - 7r)=« 0 7r, we have 

« 0 ir =■ A 0 + 2 - (a n sin nx - b n cos nir ) . 


Hence, on subtraction, 


1 


1 f(x)dx — a u {x + tt) + 2 - («„ sin nx + b n ( cos nrr - cos nx)), -x^LxsAir. 

) - r [ H 

It also follows that, when ~tt<x 1 < x 2 < r, 

f.r 2 . « 1 ■ 

I f(x)dx-'=a v (x. i -x l y+ 2 (« r ,(sin nx 2 - sin ax,) + A, (cos ?u'j - cos nx 2 )). 

■'A \fi 

Again since F(x) is continuous in - ir.al arg 7 r and F(tt) = F(- x ), we know 
that the Fourier’s Series for F(x) converges uniformly to F(x) in this interval. 

Hence term by term integration of f(x) can be repeated any number of 
times. 

110. Parseval’s Theorem on Fourier’s Constants. 

In this section, as usual, 

s n =a 0 + 2(«r cos rx -1- b r sin rx), 

F "- /: :/l, ■ 

1 / 

O-n= n («0 + «l + 

and Oq, a 1 , ... b t , ... are Fourier’s Constants for the function f(x). 


*It is assumed that the rule for integration by parts can be applied, and that 
F'(x) =/(*) - a 0 . This makes the condition attached to /(a:) less general than in the 
statement of the theorem. For another proof, see §110, XV. 
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W e shaIi P rove that under certain conditions 

l\_Jf '(*)? dx=2af + § K 2 + V), 

a result usually called Parseval’s Theorem .* 1 

tf{x) be bounded and integrable in ( -7 r, 7 r), or, ?'/" unbounded , let 


be convergent. 
Then 


U\x)fdx 


1 f* 


2 «o 2 + 2K 2 + V)-“| " [/(*)? dx. 

1 ™ J—fr 


. [/(*) ~ *«3 a dx = [^ [ f{x)f dx - 2 \^J(x)s n dx + ^ s n * dx. 

Substitute for s n on the right-hand side, and we have at, once 

_ V U( X )~ »n\ 2 dx = j _ ^ [/(a;)] 2 dx - 2 tt[ 2 a 0 z + v (a, 2 + & r 2 )] 


It follows that 
1 f 71- 


+ 7r[2rt 0 2 + S(a r 2 + & r 2 )]. 
1 


C/(*) ~s n ] 2 dx=~ [f(x) f dx - [2a 0 2 + v ( a z + h*)]. 


Thus 


TT )-n 

2o 0 2 + V (o r 2 4- b r ") 
l 


1 f jr 


And 


2 «o 2 + 2(a w 2 + 6 n 2 )S- f,r 


J/(x)] 2 dx (i) 

[f{x)Jdx (2) 

But if this Fourier’s Series had converged uniformly to the continuous 
function /(x), we could have multiplied both sides of the equation 

j (x) -a 0 + (aq cos x + Zq sin x) + . . . 
by /{%), and, integrating term by term, we would have obtained 

1 f_ IfW? dx^Ia* + 2 («„ 2 + b,*), 

in this case. 1 

We proceed to prove that this equality holds when the only condition 
attached to f{x) is that it is bounded and integrable in ( - 7 r , jr). 

II. Letf(x) be bounded and integrable in ( - 7 r, 7 r). 

1 ' dx = 2a„ 2 - 1 - 2 (« n 2 + 6 m 2 ). 


Then 

Since 


Sn ~ 2 r 


f(x')(l + 2 V cos r(x' - x)) dx', 
"• 1 


*If tlie Lebesgue Integral is used, the following theorem also holds : 

Any trigonometrical series 

«o + («i c o s * + h sin x) + (a 2 cos 2x + 6 2 sin 2x) + . . . 
for which 2 K 2 + V) converges is the Fourier's Series of a function whose square is 
integrable ( L ) in ( -ir, tt). 

This is known as the Riesz-Fischer Theorem. 





286 THE CONVERGENCE OF FOURIER’S SERIES [oh. vih 
we have, as in § 101, 


1 f* 
~2 mr , . 


A*)*?. *$*'$<*■ 


sin 2 £(z' - x) 


Also we know that 


> sin 2 !?^^ - x) 
\~W sin 2 \{x’ - x) 


dx'=2nT (cf. p. 256). 


.(* w*>-/w®S£=5?*'. 


Theroforo ,r n -f(x) = 3 ^ j _ ^ l, a w i{lc '- x) 


and 


\cr n -f(x)\^M -m, 

where M, m are the upper and lower hounds of f(x) in ( -7r, 7r) and % is any 
point in this interval. 

Now let e and k be any arbitrary positive numbers. 

We know from § 42, III, that there is a mode of division of ( - w, -rr) into a 
finite number of partial intervals such that the sum of these intervals for which 
the oscillation off(x) is greater than or equal to k is less than e. 

Let A denote the intervals in this mode of division for which the oscillation 
is greater than or equal to k, and 8 the other intervals. 

Cut off from the intervals of 8 at each of their ends a part, so that the sum 
of these segments cut off is less than e. 

Let 8" denote the segment cut off, and 8' the inner parts of 8 which remain. 

Then (' [<r n -f(x)f dx = { 2 ( + 2 ( + 2 [ } [<r n -f(x)f dx, (5) 

j— ir t s' JS' 8" .'4 A Jaj 

where, by this notation, we mean that the integrals are taken respectively over 
the intervals of 8', 8" and A. 

Now let (a, b) be one of the intervals of 8, and (a' } V) the corresponding 
interval of S'. 

Also let a: be a point of (a', //). 

Then from (11), 

<«> 


}a lb 

Taking these three integrals separately, we have 

M ~ m f« 

]2?nr\-J J[X) ~ J{X}i sin 2 £(*'-*) 


< 1 cosec 2 | (x r - x) dx' 

2 HIT J- ff . V 


where K is a positive constant depending upon the position of ( a , h) and (a', ¥). 
Similarly we find that 

(x'-x) , , I M -mf* , 

At — x dx <.~x cosec 2 h(x -x)dx 

x'-x) 2mr k ; 


< 


K 


both, and replace it 
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Finally 

1 2k? r [/(^ -/(*)] 1 d X ' i < jl. f h ^bi(x'~x) 

I Jtt Sin- l(x' ~ X) I < 2wr J. dx 

< jl ( ,r ^ith^LzAdx' 

2mr J _ v sin 2 \ (x' - x) 

< /C. 

Thus, from (6), 

kn-/(aO|g(K + 2~) (7) 

But the sum of the intervals of S' does not exceed 2 t r. 

Therefore in (5), we have 

2 -A*)? dx~2rr( K + 2^J ( 8 ) 

\ 

AJso 2 f [<r n ~f(x)fdx'^t(3I~m) 2 , (9) 

by (4), since the sum of the intervals S" is less than e. 

And 2 [tr n -J\x)f dx g e ( M ~ mf (10) 

for a similar reason. 

It follows from (5) and (8), (9), (10), that 

lim j [ <r n ~y(-' l: )]"" dx — 0, (11) 

51-* r, 1 — 7T x 9 

since k and e are arbitrary positive numbers, which can be chosen as small as 
we please. 

•**• 1 Aj __ 7 '\ 

Kut <r n -a 0 + 2) ^—^—•J(a r cos rx + b r sin rx). 

Therefore, as in (I), we have 

l SW? dx ~l \"_Lf(*)?dx - \_2a* (~-)(«, 2 + &, 2 )] 

= { ^ jl, [/(*)? dx - [2«« 2 +’ S 1 W + V)] } 

+ ~2 2 r' z (a r 2 + b r 2 ) ( 12 ) 

But we know from (1) that 

1 T lfi x )fdx~[2a 2 + 2 (a r 2 + & r 2 )]^ 0. 

•• j — it ^ 

Therefore from (11) and (12), we see that, under the conditions stated in the 
theorem, 

l T [fi x W dx=2a 0 z + 2 («r 2 + &r 2 )- 

Also lim (~lsV(a, 2 + & r 2 )')=0. 

u— >•-/) 1 J 


1 8 
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III. Let f(x) and g(x) be bounded and integrable in ( ~tt, it) and a n , b n the 
Fourier's Constants for f(x), a u , ft n the Fourier's Constants for g(x). 

1 ,-ir % 

Then _ f(x)g(x)dx ~ 2 a„a 0 + 2(a„a n + b n (t n ). 

" • - TT l 

We have from (II), 

J i" IT 1X1 

“ j _ ^ [/(•*) + g[x)fdx - 2(a 0 + a 0 ) 2 + 2[(a„ + a„) 2 + (h n + /3 n ) 2 ], 

1 |*7T 00 

and ~Z \f( x ) - U{^ r )?< ^x = 2 { a O - a a) 2 + 2[(<*n - a n) 2 + ( b n ~ /*«) 2 ]- 

" • - j 

On subtraction, the result follows. 

IV. We may put g(x) =0 in ( - tt, x x ) and (x 2 , tt), where -ir~x x < x z — tv. 
Thus we have the following theorem : 

Let f(x) be bounded and integrable in ( - 7 r, 7r) and g(x) be bounded and integ- 
rate in (x 1} x\>) -inhere - ~ .t x < x z -rJ 
Then from (111), 

f' ra f{x) <j(x) dx = <■/„('* ‘ </(x)dx + 't(a n (** 2 g(x) cos nx dx + b n \ “ g(x) sin nx dx ' 

}xi }xi' l v . -fj .'•Cl J 

It will be seen that (IV) establishes the possibility of term by term integra- 
tion of the Fourier's Series for the bounded and integrable function /{#), and 
also shows that this can be done \vhen/(.r) is multiplied by another function 
of the same class. 

The argument in (II) is taken from Hunvitz’ proof of Parseval’s Theorem.* 
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( IT 

f(x)ix is to be 

— It 

absolutely convergent: but the integration under the sign towards the beginning 
of his demonstration is not discussed. The question of the removal of the restric- 
tions upon the functions involved is now of less interest, as these and other theorems 
concerning Fourier’s Constants are discussed with Lebesgue’s Integral instead of 
Riemann's. 





CHAPTER IX 


THE APPROXIMATION CURVES AND THE GIBBS 
PHENOMENON IN FOURIER’S SERIES 

111. 'We have seen in §104 that, when f(x) is bounded and 
continuous, and otherwise satisfies Dirichlet’s Conditions in 
- x <.r<-. /(- - 0) being equal to /( - x +0), and f'(x) is bounded 
and otherwise satisfies Dirichlet’s Conditions in the same interval, 
the coefficients in the Fourier’s Series for f(x) are of the order 1/n 2 , 
and the series is uniformly convergent in any interval. 

In this case the approximation curves 

y=s n {x) 

in the interval - x<.r<x will nearly coincide with 
when n is taken large enough. 

As an example, let /(a?) be the odd function defined in (- 7 r, x) 


as follows : 

/H= “I 71 -* 

V +x), 

- x U U - |x : 


f(x) = Ittx, 


- |x — x S |x, 


II 

-1 

— x), 

■|x U .r si x. 


The Fourier’s Series for f(x) in this case is the Sine Series 

l.o.l * r 
sin x - sin Ax + smoa?- .... 

3 a .. 5“ 

which is uniformly convergent in any interval. 

The approximation curves 
y— sin x, 

y = sin x - p sin Ax, 

1 1 

y = sin x - p sin 3a; + p sin 5x, 

are given in Fig. 29, along with y=f{x) > for the interval (0, x), 
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and it will bjj seen Iiow closely the last of these three approaches 
the sum of the series right through the interval. 
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FIQ. 20. 


Again, let f{x) be the corresponding even function : 


/(®)=l 7r ( 7 r+*) ) 

— TT 25 & ~ ~ §7T, 

'/(»)= “ 

?>7r Ci * % 0, 

f(x)=lTTX, 

0 si * s \tt, 

II 

=3 

I 

1 7r Pi X ri 7T . 


The Fourier’s Series for fix) in this case is the Cosine Series 
1 . 


16 


7 r 


|“ cos 2a: +p cos 6* +-— cos 10*+...] , 


which is again uniformly convergent in any interval. 
The approximation curves 

y— C,; -tt 2 ~ S cos 

2/ = uV~ 2 - I C0s ^O0s 6* y 
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are given in Fig. 30, along with y~f{x), for the interval (0, t r), 
and again it will be seen how closely the second of these curves 
approaches y~f(x) right through the interval. 
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It will be noticed that in both these examples for large values 
of n the slope of y=s n {x) nearly agrees with that of y=f{x), 
except at the corners, corresponding to x=±\ir, where f(x) is 
discontinuous. This would lead us to expect that these series 
may be differentiated term by term, as in fact is the case. 

112. When the function f(x) is given by the equation 

f{x) = X, -7T<X<TT i 

the corresponding Fourier’s Series is the Sine Series 
2 {sin x - 1 sin 2x + § sin 3* - . . 

The sum of this series is x for all values in the open interval 
- ir<x< 7 r, and it is zero when x= ±x. 

This series converges uniformly in any interval (-x+d, tt-S) 
contained within ( - w, x) (cf. § 107), and in such an interval, by 
taking n large enough, we can make the approximation curves 
oscillate about y-~x as closely as we please. 

Until recent years it was wrongly believed that, for large values 
of n, each approximation curve passed at a steep gradient from the 
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point ( - 7 T, 0) to a point near (~r, ~ tt), and then oscillated about 
l/ = x till a; approached the value tt, when the curve passed at a 
steep gradient from a point near (tt, 7 r) to (w, 0). And to those 
who did not properly understand what is meant by the sum of an 
infinite series, the difference between the approximation curves 

y~s n (x), 

for large values of n , and the curve y=lim s n (x) offered consider- 
able difficulty. ”~ >0 ° 

In Fig. 31, the line y~x and the curve 

y — 2(sin x - 1 sin 2a: + \ sin 3a: sin 4a; 4 - 1- sin 5a;) 
are drawn, and the diagram might seem to confirm the above 
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view of the matter— namely, that there will be a steep descent 
near one end of the line, from the point ( - w, 0 ) to near the point 
( - 7 r, - w), and a corresponding steep descent near the other end of 
the line. But it must be remembered that the convergence of this 
series is slow, and that n~5 would not count as a large value of n. 
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113. In 1899 Gibbs, in a letter to Nature * pointed out that 
the approximation curves for this series do, in fact, behave in 
quite a different way at the points of discontinuity ±x in the 
sum. He stated, in effect, that the curve y-s n {x), for large 
values of n, falls from the point ( - ~ . 0) at a steep gradient to a 

point very nearly at a depth 2 J* dx below the axis of x, then 

oscillates above and below y — x close to this line until x approaches 

, , . f ^ sin x 7 

t r, when it falls from a point very nearly at a height 2J ^ - ---- ax 

above the axis of x at a steep gradient to (~, 0). 

The approximation curves, for large values of n, would thus in 
( _ 73 - ) tt) approach closely to the line y—xot Fig. 32 with the lines 
parallel to the axis of y as drawn in that figure. 


Fig. 32. 


* Nature, 59 (1899), BOG. 
t Annals of Math., (2), 7 (1906), 81. 
\loc.. cil., p. 131. 


His statement was not accompanied by any proof. Though 
the* remainder of the correspondence, of which his letter formed 
a part, attracted considerable attention, this remarkable observa- 
tion passed practically unnoticed for several years. In 1906 
Bocher returned to the subject in a memoir f on Fourier’s Series, 
and greatly extended Gibbs’s result. He showed, among other 
things, that the phenomenon which Gibbs had observed in the 
case of this particular Fourier’s Series holds in general at ordinary 
points of discontinuity. To quote his own words : % 
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If f (pc) has the period 2t and in any finite interval has no discon- 
tinuities other than a finite number of finite jumps, and if it has a 
derivative which in any finite interval has no discontinuities other 
than a finite number of finite discontinuities , then as n becomes 
infinite the approximation curve y.—s n (x) approaches uniformly the 
continuous curve made up of 

(a) the discontinuous curve y=f(x), 

(b) an infinite number of straight lines of finite lengths parallel 
to the axis of y and passing through the points a t , a 2 , ...on the axis 
ofx where the discontinuities of f(x) occur. If a is any one of these 
points, the line in question extends between the two points tohose 
ordinates are 

m DP, ,. A , DP, 
f(a~0)+ *, f(a+ 0) 1 , 

7T 7T 

ivhere D is the magnitude of the jump infix ) at a* and 

-0-2811. 

J it x 



Fxa. S3. 


This theorem is illustrated in Fig. 33, where the amounts of 
the jumps at a x , a 2 are respectively negative and positive. Both 
Gibbs and Bocher thought theywere describing properties previ- 
ously unknown. Howeyer^ in 1848; Wilbraham f had noticed its 


* Le. D~f(a + 0) -/(a-0). : \ 
f Camb, and Dublin Math. Journal, 3 (1848), 198. 
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occurrence in the approximation curves for the series 

.nd 

And in 1874 du Bois Reymond * would have reached the same 
conclusion, both for Fourier’s Series and Integrals, had he not made 

fnx sin t 

a curious slip in dealing with the integral — dt, when w— >co 

and x~>0 simultaneously. In recent years a number of other 
writers have dealt with the matter, and the property in Fourier’s 
and other series is now well known as the Gibbs Phenomenon.*!* 

114. 1. The series on which Bocher founded his demonstration 
of this and other extensions of Gibbs’s theorem is 
sin x + 1 sin 2x + § sin 3x + . . . , 

which, in- the interval (0, 2tt) represents the function f(x) defined 


/(0)=/(2tt)-=0, 

f(x) — |(x - x) f 0<a:<27r. 

:sin x sin 2a: + ... +-- sin nx 
2 n 

: f (cos a + cos 2a + . . . + cos not) 


as follows 


In this case 


\) 0 sm |a 

The properties of the maxima and minima of s w (a?) are not so 
easy to obtain,;!: nor are they so useful in the argument, as those of 
R n {x) = l(Tr-x)-s n (x) 

= j T _ if 1 da. 

2 \) 0 sin fa 

In his memoir Bocher dealt with the maxima and minima of 

*Math. Annalen, 7 (1874), 241. 

fCf. Enc. d. math. TJ'm., Bd. II, Tl. Ill, 2, p. 1203. In addition to the papers 
referred to on pp. 1203-4, the following may he named: 

Weyl, Rend. Circ. Mat. Palermo, 29 (1910) and 30 (1910). 

Cooke, Proc. London Math. See. (2) 22 (1928), 17 L 
Wilton, Journal fur Math., 159 (1028), 144. „ 

And a historical note by Carslaw, Bull. Amur. Math, bar.., 31 (!,)_,>), 4-0. 
tGronwall discussed the properties of s n (x) for this series, and deduced the Gibbs 
Phenomenon for the first wave, and some other results. Cf. Math. Annalen, 72 
(1012). Also Jackson, Bend. Circ. Mat . Palermo, 32 (1911). 
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R n (x), and he called attention more than once to the fact that 
the height of a wave from the curve y-f(%) was measured parallel 
to the axis of y. This point has been lost sight of in some exposi- 
tions of his work. 

114. 2. However the series 

2 (sin a? +1 sin Zx + £ sin 5a? + ... ) 

has certain advantages as an approach to the Gibbs Phenomenon. 
This is the Fourier’s Series for f(x), when 

f(x)= -f7T for -7T<X<0 j 
= -|-7r for 0<;r<7r f- 
and /{-"*)=/ {-*■)= f{0)~0. j 

T ^4. o AvA Q XT' “l)® 


iUUO J 0 tx Jo sina V3! 5! / 

But x cosec x continually increases from 1 to §tt as x passes 

(jC ^ (IQ 

from 0 to |t- and Oc^r-- when 0<X'^It. 


.t 2 when 0<« g= f-jr. 

If we take the arbitrary positive number e, there is a corre- 
sponding positive number rj, such that 
nnx s i n a | 

s n {%)- da|<e when 0 ..(2 

Jo ' a I 

and tMs holds for all values of w. 

Thus, if we choose n so large that K~<r) } we have 
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that is |*»(^)-(l + |L ?L o-* , i)| <e - 

Tliis sliows that the approximation curves y = s n (x) for this senes 
rise above the sum in the right-hand neighbourhood of the origin by 

l^sOO 4 I 

nearly j — - — da , when n is sufficiently large. 

The integral f dx is known to be approximately - 0*2811 .* 

J TT X 

Or, we may put the matter as follows : 

Let y=\ X --da = <t>{x). 

Jy a 

The turning points of this curve occur when x=r7r; the odd 
multiples of tt give maximum ordinates; the even multiples give 
minimum ordinates. 

The maxima continually decrease from — —da towards f tt 

when x-^oo . 

r2ir (% 

The minima continuallv increase from da towards |tt 

, “ Jo « 

when x-*oo . 

If the abscissae of this curve are reduced in the ratio 1 : 2 n, we 
obtain the curve 

C 2nx sin a , 

and, when n increases, the turning points of the curve come closer 

and closer to « = 0, the first (and largest) ordinate being always at 

t r . . , x f^sina , t r f 30 sin a A 

x—ct-, and of height da=-~ + da . 

2 n J o a 2, a 

By (2), the curve y = s n (x) in the neighbourhood of the origin 

C'ZllX ^ 

differs by the arbitrarily small e from the curve y— a da. 

" sin (2r- 1)# 

The Trigonometrical Sum 2 2 J 27 ^i 

115. The discussion in §114. 2 establishes the existence of the 

sin (2n — 1 ) 2 ) 

Gibbs Phenomenon in the Fourier’s Series 2V, — 2 nZT\ » and ’ 

as we shall see in § 117, it can at once be deduced that the pheno- 
menon will appear at x=a in the approximation curves for the 


♦Of. B6cher, loc. cit., p. 124. 
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Fourier’s Series for any function f(x) with, an ordinary discon- 
tinuity at x~a, if f{x) satisfies Dirichlet’s Conditions in ( - 7 r). 

But the approximation curves 

11 = 2 ( sin x + - sin 3* + . . . + - n — ri sin (2 n - 1) x) ~ s n (x) 


are worth a more detailed examination, for it will be found that 
from the properties of their turning points and their graphs, the 
Gibbs Phenomenon is exhibited in the clearest possible manner.* 
In this section we proceed to obtain the properties of the maxima 

and minima of these approximation curves y — 
when 0<£<7r. 1 

I. Since, for any integer m, 

sin (2m - +x') ~ sin (2 m - 1)(| x - x% 

it follows from the series that $ n (x) is symmetrical about x=%tt, 
and when x ~0 and x=tt it is zero. 

II. When 0 <x<tt, s n (x) is ■positive . 

From (I) we need only consider 0<ar~|7 r. We have, by 
§114,2(1) 

, . p sin 2na 3 1 f 2 "* sin a , -1 

~ ia ’ 0< *=^- 


The denominator in the integrand is positive and continually 
increases in the interval of integration. By considering the 

successive waves in the graph of sin a cosec the last of which 

may or may not be completed, it is clear that the integral is 
positive. 

III. The turning points of y—s n (x) are givenby 


7 r ( maxima ) 


7 r (minima). 


*§§ 115-117 are founded on a paper by the author in the American Journal of 
MathemaMcs, 39 (1917), 185. The computations for Fig. 34 and Fig. 35 were 
made hy Mr. F. G. Brown, B.Sc. 


f: 
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We have 

r*sin2na ^ ^ 

Jo sm « dx sin# 

The result follows at once. 

IV. As we -proceed from x~0 to the heights of the maxima 

continually diminish , and the heights of the minima continually 
increase, n being kept fixed. 

y 
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The curve y—s n (x), when n ~ 6. 


Consider two consecutive maxima in the interval 0< a? ~ |t, 
namely, s n (^— 9 — t rj and s m (- m being a positive integer 

less than or equal to ~ We have 

/2m -1 \ /2m 4-1 V 1 f (2w_1),r sin a , 

•■VTl 57 V" 5 "l 25" V=15j e » +8 .rT 

= Ifr ^tda + r^’^lia l 


2m - 1 


-iff 

2 n\ J (2: 


(2»i - l)w . 


The denominator in. both integrands is positive and it con- 
tinually increases in the interval (2m — l)7rS<xSi(2m4l)x; also 
the numerator in the first is continually negative and in the second 
continually positive, the absolute values for elements at equal 
distances from (2m - 1)~ and 2m?r being the same. 


300 THE APPROXIMATION CURVES AND THE [oh. ix 

Thus the result follows. Similarly for the minima, we have to 
examine the sign of 

/m - 1 \ fm \ 

s A— T )- s '‘Kn T h 

where m is a positive integer less than or equal to | n. 

V . The first maximum to the right of x = 0 is at x~ ~ and its 


height continually diminishes as n increases. When n tends to 
infinity, its limit is 


■■HMirtMH ai 

sssssssBiBBisssn a 


IMBlIRIBIIIIiaHIIIBIIIIIIIIIHIIMI 

irifniuiHniiniiiiiiiiiiiiiiiiiifl 

■f/jUKBBBBBBBBBBBBBBBBBBBBflflBflBHB.l«l 
MWiBBBBBBBBBBBBBBBBBBBBBBBflBBftLlBI 
IBI/ttBBBBBBBBBBBBBBBBBBBBBBflBBBBUtt BI 
H /i'BBBBBBBBBBBBBBBBBBBBBBBBBBBBBW fll 
■' BBBBBBBBBB BBBBB BBBBBBBBBB BBBBB 13.11 
IB BBBBBBBBBB BBBBB BBBBBBBBBB BBBBB Bill 
I^BBBBfSl.RBBBBniBBBIlRBBBBISlBBBneiBBBBBa 


The curves y~s n (x), when n=l, 2, 3, 4, 5 and 6. 


We have 


F sin 2 na , If"'. a , 

: — da = sm a cosec da. 

J 0 sma 2 nj 0 2 n 


1>“( 


Sn hn) * n+I (2*1+2) 

cosec 2n J 2n+2 cosec 2n+f ^ a ' 


Since a/sin a continually increases from 1 to oo, as a passes 
from 0 to 7 r, it is clear that in the interval with which we have 
to deal 1 a 1 ' a 

c0Sec U-UT2 coseo 2Xr2 >0 - 
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iJ1UD °*V2 n) °" + H2(n + l)^ v - 

But, from (II), s n (x) is positive when 0<x<t. 


It follows that s n tends to a limit as n tends to infinity. 

The value of this limit can be obtained by the method used by 

Bocher for the integral j* But ^ * 8 readily 

obtained from the definition of the Definite Integral. 
to / 7T \ n / 7r \ f 2n . 7r 2n . St 

For 8 * \2n) ~ 2 V2 n) 1 7t Sm 2 n + 3tt Sm 2n + 


2n . 2n- l 1 

+7S rr— sm — 7 r 

(2 n-l)7r 2 n 


Therefore 


/sin mh , 

— 2L ( “• ~-r *1 

\ m h 

2 iih=ir> 


* /sm mh , 

- 2j y — h 

m = l \ ^ m 'l 
nh = ? r f 


t / 7r \ , psma: , Dsm® , 

lims n [~ =2 dx-\ dx=\ — dx. 

«-►* \2nJ ) 0 x Jo * J 0 s 

VI. The result obtained in (V) for the first wave is a sp< 

case of the following : 

2r—l 

The r th maximum to the right ofz—Q is at a? 2r -i= -w" T : > 

t'te height continually diminishes as n increases , r fern? cons 

When n tends to infinity, its limit is 

r&-~i)* s i ux 


which is greater than § 7 r. 

The r’ h minimum to the right ofx—Q is at x 2r ~ - tt, and its height 

continually increases as n increases, r being hep constant. When 

n itendfc infinity , is I dx, which is less than |tz\ 

Jo £ 

To prove these theorems we consider first the integral 

f w,r / 1 a 1 a \, 

j „ sm a (g- n cosec ^ ^ cosec da, 

m being a positive integer less than or equal to 2n~ 1, so 


0< o - < 7r in the interval of integration. 
zn 


* Annals of Math., (2), 7 (1906), 124. Also Hobson, Theory of Functions of ;< Meal 
Variable, 2 (2nd ed., 


302 


THE APPROXIMATION CURVES AND THE fear, ix 


Then F(a) 
in this interval. (Cf. (V). 


1 a 1 

s- cosec ^ — 

An 


2 n 2»+2° OSeC 2Vf2 >0 


Further, 
F\a). 


1 


a „ a 1 a „ a 

COS ?: ^ cosec 2 x ~x ~ tx— rs COS jj— COSeC ' 2 

2% +2 (2n) 2 2w 2« 


But 


'(2n+2) 2 An +2 

=a” 2 {c/> 2 cos <[) cosec 2 *0 - i//- 2 cos \/r cosec 2 \/r}, 
where <p=aj(An-hA) and \jr~ajAn, 

(r/> 2 cos (h cosec 2 (/>) 

«</> w ' 

= - </> cosec 3 (/> [0(l=Fcos <£) 2 :fc2 cos ^(^sin </>)]. 

And the right-hand side of the equation will be seen to be 
negative, choosing the upper signs for O<0<lx and the lower 
for |-7 r<(/><7r. 

Therefore </> 2 cos r/> cosec 2 <j> diminishes as 0 increases from 0 to w. 

It follows, from the expression for F'(a), that F'(«)>0, and 
F(a) increases with « in the interval of integration. 

The curve 

y=smx' 


1 x 

K~ COSeC jr— ~ x -x- 

2 n An 2 n +2 


cosec 


0 <x<m7r, 


An +2/’ *“ ’ 

thus consists of a succession of waves of length ir, alternately 
above and below the axis, and the absolute values of the ordinates 
at points at the same distance from the beginning of each wave 
continually increase. 

It follows that, when m is equal to 2, 4, ... , 2(n - 1), the integral 


sm a 


1 a 1 

cosec — - r -X 

An An An +2 


cosec 


An -\-A 


da 


is negative ; and, when m is equal to 1, 3, ... , An-1, this integral 
is positive. 

Returning to the maxima and minima, we have, for the r th 
maximum to the right of ®=0, 

S n( X 2r~~l) " S n + l(%2r-l) 

■ ' 2r-l ' ' ■ . 2r- 1 


f >2n sin2wa p (w+1) sin 2(w +l)a ^ 
Jo sin a Jo sin a 

■r 

J 0 


2r- l)ir 


(l 

sma|x- cosec 


cosec • 


'■O '' ■ ^An . 2$ 2w +2 An +2 

Therefore, from the above argument, s„(® 2 r-u)> 


da. 


Also for the r th minimum to the right of x = 0, we have 

f2rir / \ d 1 CL \ r 

■*.<**> ~ W**) = J o sin a cosec ^ ^ 00860 da, 

and 5„(« 2r )<s„ +1 (»2r)- 

By an argument similar to that at the close of (V) we have 

.. . , f T * sin x j * 

lim s n (x r ) = I -~rdx* 
o J 0 

It is clear that these limiting values are all greater than |-7r for 
the maxima, and positive and less than \ x for the minima. 

The Gibbs Phenomenon for the Series 
2(sin x + ? } sin 3a: + } sin 5® + ...). 

116. From the Theorems I-YI of § 115 all the features of the 
Gibbs Phenomenon for the series 

2(sin x + sin 3® +i sin 5* + -tt=x ^ n r, 

follow immediately. 

It is obvious that we need only examine the interval 0 = x ~tt, 
and that a discontinuity occurs at x = 0. 

For large values of n, the curve 

y — s n (x), 

where s n (a:) = 2^sin x +g sin 3® +... +9^13 s * n l)®)* rises at 

a steep gradient from the origin to its first maximum, which is 

very near, but above, the point 0, J* - dx ^ (§ 115, V). The 

curve, then, falls at a steep gradient, without reaching the axis 
of x (§ 115, II), to its first minimum, which is very near, but below, 

the point (0,f S -^) (§115, VI). It then oscillates above 

and below the line y = |7r, the heights and (depths) of the waves 
continually diminishing as we proceed from x=0 to ft-iv (§ 115, 
IV); and from x~\tt to as = ir, the procedure is reversed, the 
curve in the interval O^x^tt being symmetrical about x=\nr 
(§115,1). 

The highest (or lowest) point of the r th wave to the right of 


* For the values of ( — - dx> see Annals of Math,, (2), 7 (1906), 129. 


r 
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x—0 will, lor large values of n, be at a point whose abscissa is 
l'- (§ 11Q, III) and whose ordinate is very nearly 
f nr sin x 


dx (§ 115, VI). 

By increasing n the curve for can be brought as close 

as we please to the lines 

„ ' .( v sin x , I 


We may state these results more definitely as follows : 

(i) If e is any positive number, as small as we please, there is 
a positive integer / such that 

liw-s„(;c)|<e, when nMv, e g # ^ 

This follows from the uniform convergence of the Fourier’s 
Series for /(,*•), as defined in the beginning of this section, in an 
interval which does not include, either in its interior or at an end, 
a discontinuity of f (x) (cf . § 107). 

(ii) Since the height of the first maximum to the right of x=0 

dx as n tends to infinity, there is a 

positive integer v" such that 

f ~--~dx<e, when ngi". 


tends from above to 
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(m) Let v'" be the integer next greater than — Then the 

abscissa of the first maximum to the right of x=0> when n ss 
is less than e. 

It follows from (i), (ii) and (iii) that, if „ is the greatest of the 
positive integers / and the curve y=a n (z), when »§„, 
behaves as follows : 

It rises at a steep gradient from the origin to its first maximum 
which is above J ^ — dx and within the rectangle 

°<*<*. 0< y <|’!U5 (fe+ , 

After leaving this rectangle, in which there may be many oseilla- 
tions about y wx, it remains within the rectangle 
e<X<7r — e, lTr~€<y<l 7 r+e. 

Finally, it enters the rectangle 

x-e<«<7r, Oc^P^dz+e, 

J (j x 

and the procedure in the first region is repeated.* 

The Gibbs Phenomenon for Fourier’s Series in General. 

117. 1. Let f(x) be a function with an ordinary discontinuity 
when x = a, which satisfies Dirichlet’s Conditions in the interval 

— 7 r^X^TT. 

Denote as usual by /(a+0) and/(a-0) the values towards 
which f(x) tends as x approaches a from the right or left. It 
will be convenient to consider /(a +0) as greater than f{a -0) in 
the description of the curve, but this restriction is in no way 
necessary. 

«> j 

Let <•/> (x - a) = 2£) sin (2 r - l)(x - a). 

Tli en <}> (x - a) = -|x, when a <x < tt + a, ' 

when -7 r+a<x<a, 

«/,(+ 0)= X, </>(-0)~ -|-7T, 

0 (0) = 0 and 0 (x) = </> (x + 2x). , 

*Tho cosine series 

4 r i i u 

- - [_cosa: -- cos 3a: + ~ cos 5x + ... L 

which represents 0 in the interval and |tt in the interval $ir < z irx. 

can be treated in the same way as the series discussed in this article. 
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Now put 

V'(») =/(*) - ■${/(<* +0) +/(a - 0)} - i {/(a +0) -/(a - O)}0 (x - a), 

7T 

and let/(r), when ;r=a, be defined as ■§(/(» +0) +f(a- 0)}. 

Then \}s(a -hQ) = \[s(a-Q) = \[s(a)=0, and \fs(x) is continuous at 
as — a. 

The following distinct steps in the argument are numbered for 
the sake of clearness : 

(i) Since \jr(x) is continuous at x=a and \Js (a) = 0, if e is a positive 
number, as small as we please, a number rj exists such that 

I 'A i x ) I when j x ~ a j £ rj. 

If i) is not originally less than e, we can choose this part of r\ 
for our interval. 

(ii) \j/ (a;) can be expanded in a Fourier’s Series,* this series being 
uniformly convergent in an interval a %x- : ~ [i contained within an 
interval which includes neither within it nor as an end-point any 
other discontinuity of f(x) and <p (x- a) than x=a (cf. § 108). 

Let $„(£), <j} n (x~a) and \Js n {x) be the sums of the terms up to 
and including those in sin nx and cos nx in the Fourier’s Series 
for f(x), <f*(x~a) and \U{x). Then e being the positive number 
of (i), as small as we please, there exists a positive integer v such 
that 

\\!s n (x) - \ls(x)\<}e, when n^v\ 
the same v serving for every x in a S" a? Ss fi. 

Also \isn( x )\^\^n(x)-^'(x)\+M%)\<h+le=h, 
iii\x-a\'^.7],iia<a-‘>]<a<a+'t]<(3, and n~v. 

(iii) Now if n is even, the first maximum in (j) n (x-a) to the 

right of x—a is at a + x ; and if n is odd, it is at a + ~^. In 

either case there exists a positive integer v" such that the height 
of the first maximum lies between 


dx and 


,, when n^v". 



Jo x ■ Jo s - '2{/(a+0)-/(a-0)}’ * 

(iv) This first maximum will have its abscissa between a and 

a +tj, provided that —<97, 

*If f(x) satisfies Dirichlet’s Gonditions, it is clear: from the definition of<p(x~ a) 
that ^(a?) does so also. ; a 
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| Let v" be the first positive integer which satisfies this in- 
i' equality. 

L (v) In the interval a+rj^x^ s n (x) converges uniformly 

to f(x). Therefore a positive integer y (iv) exists such that, when 
j n ~ 

; !/(*) -■*«(*) \<e, 

| '• the same */ iv) serving for every x in this interval. 

| Now, from the equation defining \]s (x), 

s n (x)=Ufi a +0) +f[a - 0)) I -T/(gzi?) ^(a; - a) +is n (x). 

I 7 r 

! It follows from (i)-(v) that if v is the first positive integer greater 

| than V, v" , v" and i/ (iv) , the curve y=s n (%), when n v, in the 

interval a 23 x g /?, behaves as follows ; 

I When x— a, it passes through a point whose ordinate is within 

\ |e of l(f(a+0)+f{a~0)), and ascends at a steep gradient to a 

i P°i nt within e of 

| {/(a +0) +/(a _ 0)} ,/ m »)- /{«• -<» f SL* fa. 

[ . 7T JO. # 

f This may be written 

i /(ffl+0) - /( g +o)-/( a -o) t!affc, 

'X J rr X 

| and, from Bocher’s table, referred to in §115, we have 

1 f° — 0-2811. 

| J* X 

j It then oscillates about y ~f(x) till x reaches a +rj, the character 

| of the waves being determined by the function <j> n {x - a), since the 

term \Js n (x) only adds a quantity less than le to the ordinate. 

And on passing beyond x=a+r), the curve enters, and 
I within, the strip of width 2e enclosing y=/(r) from x~a+t] to 

I . x~f$. " 1: ; - - ; ; y - y 

i On the other side of the point a a similar set of 

can be established. 

! Writing D =f(a +0) - f(a - 0), the crest (or hollow) of the 

wave to the left and right of x=a tends to a height 

DP 


308 


THE APPROXIMATION CURVES AND THE [ch. nc 


117. 2. The argument of the previous section can be at once adapted to the 
case of summation by Arithmetic Means, and it will be seen that, if we can 
show that the Gibbs Phenomenon does not occur in the approximation curves 
for a single example of Fourier's Series with this method of summation, it 
cannot appear in these curves for any function satisfying the conditions of 
§ 101, at a point of ordinary discontinuity.* 

It is, however, easy to show that it does not occur in the curves y=<r n (%) 
for the Fourier’s Series corresponding to the function in § 114. 2. 

For this case, we have /(*)= - 1 it, when -7r<a:<0, and/(x)=|7r, when 
0<a;<7r. 

But from § 101 we know that, when f(x) is bounded and integrable in ( - it, it). 


(T n (x) -■ 


1«-1 
%s r = 
n o 


1_ 

2 nit _ 
sin 2 \n{x' 


f« 


■x) 


sin 2 In (x' - x) 
sin 2 1 (x' ~ x) 

dx'=2ntt. 


dx'. 


and , . , 

sm 2 1 {x - x) 

Thus, for the function with which we are now concerned, 


1 


!/(*') I 


sin 2 §»(a; , -x) 


sin 2 %(x' ■ 

, dx'. 
■x) 


dx' 


M x )\ 2 nir 

1 1 

4» j _ V sin 2 I \x' 

■ <|tt. 

By § 115, II, the sums s n , when 0 < £ < v, are all positive. 


It follows that 0 < (r n (x) < |7r, when 0 < x < it. 

But we know by § 101 that ir n (x) converges uniformly to bit in any inter v.^ 
wholly within (0, it). 

Thus the Gibbs Phenomenon does not occur when the Fourier’s Series 
2(sin x + ?. sin 3a; + \ sin 5x + , . . ) 
is summed by Arithmetic Means. f 
In this example, by § 114. 2 (I) 


<r 2»-:i(- r ) ; 


y sin 2 rt 


dt. 


2n + 1 J o sint 

It can be shown that, as we proceed from 0 to |tt, the ordinates of the 
maxima continually increase, and that the same holds of the minima. 

The last maximum in 0 #-==' | it, has the greatest ordinate for the whole 

interval, and when n~>oo , this tends to from below. 

The curve y=<r 2n+1 (*) for n — 6 is given in Fig. 37, and it is interesting to 
compare it with the curve of Fig. 34, which corresponds, with this notation, to 
y-s 2n (x) for ?i=6. 

In the case of the ordinary sums the approximation curves y=s n (x) are 
brought within the shaded part of Fig. 38 by taking n large enough. 


♦For another proof see § 4 of a paper by Fejer in Math. Annalen, 64 (1 90 7), 273. 

•>1 sin (2r “ t VT' 

fit should be noticed that with the notation of this section s in ._ l =22 — --- — r ■ 
and that since the coefficient of sin 2«a; is zero. 


2r - 
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CHAPTER X 


FOURIER’S INTEGRALS 

118. When the arbitrary function f(x) satisfies Dirichlet’s 
Conditions in the interval (-/, l ), we have seen in §98 that the 
sum of the series 

I r/ i oo ri 

2 l}_/( x ') dx ' + iTi\ f( x> ) cos f(x’-x)dx' (1) 

is equal to [/ (x +0) +/ (x - 0)] at every point in ~~1<%<1 
where f(x +0) and f(x-0) exist; and that at x~ ±1 its sum 
i s I [/( ” ^ +0) +/(Z - 0)], when these limits exist. 

Corresponding results were found for the series 

l\f( x ') dx ’ + ~l X cos |* f(x r ) cos n ~ x' dx f , ........ (2) 


2 “ . tnr 


r. f (x') sin ~ x' dx', 
. o i> 


in the interval (0, l). 

Fourier’s Integrals are definite integrals which represent the 
arbitrary function in an unlimited interval. They are suggested, 
but not established, by the forms these series appear to take as l 
tends to infinity. 

HI is taken large enough, x/Z may be made as small as we please, 
and we may neglect the first term in the series (1), assuming that 

/ i x ) d x is convergent. Then we may write 

J - CO 

!l][ fix') cos n ~ {x -x)dx' 
as " i J - 1 1 

- Aaf f{%') cos Aa(%' ~x)dx' +Aaf cos 2 Aa(x' -x)dx' , 
ttL J -i J -l J 

where A a=x/Z. 
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Assuming that this sum has a limit as l~> oo , an assumption 
which, of course, would have to be defended if the proof were to 
be regarded as in any way complete, its value would be 


and it would follow that 


- OO <X<CO , 

when these limits exist. 

In the same way we are led to the Cosine Integral and Sine 
Integral corresponding to the Cosine Series and the Sine Series : 

- da fix') cos ax cos ax' dx' 

=![/(*+o)+/(*-o)] 

n (‘‘Xt poo v x Jj x OO , 

- da f(x') sin ax sin ax' dx' 

wj 0 J (I 

=M/(*+.Q). +/(*-<>)], I 

when these limits exist. 

It must be remembered that the above argument is not a proof 
of any of these results. All that it does is to suggest the possi- 
bility of representing an arbitrary function/ {x), given for all values 
of x, or for all positive values of x, by these integrals. 

We shall now 7 show that this representation is possible, pointing 
out in our proof the limitation the discussion imposes upon the 
arbitrary function.* 

119. Let the arbitrary function f(x), defined for all values of x, 
satisfy Dinchlet’s Conditions in any finite interval, and in addition 

let j* f{x)dx be absolutely convergent. 


at every point where f(x+0) and f(x ~0) exist. 

Having fixed upon the value of x for which we wish to evaluate 
the integral, we can choose a positive number a greater than x 
such that fix') is bounded in the interval a ~ b, where b is 


♦See footnote, p. 230. 
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| f(x')\dx' converges, since with, our definition of 


arbitrary, and 

the infinite integral only a finite number of points of infinite dis- 
continuity were admitted (§ 60). 

/(a;')cos a (x' - x) dx' 

converges uniformly for every a, so that this integral is a con- 
tinuous function of a (§§ 83, 84). 

:') cos <x{x' - x ) dx' exists. 


It follows that 


Therefore 


But x' - x ^ a - x>0 in x' is a , since we have chosen a>x. 


converges, 


dx' also converges, 
x sin q (x’ - x) 7 ^ 


Therefore 


It follows that 


converges uniformly for every q. 

Thus, to the arbitrary positive number e there corresponds a 
positive number A>a, such that 


the same A serving for every value of q. 
But we know from § 94 that 

fU,..' a” <?(*'-*) 


since f(u+x ) satisfies Dirichlet’s Conditions in the interval 
(a - x, A - x), and both these numbers are positive. 



Thus we can choose the positive number Q, so 
I r 1 f lx/) s BlKz£) dx’ |<|e, when 3 


It follows from (2) and (3) that 


f(u +;r) 


Letting q~ >co 


when /( x +0) exists. 

Adding (4) and (5.), we have 


when fix +0) exists. 

Similarly, under the given conditions, 


when f(x- 0) exists. 

Adding (6) and (7), we obtain Fourier’s Integral in the form 

L f da f 00 f{x') cos a [x’ - x) dx = £ [f{x -I- 0) +/ {x - 0)] 

7T Jq J — co * 

for every point in -ao<:e<oo, where f{x+ 0) and fix- 0) 
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120. More general conditions for f(x).* In this section we shall show that 
Fourier’s Integral formula holds if the conditions in any finite interval remain 

as before, and the absolute convergence of the infinite integral f{x)dx is 
replaced by the following conditions : 

For some positive number and to the right of it, f(z') is bounded and mono- 
tome and lim /(»')= 0 ; and for some negative number and to the left of it,f{x') 


is hounded and monotonic and lim f(x') — 0. 

CL* 

Having fixed upon the value of x for which we wish to evaluate the integral, 
we can choose a positive number a greater than a, such that f(x'} is bounded 
and monotonic when x' ~ a and lim /(x')=0. 


Consider the integral 


X — >00 

0 

f(x') cosa(x' -x)dx'. 


By the Second Theorem of Mean Value, 


a" rf fa* 

f(x') cosa(z' -x)dx' =f(A')\ cos a(x' -x) dx' +f (A”) 1 cos a(x' -x)dx', 

Af t *’ ■ Jf 


where a 
Thus 






a la(A'-x) 


| 4 ,f( x> ) cosa(x / ~x)di 
Therefore 

IP 

1 

But we are given that lim f(x')~ 0. 


cos u du + 


oauiu . 

« J a(f— ;r) 


fix') cos a{x' -x) dxf W for ai'g 0 >0. 

' % 


l*«0 : 

It follows that \ f(x') eosa(x'-x)dz' 

}a 

is uniformly convergent for a^g r 0 >0, and this integral represents a con- 
tinuous function of a in a i£ q Q . ■ 

Also, by § 85, 

Q 


ro° fOO . --Q 

da S f(x')coBa(x' — x)dx' — \ dx'\ f{x')c,Qsa{x —x)da 
i J(t Jff# 


But x' -x l ~ a -x> 0 in the interval a, since wediave chosen a greater 
than x. 


both converge. 


*These extensions are due to Pringsheim. Cf. Math. Annalen, 68 (1910), 367, and 
71 (1911), 289. Reference should also be made to a paper by W. H. Young in Froc, 
Royal Soc. Edinburgh, 31 (1911), 559. 


n 
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Therefore, from (1), 

r <7 c ^ . ■ 

\ da V f(x') cos a(x'-x)dx 


[OH. X 


/{a/) sinc](z'- x) ^, _ f“ /(a/) si »go(<„ j:) ^ (2) 


X -x 


Now consider the integral 

i>') ,ln ^r w 

From the Second Theorem of Mean Value, 


W" 


=f{A ')\ f - ainr/i ; ( - t i - ^ dF+/(d y )^ 1 sm ^ ( r~i— 

* I »l» *"■* X t 


.(3) 


<7o V— A sin u 
t io (A'-x} u 


dii, 


where a < A ' Si 4 = A". 

the limits of the integral being both positive. 

Therefore 1 !<'' (CMW ' ) 

If. 4" 


And similarly 
Thus, from (3), 


•(4) 


sin^ ^U. 

x - x I 

<277 

, f 50 .. sin q Q {x' -x) , , 

It follows that P f( x ) x r -x 

is uniformly convergent for q Q — 0, and by § 84 it is continuous in this range. 

Thus lim (” /M !2^2!^ =0 (5) 


VO— >0 .1“ ' X -X 

since the integral vanishes when q n — 0. 

Also from (2), 

| 7 da | fix') cos a(x' —x) dx ' = | ^ f(x') ^—7—5: — ^ <&'■ ;( 6 ) 

But we. have already shown that the integral on the right-hand side of (6) 
is uniformly convergent for q ££ Q, 

Proceeding as in § 119, (2) and. (3),* it follows that 

Thus, from (6), ( da( f(x') oosa(x'-x) dx' = 0 

Jo Jtt 


(?) 


*Or we might use the Second Theorem of Mean Value as proved in § 58 for the 
Infinite Integral. 
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But we know from § 110 that 

f 50 f® 7T 

(/a f(x') cos a(x' - x) dx' = ^f(x + 0), (8) 

Jo Jo; 

when this limit exists. 

1 p p 

Thus - 1 da f(x') cos a(P ~x)dx' = ^f(x + 0), (9) 

"Jo )x 

when this limit exists. 

Similarly, under the given conditions, we find that 

^ | da \ fi x ') cos a(x' ~x)~ lf{x - 0), (10) 

when this limit exists. 


Adding (9) and (10), our formula is proved for every point at which /(x±0) 
exist. 


121. Other conditions for f(x). We shall now show that Fourier’s Integral 
formula also holds when the conditions at ±a> of the previous section are 
replaced by the following: 

(I) For ■ some positive number and to the right of it, and for some, negative 
number and to the left of it, f(x') is of the form g(x') cos (Ax' + //,), where 
g(x') is bounded and monotonia in these, intervals and has the limit zero 
as £'->± 00 . 

Also, (II) f — ;r- dx' and f dx' converge. 

I X J — 70 X 

We have shown in § 120 that when g(x') satisfies the conditions named 
above in (I), there will be a positive number a greater than x such that 


But, if A is any positive number, 

[ da f g(x') cos a(x' - x)dx' 

Jo Jrt 

= [ A da f g(x') cos a{x' ~ x)dx' + f da f g(x') cos a(x' - x)dx' 

Jo la M Jo 

— }, ( da [ g{x') cos a(x' ~x)dx' + f da[ g{x') cos a[x' ~x)dx' 

“J-A Jo ' JA .’a 

= i\ da ( g(x') cos a(x' ~x)dx' + da f q(x') cos a(x' - x)dx' 

J-A Jo JA Jo 

= -}, ( da f g(x') cos (a + X)(x' - x) dx' + A l da\ g{x') cos (a - A) (a/ - x) dx'. 
“Jo a -o V 

Therefore 

1 da l g(x') cos a(x' ~x)dx' 

Jo .a 


n ■ r-n 

da g(x') cos a(x' ~x)dx'-Q. 
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Again we know, from § 120, that 
0 

g(x f ) sin a(x' -x)dx' 


[CH. X 


is uniformly convergent for a A A 0 > 0. 

fX i 


It follows that 1 da g(x') sin a(x' - x)dx' 

. Xo . a 


exists, for A x > A 0 > 0. 
Also 


fXi r“ 

l da g{x ) sin a(x' ~x)dx' 
J x 0 , a 


r«o a, 

= 1 dx' g(x') &in a(x' -x) da (by § 84) 


Ja 1 a; -a; a; -a; J 






x 


since both integrals converge. 

But we are given that 

converges ; and it follows that 1 --- - -- dx' 

J a x — x 

also converges, so that we know that 

J a x -x 

is uniformly convergent for A 0 i~ o, and therefore continuous. 

Thus lim 

x 0 ->o!a x ~ x iax'-x 

It follows from (2) that, when A >0, 

f da \ glx') sin a(x' - x)dx' = ( dx' ■ 

Jo Ja Ja x' -X 

Also, as before, we find that, with the conditions imposed upon g(x') ,* 

lim (” gW aX,(£._i)^ = o. 

x->c» Ja * 

Therefore, from (2) and (3), V. ;v , , ; ; \ J 

i 00 , f* t • \ j "f f 00 , cos A(* A r- aj) , , 

da g(x ) sm a(x -x)dx=\ g(x ) dx , ......... 


W— ...(3) 


and 


da i p(a;- ) sin a («' - *) dx' — l -j— dx'. 


.*00 fOO 

<% 

•0 Jo 


.(4) 

.(5) 


♦This can be obtained at once from the Second Theorem of Mean Value, as 
proved in §58 for the Infinite Integral; hut it is easy to establish the result, as 
in § 119, without this theorem. 
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Again, since \ da \ g(x') sin a(x' - x)dx r 

Jo Ja 

rx r 03 

exists, we have \ da) gr(a:') sin a(a;" -xjdic'-O. 

J-X Ja 
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.( 6 ) 


From (6), and the convergence of da g(x') sin a(x' -x)dx', it follows 
that J ' X Ja 


i co r*> rio .<•«> 

da ?(*') sin a{x'-x)dz'- da\ g(x') sin a(x' -x)dx' =0. 
— X Ja .X Ja 


Thus 


GO ,-a> r !0 j-30 

dal (/(a:') sin (a + A,) (x' - *)da5' - i da §-(«') sin {a~X)(x' -x)dx'=0. 

0 Ja Jo Ja 

( 00 

^sinA^-a) cos a(a: / --.T)dx , =0. (7) 

a 


Therefore 


Multiply (1) by cos (Aa+p,) and (7) by sin {A*+pJ and subtract. 
It follows that 


da g(x') cos (\x' + p) cos a (x' ~ x)dx' =0. (8) 

Ja 

And in the same way, with the conditions imposed upon g(x% we have 

r”. f-a' 

da g(x ) cos (Ax' + a) cos a(x' - x)dx' —0, (9) 

Jo J-» 

These results, (8) and (9), may be written 


.(10) 


da i f(x') cos a(x' - x)dx'=0, 

f M (•-«' 

I da /'(a: / ) cos a (a;' -x)dx'=0, 

Jo J~« 

when f{.x')~g{x') cos (A x' + /l) in (a, cc ) and ( - oo , -a'). 

But we know that, when f(x) satisfies Dirichlet’s Conditions in ( - a', a), 

rc* r ( i n-. 

\ da f(x')cosa(x' ~x)dx' = ~ [f(x+0)+f{x~0)], (11) 

Jo J - «' * 

when these limits exist. [Cf. § 119 (5).] 

Adding (10) and (11), we see that Fourier’s Integral formula holds, when 
the arbitrary function satisfies the conditions imposed upon it in this section. 

It is clear that the results just established still hold if we replace cos (A*' + /x) 
in (I) by the sum of a number of terms of the type 

a n cos ( k n x'+ix n ). 

It can be proved * that the theorem is also valid when this sum is replaced 
by an infinite series 

2 a n cos ( k n x' -f p n ), 

i 

when 2 a n converges absolutely and the constants A n , so far arbitrary, tend 

i 

to infinity with n. 


*Cf. Pringsheim, Math. Annalen, 68 (1910), 399. 


u 


as 
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122. Fourier’s Cosine Integral and Sine Integral. In the ease 
when f{x) is given only for positive values of x, there are two forms 
of Fourier’s Integral which correspond to the Cosine Series and. 
Sine Series respectively. 

I. In the first place, consider the result of §119, when f(x) 
has the same values for negative values of x as for the corre- 
sponding positive values of x : i.e. /( - x)~f{x), x>0. 

Then * [ da f f(x') cos a (x' - x) dx' 


f(x') [cos a [x' +#) cos a ( x' - *)] dx' 


= — j da f{x')cosaxcosax'dx'. 
w Jo Jo 

It follows from §119 that when f(x) is defined for positive 
allies of x , and satisfies Dirichlet's Conditions in any finite 

nterval , while f / ( x ) dx converges absolutely , then 


cos ax' dx' = \[f{x +0) +f(x - 0)], 


j da j f(x') cos, ax 
J 0 ** 0 

it every point where f(x+ 0) and f(x - 0) exist, and when x = Q the 
nine of the integral is /( +0), if this limit exists. 

Also it follows from §§ 120 and 121 that the condition at infinity 
nay be replaced by either of the following : 

(i) For some positive number and to the right of it, f(x') 
shall be bounded and monotonia and lim / (x') = 0 ; 

or, (ii) For some positive number and to the right of it, fix') 
shall be of the form g{x') cos {Xx' +p), where g (V) is 
bounded and monotonic and lim g{x') = 0. Also 

r9( x ')n' i ^ *' 

, dx must converge. 

II. In the next place, by taking /( - x) = -/(a?), x>0, we see 
that, when f {x) is defined for positive values of x, and satisfies 

Dirichlets Conditions in any finite interval , while J f{x)dx con- 
verges absolutely, then, 0 

. ^ f daf f{x') sin ax sin ax' dx'=l[f(x +0) +f(x - 0)], 

7T J 0 Jo 

at every point where f{x 4-0) and f{x-0) exist, and when x—0 the 
integral is zero. 
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also it follows from §§120 and 121 that the condition at infinity 
may he replaced by one or other of those given under (I). 

'It should be noticed that, when we express the arbitrary function 
r(.£) by any of Fourier’s Integrals, we must first decide for what 
value of x we wish the value of the integral, and that this value of x 
must be inserted in the integrand before the integrations indicated 
are carried out (cf. § 62). 

123. Fourier’s Integrals. Sommerfeld’s Discussion. In many of the prob- 
lems of Applied Mathematics in the solution of which Fourier’s Integrals 
occur, they appear in a slightly different form, with an exponential factor 
(e.g. e~ KaH ) added. In these cases we are concerned with the limiting value, 
as t-> 0 of the integral 

— - \ da f(x') cosa{x' ~x)e- K ^ t dx', 

TTJo J a 

and, so far as the actual physical problem is concerned, the value of the integral 
for j!=0 is not required. 

' jt was shown, first of all by Sommerfeld,* that, when the limit on the right- 
hand side exists, 

lim - \ da fix') cos a(a/ - x)e - KaH dx' = | [f(x + 0) +f{x - 0)], 

*~ >0 " " when a<x<b, 

= !/(» + 0), when x-a, 

= •!/(& -0), when x~b, 

the result holding in the case of any integrable function given in the interval 

( “ The case when the interval is infinite was also treated by Sommerfeld, but 
it has been examined in much greater detail by Young. f It will be sufficient 
in this place to state that, when the arbitrary function satisfies the conditions 
at infinity imposed in §§ 120-122, Sommerfeld’s result still holds for an infinite 

"^However, it should be noticed that we cannot deduce the value of the 

integral ■ >a0 .'. \ 

1 I da \ f{x') cos a(x' - x)dx' 
ir-Jo • o 

from the above results. This would require the continuity of the function 
</>(/) = - \~ da ^ fix') cos a (x’ - x)e ~ Ka - 21 dx' 

f ° We~lmve come across the same point in the discussion of Poisson’s treatment 
of Fourier’s Series. [Cf. § 99.] 

♦Sommerfeld, Die unUkilrlichm Functional, in der mathematischen Phymk, 
Diss., Kbnigsberg, 1891. 

tW. H. Young, loc. cit., Proc. Royal Soc. Edinburgh , 31 (1911). 
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EXAMPLES ON CHAPTER X. 

1. Taking /(a-) as .1 in Fourier’s Cosine Integral when 0 <.r< 1, and as zero 
hen 1 <x, show that 


1 = 

2 

r 

sin 

a cos 

ax 

da. 

{0<x< 1) 


77 

Jo 


•a 



1 

2 

r 

sin 

a cos 

ax 

da, 

(* = 1) 

2 = 

77 

.1 


a 


0 = 

2 

I® 

sin 

a cos 

ax 

dx. 

(!<*). 






77 , 

Jo 


a 




2. By considering Fourier’s Sine Integral for e-ft* (/?> 0), prove that 
f 00 a sin ax 
Jo a 2 + fi 2 


da — ~'e - P x , 


imd in the same way, from the Cosine Integral, prove that 


cos ax 7 7r 

jag da~^ 7) e- px. 

cr + p 2 2fS 


3. Show that the expression 
2a* f 


/ 8x\ dd l 6 „ . 

cos l ~ m V s COS v dv 

Jo \a J 6 3 J 0 


is equal to x 2 when 0gS.x<a, and to zero when x > a. 

a x i x 2 f 50 . Ji, sin qb -sin qa\ , 

4. Show that - sin qx (— -ftan a - — s — V dq 

* Jo Iff ? 2 J 

is the ordinate of a broken line running parallel to the axis of a; from #=0 
to x—a, and from x = 6 to a: — cc , and inclined to the axis of x at an angle a 
x=a and x=b. 

5. Show that f(x) — --J--. satisfies the conditions of §120 for Fourier’s 

v |®1 

Integral, and verify independently that 

2 f® r® . ■ fa' j 

1 da cos ax cos ax' — — when a:>0. 

wj„ s/X hJx 


sm x 


X): 


satisfies the conditions of §121 for Fourier’s 
that 

, . , , dx' sin x 

x cos a(x -x)~-. = . 



appendix I 

practical harmonic analysis and periodogram 
analysis 

Serie9 + COS X + di COS 2®+ •••! 

+ 6 t sin »+b 2 sin2a ;+... i 

h h are Fourier’s Constants f or /(z). We may suppose 

where a„, „ the perio4 j 8 a, instead of 2 w, the terms 

the range of x to be U = * == ■ 47r * A 1 

« « are replaced by ~ 2 and the range becomes 0 S a _ »• 
sin . r V ,, not known analytically as a 

However, in many ^^ ^ ntll edeiLdent and independent variablee 
function of x, but the relatio continuous observations. Or again, 

isgivenintheformofae^eob amrfbycontmu^ ^ ^ of ,, 

we may only be given the value J inte fvals. In the .latter case 

the observations having been mi through the isolated points 

we may suppose that ^ for the function 

^rOneofthehesthnownmaehhiesforth. 

purpose is Kelvin's Harmonic Am. yser. ^ ^ ^ ^ ^ ^ ^ 

2. The practical <p«tu» j“ trlgon „ m etrical series with only a limited 

tuting for Fourier’s Infinite Senes a trigono 

“Oppose the m value of the function given at the points 
suppose o. a, 2a, — (wt-l)a, where ma=U. 

Denote these points on the interval (0, 2-) by 

x 0 , x %> •” x rn~ i» 

and the corresponding values of y by 

iJo> Vv Vv' Vm ~ v 

, . h . d the handbook entitled Modem 

iy M1 * * c— ‘ 

with the Napier Tercentenary Meeting of 1914 
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Let s n (x) =a 0 + a 1 cos x + a 2 cos 2x + . . . + a n cos 

+ 6 X sin x + b 2 sin 2x + . . . + b n sin nx j 
If 2n + 1 == m, we can determine these 2n+l constants so that 



—y r , when r = 0, 1, 2, ... 2 n. 


The 2>i + 1 equations giving the values of 
follows: 

^i> ’ * * 

b x , ... 

®o ®i “t • ■ • 

+ Gj, + ... 

+ «n 


a 0 + « x cos aq + . . 
-f-Zqsinaq +.. 

. + Up COS J)X 1 +... 

. + b v sin px x +... 

+ a n cos nx x x 
+ b n sin nx x ' 

= Vi 

ct 0 + « x cos x 2n + . . 
+ b 1 sin a' 2n + .. 

. + a. p cos px 2n + . . . 
. + b. p sin px 2n + ... 

+a n cos nx 2n \ 
+ b n sin nx 2n > 

—Vzn 


Adding these equations, we see that 

(2« + l)a 0 

r-Q 

since 1 + cos pa + cos 2 pa + . . . + cos 2 npa = 0, 

and sin pa + sin 2 pa + . . . + sin 2npa — 0, 

when (2?i + l)a— 2 tt. 

Further, we know that 

1 + cos pa cos ra + cos 2pa cos 2m 

+ . . . + cos 2 npa cos 2 nr a =0, p =jfc r, 
cos pa sin ra + cos 2 pa sin 2m j p — 1, 2, ... 

+ ... +cos 2npa sin 2?wa=0, [ r = 1, 2, ... nj ’ 

And 1 + cos 2 pa + cos 2 2pa + . . . + cos 2 2wp« — f (2 n + 1). 

It follows that, if we multiply the second equation by cos px v the third by 

cos px 2 , etc., and add, we have 

2 " 

\{2n + 1 )a v = y,y r cos pra. 

r — 0 . 

Similarly, we. find that 

2 n 

|(2 n + 1 )b v = 2 2/r sin W a ‘ 

A trigonometrical series of (2n+ 1) terms has thus been formed, whose sum 
takes the required values at the points 

0, a, 2a , ... 2na, where (2» + l)a=2jr. 

It will be observed that as n -> co the values of a Q , a x , ... and b lt b 2 , ... reduce 
to the integral forms for the coefficients, but as remarked in § 00, p. 218, this 
passage from a finite number of equations to an infinite number requires more 
careful handling if the proof is to be made rigorous. 

3. For pxirposes of calculation, there are advantages in taking an even 
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number of equidistant point* toted of an odd number. Suppose that to the 

P omtrt 0> U) 2u, ... (2m — 1)0, where na^ir, 

we have the corresponding values of y, 

?/ 0 , Vv y» ••• y^-v 

In this ease we can obtain the values of the 2» constants in the expression 
„ 0 + Ul COS X + « 2 COS 2* + ... +«„-! cos (>1 - l)x + *n cos nx \, 

+ b,sin:e +6 a sin2x + ... +b n _ 1 sm (n -l)x 
so that the sum shall take the values y 0 , y v - lhn~i at these n P ° m 3 m 
(0, 2rr). 

It will be found that 


1 v 

°® = I7i ~J h 

a - I ~y'y r cos j pra, if V £ 11 

P n r=o" 

I ail-1 

n . = JL. y ?/r COS rTr 

° n 2n 

] iln — 1 

6.= - 2 ?/r sin pra 
n ,. -i 


<■ a-irln. 


Runge* gave a convenient scheme Whittaker for 

point's will he found in Whiter and Robinson . 

Calculus of Operations (1924), Ch. X. 

, , rinW at f r om another point of view. Suppose 
4. This question may be looked at iru 

we are given the values of y, viz. 

Ho- II v Vt' •" -bfi- i’ 

corresponding to the points 

0, a, 2a, 1 )«. where ma = 27r- 

Denote these values of a;, as before, by 

a'o, ;,: i» /JC 2 ’ ••• x in- 1’ 

Let ^)^o^i-sx + d 2 cos2x + ... + « n cosnx, 

+ h l sin .r + b 2 sin 2x + . • • + K sin • 

. , M t i, e understanding that m>2» + l,t the . 

For a given value of n, on f ) aretubo determinc d M that *,,(.»! oh»ll»TOrox.- 
constants « 0 ’ (l i» ••• a »’ i» “ » *. T - ,,..r x . 

mate as closely as possible to */„, ?/i, - tfm-i ‘ * ®* 

• 1{ p m xis der Reihen 

* Math. Zeitschrift, 48 (1903) and 52 (19(h). Also Theoi 
(Leipzig, 1904), 147-164. c , onsta „ts in any number of ways so that 

j If m <2n + 1, we can choose ^ ’for there are more constants 

*„(*) shall be equal to y v •• ■ -Vm-* ‘ »’ £ “ ho constants in one way so that 
than equations. And if »» = 2» + L 
this condition is satisfied. 
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The Theory of Least Squares shows that the closest approximation will be 
obtained by making the function 


in - 1 

— (y r ~ s n( x r)) Z * 

r-.O 


regarded as a function of a 0 ,a lf ... a n , b x , ... b n , a minimum. 
The conditions for a minimum, in this case, are: 


ilfr ~ s n( x r)) — ^ 


^ ( ? /, r - s n (:<*,)) cos 


r=« 
mi— 1 


V P = l, 2, ... n. 


(2/r “«»(%)) sin 0 


It will be found, as in § 2 above, that these equations lead to the following 
values for the coefficients: 


Hr, 


m — i 

v 


pm, p — z Hr cos pm 


p = l, 2, ... n, 
bnb p — V y r sin pra j m 

But if m is even, the coefficient a p (when p~\m) is given by 


m~ 1 

rna-,, u — A Hr cos rir, 


the others remaining as above. 

In some cases, it is sufficient to find the terms up to cos x and sin x, viz. 
a 0 + «i cos x + b x sin x. 

The values of a 0 , a x and b x , which will make this expression approximate most 
closely to 

Ho, Vv Hz,- Hm-i 

at 0, a, 2a, ... (m- 1)«, when ma=2rr, 

are then given by: 


TO- 1 

ma 0 = V, y r , 

r=0 


h ~ 2* y r cos ra 9 


OT~1 

\mb l ~ V y r gfri ra. 


Tables for evaluating the coefficients in such cases have been constructed by 
Turner* 


5. In the preceding sections we have been dealing with a set of observations 
known to have a definite period. The graph for the observations would repeat 


'Tables for Harmonic Analysis, Oxford University Press, 1913. 



w (»i— Uni u <m~Vri-fV ^Hm-Vn+Zf *"*'• u mn~2> U mn—V 

Add the vertical columns, and let the sums be 

u» U v U z> ... U n _2, l-' n -V 

In the sequence E7 0 , Up &i> ••• ^n-i the component of period T will be 
multiplied m-fold, and the variable parts of the other components may bo 
expected to disappear, as these will enter with different phases into the hori- 
zontal rows, and the rows are supposed to be numerous. The difference 
between the greatest and least of the numbers U 0 , U v U 2 , ... U„^ z , U n „ x 
furnishes a rough indication of the amplitude of the component of period T, 
if such exists; and the presence of such a period is indicated by this difference 
being large. 

Let y denote the difference between the greatest and least of the numbers 
U 0 , U t , U 2 , ... U n _ z , U n ^ corresponding to the trial period x, If ?/ is plotted 
as a function of or, we obtain a “curve of periods.” This curve will have peaks 
at the values of a: corresponding to the periodicities which really exist. When 
the presence of such periods is indicated by the curve, the statistics arc then 
analysed by the methods above described. 

This method was devised by Whittaker for the discussion of the periodicities 
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itself exactly after the lapse of the period; and the function thus defined could 
be decomposed into simple undulations by the methods just described. 

But when the graph of the observations is not periodic, the function may 
yet be represented by a sum of periodic terms whose periods are incommen- 
surable with each other. The gravitational attractions of the heavenly bodies, 
to which the tides are due, are made up of components whose periods arc not 
commensurable. But in the tidal graph of a port the component due to each 
would be resolvable into simple undulations. A method of extracting these 
trains of simple waves from the record would allow the schedule of the tidal 
oscillations at the port to be constructed for the future so far as these com- 
ponents are concerned. 

The usual method of extracting from a graph of length L a part that repeats 
itself periodically in equal lengths A is to cut up the graph into segments of this 
length, and superpose them by addition or mechanically. If there are enough 
segments, the sum thus obtained, divided by the number of the segments, 
approximates to the periodic part sought; the other oscillations of different 
periods may be expected to contribute a constant to the sum, namely the sum 
of the mean part of each. 

6. The principle of this method is also used in searching for hidden periodi- 
cities in a set of observations taken over a considerable time. Suppose that a 
period T occurs in these observations and that they are taken at equal intervals, 
there being n observations in the period T. 

Arrange the numbers in rows thus: 


n v 

%+*> 


< 'n+2« 
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entering into the variation of variable stars.* It is a modification of Schuster s 
work, applied by him to the discussion of the statistics of sunspots and other 
cosmical phenomena/)' To Schuster, the term “periodogram analysis is due, 
but the “curve of periods” referred to above is not identical with that finally 
adopted by Schuster and termed periodograph (or periodogram). 

For numerical examples, and for descriptions of other methods of attacking 
this problem, reference may be made to Whittaker and Robinson’s Calculus 
of Observations, Chapter XIII, already cited, and to Schuster’s papers. 


* Monthly Notices, li.A.S. 71 (1011), 686. 

See also' a paper by Gibb, “The Periodogram Analysis of the Variation of SS 
Cygni,” ibid., 74 (1914), 678. 

fThe following papers may be mentioned: 

Trans. Cumb. Phil . Soc., 18 (1900), 108. 

Trans. Royal Soc. London, (A), 206 (1900), 69. 

Proc. Royal Soc, London (A), 77 (1906), 136. 


APPENDIX II 

LEBESGUE’S THEORY OF THE DEFINITE INTEGRAL 
1 Introductory In Chapter II we have seen what is meant by the lower 

bounded above and below must have at least one himtmg l . 
P Twue’s Theory of the Definite Integral depends essentially on the idea 
with^hrset and^depei^di^upon ^^^hen'u^^t^conshts of the pomts of an 

;ri^r=^=p«Hr:c=;“ 

of two sets without common points, should bo the sum 

these two sets. -j tup measure of a set that 

It is this very subtle and Lebesgue Integral 

forms the chief obstacle in the w aj - discussion which follows 

into Analysis in place of the K.eniann » *£ h ? “ of 1A „y, 

is confined to bounded linear so s, tl ongb one ^ ^ ^ ^ ^ 

work is that the extension to two and tl he treatmen t by de la 

mediate. Among the alternatives a ou ’ ‘ ^ ,^ c ^ i») 14), has been 

rcr™ 

dealing with the. properties of the c Thcory of Integration was 

The first step in this _exten^ t| , 0 k , ei> of ,h„ inner and -wlrr 

made by Jordan (18. ), B 0 relt showed that a much more useful 

content of a set of points. In 1898 Borclj shoue 

~ , , . , , 8 ,vn ,v 08 He uses the terms (tire, itiferieurc 

♦Jordan, Cours d' Analyse, 1 (2 ed., 1 • • )> P- 

and aire exterieure. , , lW m In the third and last 

♦Bowl Iccom »r to <W»* ** f° ndwu ‘ (1 , ^ 

edlln (1928). this work is both revised mid enlarged. 
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concept was what he called the measure of the set. The principles that guided 
Lebesgue in his theory of measure were those of Eorel, and his definition and 
earliest treatment are given in his Paris Thesis — Integrate, Longueur, Aire— 
published in Ann. di Matematica (3), 7, (1902). This was followed by his book, 
Leqons sur V integration et la recherche ties fonclions primitives (1904), of which 
a second and greatly enlarged edition has just appeared (1928). 

2. We now give such definitions and simple properties of bounded linear sets 
of points as will be required in the discussion of measure and the Lebesgue 
Integral. 

As before we denote a set by E, and we shall assume that its points lie on the 
interval a H x b. The points of (a, b), which are not points of E, form the 
complementary set denoted by CE. Clearly C(CE) --E. 

A set E is said to be countable (or enumerable), when there is a one-one corre- 
spondence between the points of the set and the positive, integers. To every point 
of E there corresponds a positive integer, and to every positive integer there 
corresponds a point of E. 

The terms of a countable set can be 'written as 

u„, ?/ 3 , ..... 

The set 1, j, ... , 1 /m, ... is obviously countable. 

The jmsitive rational numbers form a countable set. 

For every such number can be expressed as a fraction p(q, where p and q 
are positive integers without common factor. We arrange these fractions 
according to the sum p + q, beginning in each with the fraction of lowest 
numerator. 

When p + <? =2, we have 1 only, and this is taken as u v 

When p+q —3, we have | and 2, and these are taken as u 2 and w 3 . 

When p +<? — 4, we have J and 3, omitting the number 1 already used: and 
these are taken as « 4 and %: and so on. 

A set E is said to be a closed set if it contains its limiting points; e.g. the set 
1, ... is not closed, but, if the origin is included in the set, it becomes a 

closed set. 

A point P of abscissa x is said to be an interior point of the. set, if a neighbour- 
hood of P,a<x< /?, exists all of whose points are points of the set. 

A point P is said to be an exterior point of the set E, if it is an interior point 
of CE: in other words, there must be a neighbourhood of P none of whose 
points are points of E. 

A set E is said to be an open set, if all its points are. interior points of the. set. 

Open sets have the important property that they are composed of a finite, or 
countably infinite t number of not-overlapping open intervals. 

To prove this, take any point P of the set, and let its abscissa be % We 
can divide all the positive numbers into tw'o classes A and B as follows; a 
number h is put in the lower class A, if all the points x given by x 0 .v < ,r 0 + h 
belong to the set; and it is put in the upper class B, if this is not the case. 
There are numbers of both classes, and every number in the class A is less than 
every number in the class B. If /«. is the number separating the two classes, 
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r„ + fi is the right-hand end-point of the interval associated with the point r 0 . 

Similarly by taking negative numbers, we obtain the left-hand end-point 

A 'o ~ A. To all the points of the open interval r 0 — A < x <f 0 + p this same 

interval corresponds. Now consider the set of all such open intervals. 

They are obviously not overlapping. 

Let €jj, ... be a monotonie descending sequence of positive numbers, such 
that lim e n = 0. There can only be a finite number of the intervals of the set 

n— >oo 

just described, each of length =£ e 1 . We can arrange these in order from left 
to right. Again there can only be a finite number of those that remain, each 
of length e 2 . These we now arrange in order after the first group; and so on. 

If the end-points a and b are points of the open set, they are to be the left- 
hand end-point, and right-hand end-point, respectively, of intervals (o, a), 
(/?, b), open at the ends a and /?. 

The complement of an open set E with respect to the closed interval a b is a 

closed set. 

For let P be a limiting point of GE. Then P cannot be a point of E, other- 
wise there would be a neighbourhood of P containing no point of GE. And 
this is impossible, if P is a limiting point of GE. 

Again, the complement of a closed set E is an open set. 

For let P be a point of GE. There must be a neighbourhood of P without 
any point of E inside it; otherwise P would be a limiting point of E, and 
therefore a point of E. 

Two sets E x and E z are said to be equal, if they consist of the same points, 
and we write Ex—E^. 

A set E t is said to be greater than a set E z , if E x consists of the points of E % 
and some other points, and we write E x > E t . 

And E t <E z means that E 2 >E X . 

3. Operations on Sets. The set E is said to be the sum of the sets 
Ex, P a ••• E n , when it is composed of the points which belong to at least 
one of these sets, and we write 

P=P x + P a 4- ,.. + E n ^E r . 

The set E is said to be the difference of two sets E t , E z , when it consists of 
the points of E % which do not belong to E z ; and we write E ~ E x - E z . 

The set of points which are common to all the sets E t , E z , ... E n is called 
the product of these sets, and we write 

p=p 1 .p 2 ....p M =n E r . 

Multiplication and subtraction are reduced to addition by the use of com< 
plementary sets, &» it will be seen that 

CEx + CE 2 — G( P X P 2 )> ExE^CiCEx + CEt), 

C(E 1 + E 2 ) = CE 1 .CE 2 , C(E x -E t ) = GEx + E* E x - E % = E x . OE t . . 

The Commutative and Associative Laws of Algebra hold for the addition 
and multiplication of sets; 

e.g., Ex + E^Ez + Ex, E t E t =E % B Xt 

Ex + E z + E s — Ex + ( E z + E z ), EyE Z E 3 -- A i( E Z E S ), 
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Also the Distributive Law applies; 

and the ordinary algebraical process gives, for example, 

(b x + A 2 ) ( A ;j -i- A j) — A j A — A 2 h 3 + b j b % b »h. v 

Since in general (b\ - Efi + AL - Ex. but is actually E x -f- AY car e must be 
exercised in dealing with subtraction. In practice there is no difficulty, for 
subtraction is replaced by multiplication and addition, making use of comple- 
mentary sets. The commutative, associative and distributive laws may then 
be employed. 

The operations above referred to are finite; that is to say, carried out on a 
finite number of sets. But addition and multiplication can be extended to an 
infinite number of sets. 

The set 

E = E 1 + AY- ... to x v E r 

i 

is composed of the points which belong to at least one of the infinite number 
of sets E } , E 2 . ... to x . 

The infinite product 

E-=E V E, ... to oo ==fl E r 

i 

is made up of the points which are common to all the sets E x , AY ... to x . 
The distributive law 

A x ( b o “t A.,-t- ... to x )~ h l h 2 + b x b 3 + ... to x 

applies again here, and it holds also for the ease of a finite number of factors, 
which themselves may be finite or infinite sums. 

Further C(E X + E., + E :i -t ... to oo ) = CE X . CE., . G.A\, ... to x 

and ( '( A’j . A’„ . A’., ... to x ) — CE 1 + ('E,> + CE S f . . . to x . 

It is clear that the sum of a finite number of countable sets is a countable set, 
for we can take all the first points of the sets in order, and then place after 
them all the second points of the sets in their order, and so on. 

But it is important to notice that the sum of a countably infinite number of 
countable sets is also a countable set. 

To prove this let the sets he 

Aj =0 11 +f*i2 +.°13+.°14+ » 

A 2 = Oil +.042 +.023 + * • “ * 

Aj = Ojji + 032 + ®33 + • * * * 

E,i — 0\\ + 0.12; + 0}3 + • • • > 



and so on. 


V Er=a lx +«» l + a 1 ',+a n + a,, 2 + a vi c ... , 


where the points in the sum are taken from left to right along the dotted 
diagonals as in the above scheme. 
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From this result we can deduce that an open bounded linear set of points can 
be broken up into a countably infinite set of not-overlapping closed intervals * 

For we have seen (§ 2) that a hounded open linear set is composed of a finite 
or countably infinite set of not-overlapping open intervals. 

Let (a, ft) be one of these intervals. 

Divide it into four equal parts, and take the two middle parts, both closed, 
as intervals A n , A 12 . The remaining left-hand quarter and right-hand 
quarter are then to be divided into two equal parts, and the closed halves 
lying nearest the centre are to be taken as intervals A 21 , A 22 . The outer 
parts are again halved, and so on. 

We thus replace this open interval a <x< ft by the countable set of not- 
overlapping closed intervals A n , A 12 , A 21 , A 22 , A 31 , A 32 .... 

In this way from each of the finite or countably infinite set of open inter- 
vals we obtain a countably infinite set of closed intervals, and the result 
follows. 

4. The Measure of a Bounded Linear Set of Points. 

I. Let E be a set of points all lying on the interval a A x f b, and let all the 
points of E be enclosed as interior points in a set of intervals S u S 2 , ... , lying 
in (a, h). 

This set of intervals can be replaced by a set of not-overlapping intervals 
A x , A 2 , A 3 , ... , such that every point of E is an interior point of one of the 
intervals, or the common end-point of two adjacent intervals. For start with 
(S x and call it A r Then take fi 2 and suppress the parts, if any, of S 2 which lie 
in 5j. If S 2 lies altogether outside S u we take it as A 2 ; and also if S 2 abuts 
on S t but does not overlap it. If it overlaps, we take for A 2 the part of 6 S 
outside and we have in addition their common end-point. If <% lies wholly 
within S 2 , we replace S 2 by the two open intervals outside and the two end- 
points of o x . 

In this process, at any stage when we take in the interval S n ) we add to our 
set of not-overlapping intervals A ls A 2 , , which replaces S v S 2 , ... , a finite 

number of not-overlapping intervals, and, possibly, the common end-points of 
adjacent intervals. 

Now let A x , A 2 , ... be a finite or countably infinite set of not-overlapping 
intervals, all in (a, b), or with a and b as left-hand end-point or right-hand end- 
point, respectively, such that every point of E is an interior point of one of the 
intervals, or the common end-point of two adjacent intervals. Let A'A denote 
the sum of the lengths of the intervals of the set A 1} A a , ... . 

The lower bound of 2A for all such sets of intervals is called the exterior 
measure of E and denoted by to e (E). 
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The interior measure of E is defined as (b-a) - m, e (CE), where CE is the set 
of points of aiExif.b which are not points of E. 

The interior measure of E is written nii(E), and is not negative, since m e (CE ) 
cannot exceed ( b - a). 

II. To prove. m,{E) 3§ m e (E). 

From the above definition, there must be a set of not-overlapping intervals 
a x , a 2 , ... for E, as above, such that 

m e (E)^'Za<m e (E)+y, 
and similarly a set /? x , /i 2 , ... for CE, such that 

m e (CE ) 2)3 < m c (CE) + |e, 

€ being the usual arbitrary positive number. 

The combined set 

«i» ftv ^2* ••• 

can be replaced as in (i) by a set of not-overlapping intervals y x , y 2) ... , with 
possibly the addition of the common end-points of certain adjacent intervals 
among the y' s. 

This countable set y v y», ... of not-overlapping intervals is such that all the 
points of a 'S. x b are either interior points of these intervals, or common end- 
points of adjacent intervals. 

oo 

It follows that Xy r = b - a. 

« 

For, when n is any positive integer, ’Ey r <{b — a). 

Thus lim XjV ^ 

n~*7s 1 

If possible, let this limit be b - a - 2e'. 

/ 

Form a new set of intervals y v y z , ... by adding to y r (r~ 1, 2, ...) 
at each end. 

Then every point of a—x~b is an interior point of at least one of the 
intervals y v y z , ... } and by the Heine-Borel Theorem (§ 31. 2, p. 71) this is 
true for a set made up of a finite number of them. 


• a < ty r < X Yr it B? j < (6 - a - 2e') + 


which is impossible. 
But it is clear that 


Thus we have b-a<m t (E) + m e (CE)+<-, 

and Wi{E)^mi{E). 

If possible let m e E z < m e E 1 , Then there must be a set of intervals A lt A 2 * ... 
for E 2 , as in the definition of the exterior measure, such that the sum of their 
lengths is greater than m e (E 2 ) and less than m e (E x ). 

But as E z contains E v this set of intervals A x , A a , ... will also serve for 
E x and the sum of their lengths cannot be less than m^Ej). 


^2«r + 2&- 
i i 



4 ] 
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IV. Further if E 2 > E v then m,(E 2 ) 

For CB X >G-E 2 , 

and m e {CE x ) iS m c (GE 2 ). 

Thus (6 - a) - m e (<7B 2 ) g (6 - a) - m e (GE x ). 

Therefore *n,(E 2 ) is mfE x ). 

V. To proae + E 2 ) ^ m e E x + m e S 2 . 

Let a x , a 2 , ... be a set of not-overlapping intervals for E x , as in the definition. 

of (I), such that 

m e ( E t ) g 2a < m c ( -®i) + he, 

i 

and /?!, /? 2 , ... a set for E 2 , sueh that 

=■ 2/?r < + i'e f; 

e being the usual arbitrary positive number. 

As before, from the set 

°i> Pi> a 2> Pit *•• » 

we form a not-overlapping set y x , y 2 , y 3 ... , all in (a, 6), such that every point 
of(^ + E 2 ) is either an interior point of one of the y’s or the common end-point 
of two adjacent y’s. 

Also 2y r = 2a r + 2 : /?r» 

lii 

and + E 2 ) Ss £}V* 

Thus m e {E x + E 2 )<m e {E x ) + m e {E 2 )+e. 

Therefore w e (jE’ 1 + 5' 2 ) -f- w e ( jE7 2 ). 

VI. Definition of Measurable Sets . If m e (E) =mi(E), then E is said to be a 
measurable set, and its measure m (E) is their common value. 

It is clear that if E is a measurable set, C’E is also measurable. 

The measure of a finite number of points is obviously zero, since the exterior 
measure is zero. 

Further, a countably infinite linear set of points is of measure zero . 

Let E be the set of points x x , x 2 

Take the arbitrary positive € and enclose ar x in an interval of length 
x 2 in an interval of length * 2 , and so on, 

” 1 

Thus ; < e^^r < € * 

Therefore the exterior measure of this set is zero, and the measure of the set 
is also zero. . 

If E is an interval (a, fi) in (a, ir it is measurable aud its measure is (ft -a). 
For we must have 7 n e (E)^~- /? — a, since the interval (a, fl) is itself a possible 

interval for the exterior measure with the definition given above. 

And the Heine-Borel Theorem, as in (II), shows at once that the sign of 
inequality is in^ossible. v:)S ::V: r^^':-^(- : - 
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Again it is«olear that 

m e (OE)^(b-a)-(fr-a). 

But the sign of inequality can be omitted, for it would give 
P~a<{b~a)~ mfiCE ) < m,(E), 

and we would have 

m v ( E) < 

[Similarly, if E is the sum of a finite number of not- overlap ping intervals, it is 
measurable, and its measure is the sum of the lengths of these intervals. 

In the discussion which follows it will be seen that the sura of a finite, or 
countably inlinite, set of measurable sets is measurable. Thus starting with 
countable sets of points and countable sets of intervals, we see that open sets 
are measurable. And as the complement of a measurable set is measurable, 
closed sets are also measurable. All sets which can be obtained by additions, 
subtractions and multiplications, finite or infinite, of measurable sets are also 
measurable. 

It is only for measurable sets that this theory of measure is studied. It is 
still a debatable question whether, and, if so, in what sense, sets which are not 
measurable do exist.* 

5. A Necessary and Sufficient Condition that a Set E be Measurable.! 

J necessary and sufficient condition that a linear set E in a, Y x ~ b be measurable 
is that to the arbitrary positive e there shall correspond a set I consisting of a finite 
number of intervals and iuv sets e! , a" of exterior measures < e, such that 

E = I + e'-e". 

(i) To prove that this condition is necessary, we note that to the arbitrary e 
there correspond the sets of not-overlapping intervals a v a 2 , ... for E and 
Pv />V f° r such that 

mE r-- : £ a r < mE -\- \e, 

: . i . . ' ■ ' " 

i ■ ■ 

and . tnE + niCE—b-a. 

• x oo 

Thus f2a r + ’E fi r <(b ~a) + t. 

l. i 

But, as in § 4, I, from the set 

cq, Pis a 2 , P 2 , Pfit 

we obtain a set of not- Overlapping intervals 

3T> Va> ••• r.v, 

such that V y T = v a r + V _ V ( a r fi s ), 

i i i 

*Cf. Lebesgue, Lift) ns sitr V integration (2 1 ‘ ed., 1028). footnote, p. 114. 

tin this and the following sections, we shall, when convenient, write mE instead 
of m[E) for the measure of E, when E is measurable, and similarly m,.E for m e (E), 
m,E for m t (E). 

It will be noticed that, when E is measurable, tn,E ~m e E 
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the last term on the right-hand side comprising the parts common to an a and 
a blotted out in forming the y’s. 

As n tends to oo , so does N and we know that 2 y r =(b -a). 

i 

Thus the sum of the lengths of the finite or countably infinite set of rtot- 
overlapping intervals blotted out as above is less than «. 

Now take n so large that 2 a r < e, and denote the points of a x ,a z , ... a n by 

M-fl 

8 n and the points of a n+1 , a n+3 , ... to co by R n . 

Then ' E =S n + JR n E - 8 n GE. 

Also R n E < R n and 8 n OE < the points common to all the a’s and jS’s. 

Thus m e (R n E)<e and mfS n GE) < 2 (a ft) < e. 

(ii) If the condition is satisfied, E is measurable. 

We have E~I + e'-e'', 

where I consists of a finite set of intervals and ef, e" are two sets of exterior 
measure < e, which we. suppose have no common points. 

Thus E<I+e', 

and m e E g m e (I+e') < ml + e. 

Also E > I - e". 

Thus GE<C{I-e")=CI + e". 

Therefore m e GE f m e (Cl + c") < mCI + e. 

.It follows that m e E + m e CE < ml -f mCI + 2c = (6 - a) 4- 2e. 

And m e E <miE + 2e. 

Thus m e E ^ miE. : ' ^ 

But m e E^miE. 

Hence m e E —viiE. 

6. I. If E x and E 2 are, measurable, so is E x + E 2 . 

We have to show that E x + E 2 can be broken up as in the theorem of § 5. 
Given the arbitrary positive €, we have 

E^+ef-e", 

E 2 ~I 2 -k-e 2 ~ e z > 

where I x , J 2 are sets of a finite number of intervals and ni e ef < etc. 

Thus E 1 + E 2 ^=I 1 f jfa + (<®i / + e a0 ~ e "* 

where e" is contained in ef' + ef'. 

Also + 

and m e e" g m e ( ef' + e 2 ") ^ m e e x " + m e e 2 " < e. 

Thus E x + E 2 is measurable. 

II. If E x and E 2 are measurable, so is E x - E 2 . 

We know that C{E X - E 2 )~CE X + E 2 . 

Thus G(E X - E 2 ) is measurable, and E x ~ E z also. 

III. If E x and E% are measurable, so is E X E V 

We know that C{E X E 2 )~ GE X -p.(72? s , and the result follows. J| 
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7i I. If Ei and E t are measurable and without common points, then 
tn ( E x + I? 2 } = mE x + mE 2 , 

With the. same notation as in § 6, we have 
E 1 — I 1 + e l '-e l ", 

E 2 ?=I 2 + e 2 ' ~ef', 

where m e e x ' < le, etc. 

Thus Ei + E% < 1 1 + 1 ^ + c x + ef, 

and m(E 1 + E 2 )=m e (E x + E z )<‘m(I l + I 2 )+e. 

Also E 1 + E 2 >I l + I 2 - e", where e" < e x " + e 2 "> 

and C(E X + E z ) < C( I x + I 2 ~ e") = C( I x + / 2 ) + e". 

Therefore mC(E 1 + E z ) = m e G(E x + E 2 ) < mC( I x + J 2 ) + e, 
and m(E x + E 2 ) > ?n(I x + I s ) ~e. 

Thus 1 7n(E 1 + E 2 ) -m(7 1 + / 2 ) | <c. 

But for the finite sets of intervals it is clear that 

m(I 1 + J 2 ) =ml t + ml 2 — ml x l 2 . 

Also since E x < I x + e x , ?nE x < ml x + 

And since E x > l x -~ e x ", 

CEi <G(I X ~ e") = 01 x + e x ", 
we have as before mE x > ml x — It. 

Thus j mE x - ml x \ < \t. 

Similarly | mE z - ml 2 \ < \t.' 

Again l x < E x + e x " and ' I a < E z + e 2 ". 

It follows that I X I 2 < E X E 2 + E x e 2 " + e x " (E 2 + e 2 ") 

<e x "+e i ", since E X E 2 — 0. 

Therefore = 

But \m(E x + E 2 )-~mE x -mE 2 \ 

3=-| m(E x + E 2 ) - m(I x + J 2 ) | + 1 m(I x + J a ) - ml x - ml % 
+ | ml x - mE x 1 4- 1 ml ^ - mE 2 1 . 

Thus j m (E x + E 2 ) ~ mE x - mE 2 J < 3c. 

It follows that ni(E 1 + E 2 ) ~mE x + mE 2 . 

This theorem is a special ease of the following : 

II. If E x> E z are measurable, then 

m(E x + E Z ) +mE x E i —mE x +mE z . 

For let Ei^ — E-iEz+e-i and E z = E x E z + e z . 

Then e x , e 2 and E X E 2 are measurable and without common points, and 

But by (I) mE x ~mEiE 2 +me Xr 

m(E x + E 2 )=m(e x +e 2 + E x E 2 )—me x +me i +mE x E i . 


T” 
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Therefore m(E x + E 2 ) +mE x E 2 =mE x + mE z . 

ITT If 'Ei and E» are measurable and E x > E z , then 

We have (E l -E i ) + E z =E l , 

and (E x - E z ), E z have no common point. 

Thus from (I) the result follows. _ £ „ 

8 L If E 2 , ...are measurable and without common points, then £,=2. r 

CO 

18 measurable , and mE = 2 mE r • 

Since E x + E z +... + E n is measurable and contained in (a, &), we have, or 
any positive integer (by § 7 ), 

mJ&E r )-tmE r <(b-a). 

Thug ^mEr^ib-a). 

Taking the arbitrary positi™ c, there is a positive integer » snob that 
»P w +i»*«t"‘< s ' 

Now for E, + , there is a set of not-overlapping intervals <W 

such that ' . 1 1 . ■ . ’’ . ' 

mE n+r ^ 2 a„ +r . s < ™ E n+r + gf ' r = 1 ’ 2 ’ * ' " ' ' 

' ' ' i-l 

Also the countably infinite set of intervals 

QJJ CO 

2 «n+l.s» 2 °n+ a.«» ••• 

,=i :«»i 

are such that > « 

m e (^ w+1 + ^ft +a + -) S an + r ' s) 

■■■■ 

.< €+■€• 

$ « |lr and B n = 2 -®r 
°n . ' -*+i ' 

=m B (iS n + WA + 

■ . ■ <?«A+2«. 

E>S n . 

■ . m-JE mS n . . 

m 6 E<miE+%£' 


Now let 
Then 

But 

Therefore 

Thus „ 

It follows as before that 

Again |m/iV = g < mS» + 2c - when n 

Thus 
and 

II. 1/ 

measurable 
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For any integer n, we have 
If + E « + . . . + Ej j 

= E 1 + {E t -E l ) + (E 3 -E l -E 3 ) + ... + (E n -E 1 -E 2 ... -E n _ x ), 

and the different sets on the right-hand side have no common points. 

Thus E x + E 2 + . . . to oo = 8 X + £ 2 + . . . to oo , 

w here 8 X — E u and £ r = E r - E x - E 2 ... - E r _ x , r2r 2 , 

..id f£ r is measurable, 
x 

9 . I. Lei E, E v E 2 , ... be all measurable. Then E - E x - E 2 ... is rneasur- 

il b’O.i. 

This follows from § 8 and § 6, II. 

II. If in addition E u E«, . . . are all contained in E, and have no common points, 

m(E - ^E r ) = mE - %mE r . 

i i 

This follows from § 7 , III and § 8, I. 

III. If If, If, ... are all measurable, then E = E X . E 2 . E 3 ... is also measur- 
able. 

We know that C(E X . E 2 ) — CE X + GE,, 

C(E 1 . E, . E a )=GE x + CE t + CE z , and so on. 

Thus C(E X .E.,.E 3 ...)=GE 1 + GE 2 + CE a + ... , 

and the result follows at once. 

IV. If E v E z , ... are all measurable and E x < E 2 < E 3 < ... , then 

E — E x + En + E 3 + . . . 
is measurable , and mE — lim ( mE n ). 

In this case 

E=E l + {E i -E l ) + (E z -E i ) + ..., 

and mE =lim y i m(E r - E r ^ x ) by § 8, 1 

n — > Ti 1 

=lim '^,(mE r -mE r _ 1 ) by § 7 , III 
=lim (mE n ). 

n—+rju' 

V. If E t , E z , ... are all meastirdble and E t > E z > Ef> ... , then 

E=E l .E l .E z ... 
is measurable and mE— lim (mE n ). 

We have as in (III), 

m ( GE) = m{OE x + 0E 2 + . • . ) 

= lim m(GE n ) by (IV). 

And mE =(b - a) - m(CE) — (b - a) - lim ( mCE n ) =lim ( mE n ). 

10. A necessary and sufficient condition that the bounded function f(x) be 
integrable in (a, b) according to Riemann’s definition is that its points of discon- 
tinuity form a set of measure zero. 
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V^e prove first that this condition is sufficient. 

Take the arbitrary positive <?, and k < ~ — 

2(6 -a) 

Let G k be the set of points of discontinuity at which the oscillation* ' 
Then the measure of this set is zero since it is a part of a set of measure -zero 
and it is a closed set.f 

Thus the points of G k can be enclosed as interior points in a finite set. of not- 

overlapping intervals, the sum of their lengths being S ^ , where nr 

, , , 2(M~m ) 

and m are the bounds of f(x) in (a, b).% 

The complement of this set of intervals is a finite number of closed not- 
overlapping intervals, the oscillation at every point of these being < k\ 

Each of these can be divided up into a finite number of partial interval:;, 
such that the oscillation in each of these partial intervals < k, (Of. § .'i i . 1, 
footnote, p. 71.) 

Thus we have a mode of division of (a, 6) for which 

S~ S< /.: (b - a) + -j-x (M - m) < e, 

and f(x) is integrable in (a, 6), according to Riemann’s definition. 

We now prove that the condition is necessary. 

Let k j > k 2 > ... and lim k n — Q, and G r be the set of points for which the 
oscillation Ay. 

Let the measure of this closed set be C > 0, and take e~lk r C. 

Since /(.r) is integrable (II), there is a mode of division of (a, b) 
a ~ x o> x i ••• > x n~i> x n~b> 

such that 8 ~s<€. 

If a pouit of G r is inside one of these intervals (x,_ lv x s ), then the oscillation 
in (ay_j, x s ) ~ k r . 

If it coincides with the common end-point of (x s _ lt x s ), (x s , x s+1 ), the 
oscillation in at least one of the two must he \Ic r . 

*Cf. § 29. 4, p. G6. 

fFor let P(x 0 ) be a limiting point of G k ami not a point of G k . Then tin. 
oscillation at P is equal to /y< k, and there is a neighbourhood |a'-;c 0 | ^ V in 
which the oscillation < k. But P is a limiting point of G k , so there is a point P' 
of G k inside [x a -yj, x 0 +t]), and the oscillation at P' eS &. Therefore there is a 
neighbourhood of P' inside (x 0 - 1 ;, x 0 + rj) for which the oscillation 5? k, which is 
impossible. 

XG k is a closed set of measure zero and GG k is thus an open sot of measure (6 - a). 
CG k can therefore be broken up- into a countably infinite set of not-overlapping 
closed intervals 

A x , A 2 , ... and 2\ r = (b~a). 
i • 

We can choose the positivp integer n so that 

(6-fl) -S A r< 2{M _ m y 

The points of G k are interior points of the finite set of not-overlapping intervals 
left, when A 1; A 2 , ... A n are removed from (a, b). 
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Thus these two adjacent partial intervals give to (S~s) a contribution 
ik r multiplied by the sum of the lengths of these intervals. 

Hence all the intervals of a = x 0 , ay x n — b, which have a point of 

O r inside them or at an end contribute to S - s an amount ~ {k r (their sum). 
But the sum of the lengths of these intervals C. 

Therefore, for this mode of division, 

S-s^ik r C>€, 

which is impossible. 

Thus C — 0 and mG r ~ 0. 

But the points of discontinuity are given by the sum 
E — G l + G s + ... to oo , 

and G 1 A G,AG Z ... . 

Therefore (by § 9, IV), m(E) = lim m(G n ) -0. 

it — >00 

11. Measurable Functions. 

Let E be a bounded measurable set of points on the. axis of x. The function 
f(x), defined at the points of E, is said to be ‘measurable in E, if the set of points 
of E for which f(x) > A is measurable, for every constant A. 

We denote the set of points of E for which f{x) > A by E[f(x) > A], and 
similarly E[f(x) §£ A] denotes the set of points of E for which f{x) i? A. 

We shall now show that if f(x) is measurable in E as defined above, the sets 

E[f(x)<Al E[f(x)^A] 

are also measurable. 

We are given that E[f(x) > A ] is measurable. 

Then its complement with respect to E is also measurable, that is 

E[f{x)~sA] 

is measurable. 

Again if E n is the set of points of E for which f(x) > A - we know that E n 
is measurable. 

And the infinite product 

is : .measurahle'(|9,:in).' : 

Therefore E[f{x)—A’\ is measurable. 

It follows by addition of E[f(x) > A], that E[f(x) A] is measurable, and 
by subtraction from E[f(x) A A], we see that E[f(x) < A] is measurable. 

It is clear too that, if A and B are any constants, 

E [. A <f(x) < B], E[A Af(x) <Bl E[A < f(x) A £] 
and E[AA f(x) A B] 

are all measurable. 

12. Operations on Measurable Functions. 

I. Iff(x) is measurable, so are a +f{x), af(x) and | /(*)(, where a is a constant. 
We know that E [/( x) > A - a] is measurable. 

Thus E[f(x) +a> A] is measurable. 
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The others follow from the fact that E[f(x)>A/a] is measurable, and that 
Elf(x)>A} + E[f(x)<-A] 

is measurable. 

H. If f fa) and ffa ) are finite and measurable , then E[ffa)> ffa)) is measur- 
able. 

•®C ffa) >ffa)] is the sum of the countably infinite measurable seta 
E{f 1 (x)>r). E[ffa) <rl 
where r is any rational number. 

III. If ffa) and ffa) are finite and measurable, their sum, difference and 
product are measurable. 

We know Elf fa) ±ffa) >A] = E[f x ( x ) > AT ffa)]. 

Thus the sum and difference oi ffa), ffa) are measurable by (II). 

Also if f(x) is measurable, so is (f(x)) z , for E[(f(x)f> A] is equal to 
E[f(x)>VA] + E[f(x)<- VA]. 

Thus (ffa) +/ 2 (a-)) 2 and (ffa) -ffa)) 2 are measurable, and the result 
follows. 

IV. Letffa),ffa), ...be an infinite monotonic sequence of measurable fund ions. 

Then, for every x in E, lira ffa) exists (finite or infinite) and this limit is measur- 
able. n ~*°° 

For example, for every xinE let ffa) < ffa) < ffa) < ... . 

Then E[ lim ffa) >A] is the sum of E[f x (x)> A], E[ffa)> A], ... , and 
n—> co 

this sum is measurable (§8). 

V. Let ffa), ffa), ... be an infinite sequence of measurable functions. Then 
lim ffa) and lim ffa) exist (finite or infinite), and these limits are measurable. 

w-> co ji— >co 

Suppose ffa) to be the upper bound of ffa), ffa), ffa) ••• and ffa) to be 
the upper bound of ffa), ffa), ••• and so on. 

Then ffa) = ffa) = ffa) 

Also lim ffa) = lim ffa), 

ft— >00 ft— >00 

and this is measurable by (IV). 

VI. Let ffa), ffa), ... be an infinite sequence of measurable functions, and 
lim ffa) exist ( finite or infinite). 

ft— >00 

Then this limit is a measurable function. 

This follows from (V), since lim ffa) = lim ffa) = lim ffa). 

n— vao n— *■» ft— 

We note that every monotonic function is measurable in an interval; and, in 
particular, that f(x) — constant and f(x)-x are so. Applying the above results 
we see that every polynomial is measurable: and, as a continuous function, 
by a theorem due to Weierstrass,* is the limit of a sequence of polynomials, 


*Cf. Hobson, Theory of Functions of a Beal Variable, 2 (2nd. ed., l!>26), 228. 
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we see that every continuous function is measurable. Then discontinuous 
functions, which are the limits of sequences of continuous functions, are also 
measurable; and so to more complicated classes of measurable functions. 

13. The Lebesgue Integral. Let f(x) be a bounded and measurable function 
for the measurable set E contained in {a, b).* 

Let A and B be the lower and upper bounds of /(,>:) in E. 

Divide the interval (.4, B) on the axis of y into n partial intervals 

{A, Z x ), (h> h)> ••• (ln~v R)’ 

Denoting A by l 0 and B by l n we thus have the mode of division of (.4, B), 
A ~ Iq, l x , ... I ft _ x , Zjj — B. 

Let c T be the set of points of E for which Z r _ x ~f(z) < l r ... r — 1, 2 ... (n - 1), 
and e n the set of points of E for which Z ;l _ x ~f{x) -A l n . 

Then e x , e 2 ... e n are measurable sets without common points. 

Form the sums S and s, Avhere 

S = jjl r m(e r ) and « = ]£ Z r _ x m(e r ), 

i i 

m(e r ) being the measure of the set e r . 

Then S^Am(E) and s^HBm(E). 

Thus the sums S and s for all possible modes of division of (A, B ) have a 
lower bound J and an upper bound /, respectively; and for the same mode of 
division S^s. 

We shall now show that 1 X J. 

Let some or all of the intervals (Z r „ x , l r ) in ! g , Z x ... Z n _ x , l n be divided into 
smaller intervals, and 

Zo> A x , A a , ••• A/;_ x , Z x , ••• 

be the new mode of division of (.4, B) thus obtained. 

This mode of division is said to be consecutive to the former. 

Let its sums, as above, be X <r. 

Compare, for example, the parts of S and L which come from (l 0 , l } ). 

From L' w r e have 

A 1 m(e u ) + A 2 m(e X2 ) ... +Z x m(e lfc ), 
where e xx , e 12 , ... are the sets of points of E for which 

And : ■ ■ e x =e xl + e 12 ... + e lk , - ; ■ ■ V 

the sets on the right-hand having no common points. 

Thus A x w(e u ) + A 2 m(e x2 ) + 

It follows that S Si S; and similarly we have <r X s. 

Now take any two modes of division of (H, B), 


A=l 0 , h, ... l }n ~i, Z W =J5, with sums S and s (i) 

A =l 0 , l,', ... Z' n _ x , l n — B, with sums S' and s' (2) 


*In this section, so far as possible, the notation corresponds to that of §§39-41. 
pp. 91-4, and the argument proceeds on exactly the same lines. 
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On superposing ( 1 ) and (2) we obtain a third mode of division (3) consecutive 
to both (1) and (2). 

Let its sums be 2 and <r. 

Then S ~ 2 and <x ~ s'. 

But , 2 ~ tr. 

Thus s', 

and the sum S arising from any mode of division is not less than the sum s 
arising frpm the same or any other mode of division of (A, B). 

It follows at once that I~J. 

For suppose I >J. Since J is the lower bound of the sums S, there must be 
a mode of division giving a sum 8 to the left of the middle point of J I, and 
since 1 is the upper bound of the sums s, there must be a mode of division giving 
a sum s to the right of this middle point. This is impossible as a sum S 
cannot be less than any sum s. 

Now let e be an arbitrary positive number, as small as we please. Take a 
mode of division 

A =Z{), l v 1% , ... bj_i, l n — B, 
in which all the partial intervals are less than e 
For this mode of division it is clear that 

0 S-s = {l l - l a )m{e x ) +(l 2 - Z 1 )m(c 2 ) + ... + (l n - l n -i) m ( e „) < un{E). 
Therefore we must have I —J, and the sums S, s tend to the common value of 
I and J as the number of points of division of (A, B) tends to infinity in such a 
way that the largest of these partial intervals tends to zero. 

This number I is called the Lebesgue Integral of the bounded and measurable 
function f(x) in the measurable set E, and we write 

/=( f(x)dx. 

JK 

If f(x) — G in E, where C is a constant, we define^ f(x)dx as Cm(E). 

If E consists of all the points of an interval (a, b), we me the ordinary notation 

P / (x)dx, and the integral is now called the Lebesgue Integral of fife) between the 
)a 

limits a and b. 

Sometimes it is convenient to make clear that the integral is taken in 
Lebesgue’s sense by placing a capital L before the ordinary symbol. I'm such 

a case the Eiemann Integral- would be written as (If) l & /(.c)<£rand the Lebesgue 
. f) ' J a . . 

Integral as (L) 1 f(x)dx. 

Aga in , if the bounded function /(a;) is integrable with Lebesgue’s definition 
"or the interval (a, b), we say that it is integrable (A) ; and, if it is integrable 
with Riemanm’s definition, we say that it is integrable (If). 

We shall see below that for bounded functions, if fix) is integrable (If), it is 
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Just as in the case of the Riemann Integral, we define the Lebesgue Integral 
ib tb fa 

\ a f{x)dx for a > h, by the equation \ f{x)dx = - 1 f(x)dx. 

14. Properties of- the Lebesgue Integral of a Bounded and Measurable 
Function. 

I. Cf(x)dx ~c\ f(x)dx, where C is a constant. 

J K )s 

This follows at once from the definition. 

II. Iff(x) is measurable in E andf(x)~ G, then i f{x)dx A Cm(E). 

J/r 

Since we have for any sum S for f(x), S g Cm(E). 

Therefore the limit of the sums SA Cm(E). 

A similar result holds for f(x) A C. 

Thus it is clear that, if *4, B are the lower and upper bounds of j\x) in E, 
then 

Am(E) ~ | f{x)dx ~ Bm{E). 

III. Let f{x) be measurable in E, and let E x + E z — E, where E 1 and E, t are 
measurable and without common points.* 

Then ( f(x)dx — f f(x)dx + 1 f(x)dx. 

j a J Ai J 

Let the bounds of f(z) be A, B in E, a v in E x , and « 2 , fl 2 in E z , 
respectively. 

Then A is the smaller of a 1 and a 2 , while B is the larger of f} x and /i 2 . 

Consider any mode of division of (J, B), 

(1) A=l 0 , l v ... W«=-& 

If two of these points do not coincide with the smaller of the /?’ s and the 
larger of the a’s, by introducing these points we have a consecutive mode of 
division and S is not increased, s not decreased. 

Thus the sum 8 for (1) a sum $ for E x + a sum $ for E z 

= | ^ f{x)dx + 1.^ f(x)dx. 

Therefore f f{x)dxA.\ f{;x)dx-{-[ f(x)dx. 

'■■■■; in J s t Ja s ■ 

Similarly from the sum s , 

f f[x)dx~:l{ f(x)dx + [ f[x)dx. 

is J Si JK t 

Hence f f(x)dx — \ /(*)d» + l f(x)dx. 

is is x J A, 

IV. The theorem of (III) can be at once extended to the sum of n measurable 
sets with no common points, two by two. 

We now prove that it holds also for a countably infinite number of measur- 
able sets. 


*It is clear that if f(x) is measurable in E, it is measurable in E t and E 2 , for 
E x [/(*) > C] is the product of E [ f(x ) > C ] and E v 
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Letf(x) be measurable in E and E — ^E r , where E 1} E 2 , ... are all measurable 

i 

and without common points, two by two. 

Then t f(x)dx = % f{x)dx . 

J K 1 .'A',. 

Let E-2E r + R n . 

i 

Then we know that /(*) is measurable in R n and that m,(R n )-~> 0 as n->oo (§ 8). 

But I f(x)dx = '£ l \ f(x)dx + [ flx)dx. 

hi i ht n 

Thus if f(x)dx- 2 1 f(x)dx 1 5i Mm(R n ), by (II), above. 

I hi 1 ) s r 1 

when \M\ is the upper bound of \f(x)\ in E. 

Therefore ( f(x)dx = y\ f(x)dx. 

J e 1 ' A',. 

V. Iff(x) and g(x) are measurable in E and f(x) ~ g(x), then 

I f(x)dx S g(x)dx. 

.'E JX 

Let (A, B) be the bounds of g(x) in E and A ~l 0 , l x ... l n _ x , l n =B any mode 
of division of (A, B). 

Let e lt e 2 , ... e n be the sets of points as in § 13 for g(x) ; i.e. e r is the set of 
points of E for which l r _ x ~ g(x) < l r , whenr = l, 2, ... (n - 1), and e n is the set 
of points for which l n _ x zl g{x) zl l n . 

Then ( f(x)dx = jt\ f{x)dx^ : '2 1 l r „ 1 m{e T ) > 

J x 1 J« r 1 

since g(x) ~ l r _ x in e r and therefore f(x) — l r _ v 

Thus I f(x)dx S any sum s for g(x). 

h: 

It follows that ( f(x)dx^\ g{x)dx. 

J E J E 

VI. Let f(x) and g(x) be measurable in E. Then 

f {f(x) + g{x))dx=\ /(*)<& + [ g[x)dx. 

)x J X E 

(i) Let g(x) = 0 in E, and let A, B be the lower and upper bounds of f(x) 
as in § 13. 

Let A = l 0> l v ... l n _ v l n ~B be a mode of division of (A , B) with sums S and a 
iorf(x). 

Then f(x) + C has A+G, B + C for its bounds and l 0 + O, l x + C, ...l n + C is 
a mode of. division of the interval. 

If S' and s' are the sums for/(x) + C for this mode of division, we have 
S'=S + Cm(E). 

On proceeding to the limit, this gives 

f ( f(x) + G)dx = [ f(x)dx + Cm(E) = [ .f(x)dx + [ C dx. 
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(ii) With the same notation as in (i) iovf(x), let 
A~l 0 , l x ... l n ~i, l. n — B 

be a mode of division of (-4, B), and let c r be the set of points of E for which. 
l r ~i ==/(#) < l r when r = 1, 2, ... (n - 1), and e n the set for which i~f(x) ^ l n . 


Then 


[j'{x)+g{x))dx = 2 

i 


(/(*) + g(x))dx 
= ( l r-l+9( x )) dx 

n v . t‘ 

= ~lr~i m ( e r) + £ g (x)dx 
1 ~ 1 . <•,. 

:* + vl g(x)dx, 


where s are the sums for f(x) for this mode of division. 
It follows that 


( f( x ) + g(x))dx S f(x)dx + g (x)dx. 

B K ! K 


Again j C/(*)+ g{pd))dx~ 2\ (l r +g(x))dx, 

and from this we see that 


(f( x )+9 (B))dx:E f(x)dx + g(x)dx. 

J £ J £ J K 


Thus we have 

is clear that we also have 

\ (f{x)~g(x))dx=[ f{x)dx-\ g{x)dx. 

VII. Let f(x) be measurable in E. Then 

1 1 f{x)dx\ g ( !/(*) \dx. 

I JB I J 1C I I 

This follows at once from (V), since 

-|/(ar)|^/(a:)S|/(a:)t. 

Letf{x) he measurable in E and g(x) be bounded and equal to f(x) at all 
of E other than faints of a component E x of E whose measure is zero . 

■ I f(x)dx— l g(x)dx. 

J*' . JS 

also measurable in E, 

g(x)dx - ( J f(x) -g(x))dx 

(/(%)- 9 (x))dx 




‘ 0, by (H), since m(E x ) = 0. 
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15. The theorem of this section is of great importance in the application of 
the Lebesgue Integral. 

!• Tct f x (x) } ffx), ... be a sequence of functions which are, measurable in E and 
not negative. 

Also letf n (x) be uniformly bounded* in E, and lim f n {x) =0, for every point 

x of e. : 

Then lim f f n (x)dx— 0. 

n->oo.U 

Take the arbitrary positive 4. 

Let E x be the points of E for which /^{x), ff x) ... are all< w 

2m ( Jjj ) 

the points for which fi(x)^^rjp V and f 2 (x),f a (x ), ... all<H~W,; 


E s the points for which / 2 (z) and/ 3 (*),/ 4 (z), ... all < 

and so on. ' ' J ' 

Then E x , E z , ... are all measurable, by § 9, III, and no two of them have 
common points. 

Every point of fE r is a point of E : and, since lim f n (x) =0, every point of E 

. c 1 It— >7) 

is a point of £E. r f. 

i 

Now we are given that f n (x) is uniformly bounded in E, and that it is not 
negative. 

Therefore there is a positive number K such that 0 ~f n (x) < K, the same K 
serving for every x in E, and every positive integer n. 

But E = VE r , and m{E)-%m{E r ). 

i i 

Therefore we can choose the positive integer N, so that 


for every point in E x , E 2> ... E x 


But when n 


*See footnote §67.2, II, p. 149. 

| Let x be any point of E. 

Then we know that lim f n (x)- 0, and there is a positive integer v such that 

«— i 

o £/.<*> »bon» a .. 

The smallest integer v which will satisfy this inequality for the point .in 
question is supposed taken. 

Then this point £ is a point of E v . 
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Therefore 


2 f n ( x )dx — E 2 m(E r ). 

r-.V+l }/■:,. A+l 

< U, for every n. 

\f n (x)dx^l\ f n (x)dx. 
}s r~lJK r 


0 g \ f n (x)dx < |e + 1 €, when n N. 


lira. f n (x)dx-- 

>50 /i’ 


We can now prove the following more general theorem : 

II. Let f t (x),f 2 (x), ... be a sequence of functions measurable in E. 

Also let f n {x) be uniformly bounded in E, and lira. f n (x)=f(x) for every point 
xofE* 


Then lira f n (x)dx = \ f(x)dx. 

• >■ 

Since !/„{«) | < K, 

the same constant K serving for every x in E and every n, it follows that 
\f(x)\^K and \f(x)-f n {x)\zA2K. 

Let F n (x)~\f (x) ~f n (x ) | . 

Then Efx), Ffx), ... are -uniformly bounded and measurable in E, and not 
negative. 

Also lira F n {x)~ 0. 


Therefore, by (I), lim f \f(x) -f n (x)\dx -0. 

ft— >co. i' 

It follows that lim 1 (f(x) -f n (x))dx—0. 

n—>oo - x 

Thus lim f f n {x)dx~\ f(x)dx. 

ft -->• oo - £ JJf 


The theorem just proved makes the question of the possibility of term by term 
integration of an infinite series much simpler to answer when Lebesgue Integrals 
axe used. 

Let the functions u^x), ufx), ...be given in an interval [a, b), and the series 
Y u n {x) converge to f(x) in that interval. 

: I,' . ; .a.'; 

If ufx), ufx), . . . are measurable functions, we know that f(x) is also measur- 
able. 

If, in addition, we are told that s n (x) is uniformly bounded, this theorem 
establishes that 

1 f(x}dx~liax \ s n (x)dx, 
and term by term integration is possible, . 

* We know (§ 12, VI) that f(x) is measurable and bounded, and therefore 
integrable in E, 
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In the case of the Riemann Integral, we have to add the condition that 
tiie sum of the series be integrable.* 

16. lff{x) is bounded mid integrable in (a, b) according to Riemann' s definition 
of the integral, then its Lebesgue Integral also exists and it is the same as its Me- 
rnann Integral. 

Let E be the set of points in a == % g b for which f(x) > A, any constant. 

Then if x is one of these points and f(x) is continuous there, x is an interior 
point of E, with the usual convention as to the ends x—a and *=6. 

And if,f(x) is discontinuous at this point, it is a point of a set of zero measure. 
(Of. § 10, above.) 

Thus E consists of an open set and a set of zero measure. 

Therefore E is measurable, as it is the sum of two measurable sets. 

Hence if /(as) is integrable according to Riemann’s definition, it is measurable 
in (a, b) and its Lebesgue Integral exists, since / [x) is also bounded. 

Now let a ~x Q , ar„ x 2> ... x n _ lt x n —b be a mode of division of (a, b). 

The sum s, with the notation of Riemann’s Integral, is given by 
s = »i JL (a: 1 - a: 0 ) + m 2 {x 2 -ar x )+...+ m n (x n - x n ^). 

Also f(x) £2 m r in (a: r _j, x r)' 

[*>• 

Therefore (L) \ f(x)dx s= m r {x T - x r _ t ). 


where L denotes that this is the Lebesgue Integral for this interval. 

Hence 5 31 ( L ) I f{x)dx. 

Similarly 8 ~ (L) j f(x)dx. 

Since the sums S and s tend to their common value, the Riemann Integral 

I f(x)dx, it follows that for a bounded function integrable (R) the two integrals 

la ; ■ \ ■■ 'v.' ; ■'..■I ■ / 

are the same. 

It is easy to give examples of bounded functions integrable ( L ) and not 
integrable, (JS). 

Let/(.r) = 1 for every irrational value of x in 0 ~= x l and/(«) =0 for every 
rational value,, 

Then its Lebesgue Integral [ f(x)dx=l. (Cf. § 14, VIII.) 

But this function is not integrable (12). 


17. The Lebesgue Integral for an Unbounded Function. In §§ 13-16, /(a;) has 
been supposed bounded in the hounded and measurable set E . The definition 
of the Lebesgue Integral is now modified, so that it will include a class of un- 


bounded functions. 

Take first the ease when /(a:)i50 in E, and define an auxiliary function 
fjx) as follows: 

j n {x) =f(x), at all points of E, where /(as) § n 


=n, at all points of E, where /(x) > n. 


*(Jf. footnote on p. 101. 
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er n is any assigned positive number. 

(:dj, for every n, is bounded and measurable in E. 

f n {x)dx exists, and is a monotonie increasing function of n. 

,{x)dx either converges to a definite limit, or it tends to + oo as 


limit exists and is finite, the integral j f(x)dx is defined hy this limit, 
x) 0 in E, then the integral I f(x)dx is defined as - j | f{x) fix, when 

JE JE 

exists and is finite. 

en f(x) does not keep the same sign in E, write 
2j\(x) = \f(x)\+f(x), 

2/*(*) = l /(*)!-/(*), 

=f(x), at all points of E where f(x) = 0, and it vanishes at all other 
E. 

f»(x) — -f(x), at all points of E where f(x) rS 0, and it vanishes at 
joints of E. 

ffixfix and] f»(x)dx exist and are finite, the integral] f(x)dx is de- 
“ )e- 

e equation 

| /(®jcfor = [ fi(z)dx-\ Mx)dx. 

J E E J E 

a measurable function f(x) is such that \ f{x)dx exists as a finite 

JE 

x) is said to be summable in E. 

surable function is always summable in E, if it is bounded, but not 
ly so, if it is unbounded. 

is summable in E, it is also said to he integrable {L) in E, and 
f(x)dx is called the Lebesgue Integral of /(.?;) in E. 

of the Lebesgue Integral I f(x)dx, when f(x) is not 

J E 


obvious that for a summable function 

\ Cf(x)dx~0\ f(x)dx, 

Je : je 

f(x) — (fix) 0 in E and f(x) is summable, then g(x) is also 
ud 

j f{x)dx ~ I g(x)dx. 


r.) be summable in E and let E E r , where E v E 2 , ... are measur- 
common ■points. 


f{x)dx-v\ f[x)dx. 

. i: l )]■:,. 

y necessary to prove this for the case when f(x) i? 0 in E. 
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Define /„(*) as in § 17, and let the number of sets E v E ti ... be finite, sa> 
Then ( fn(^=i\fn{^ 


Proceeding to the limit, we have 

( f(x)dx= si f(x)dx. 

} K ' *-=l'J? r 

Again, when the number of sets E v E z , ... is infinite, we know from § 14, l\ 
that r « r « r 

ux)dx = s 1 . = 5 \ E f^ dx ‘ 


Thus, letting n~> ao, 


And letting s -> oo , we 


since 


Therefore | J(x)dx= Z, 

III. Letf(x) and g(x) be summabh in E. 

Then ^ ( /<*) ± 9(*)) dx = i, f W dx ± 

It will be sufficient to take the sum of the two functions. 

Let F{x)==f{x)+g[x) and define F n (x),f n (x), g n (x) as e ore. 
e.g. F n {x) = at a11 po^ts of E where F{x) n, 

-n, at all points of E where F{x) > n. 

(i) But. when /(*> and f(i> are both not-negative in E, it is easy 

hat 

Also /„(*), K.W. W and E»W arc bounded and measurable. 
Therefore , r „ , . , 

we have 


Letting n -> oo , 

j E(w)<to =[ /(*)*' + \ C 'JW I,3: - 

( |i) And the same result holds for the case when /(.r) and at*) «*» 

°\^tZZ%)SO, «S«, and £ - 

Then BW + | S Wl=/W, 

f «*)&=( «*>*.+ | 9 Wl&=|/W*-| / W 1 fe. 


and 
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(iv) But when f(x) and g{x) do not each keep the same sign in E, we can 
break up E into a certain number of measurable sets without common points 
two by two, to which we can apply the results just found. 

For example, with the notation of § 1 1, the points which belong to E[F(x) §5 0] 
will come from the following products: 

E[F(x)^ 0]. E[f(x)> 0]. 

E[/(.r)>0]. 

Elf{x)<0). 

E[f(x)= 0]. 

E[f(%) =0]. 

F[/(a:)>0]. 


F[F(:r);:0]. 

E[F(x)'m- 

E[F(x)\::.Q}. 

E[F(x) ?J: 0]. 

E[F(x)^0}. 

and similarly for the points which belong to E[F(x) < 0] 
Denote these sets by E v E z ... E lc . 

Thus [ F(x)dx 


E[g(x) > 0], 
E[g(x) <01 
E[g{x)> 0], 
E[g(x)>Q], 
E[g(x) =0], 
E[g(x)= 0], 


. F(x)dx, 

)■= i ’ 


f(x)dx + 1 g(x)dx') 

f{x)dx + \ g(x)dx. 

. : j y • h:‘ 

IV. With the notation of § 17, we have 

1/(4 1 =/i(*) +/»(*)•■ 

It follows from (III) that, iff(x) is summable, j/(*)J is also summabU , and 

^ | /(;):) \dx = jj ' ff^dx + \ ^ f z {x)dx. 

Thus the Lebesgue Integral of an xnbounded function is an absolutely con- 
vergent integral. 

The theorem of § 15 applies also to the ease of unbounded functions, with 
alteration in the conditions as there given. Term by term integration 
in this case also, but for the discussion of this question and a 
fuller treatment of the Lebesgue Integral reference must be made to other 
works.* ;■ ■ 

19. Fourier’s Series, using Lebesgue Integrals. Before discussing the con- 
vergence of Fourier’s Series for/(.i;), when the coefficients are Lebesgue Integrals, 
we must prove the Biemann-Lebosgue Theorem (Cf. § 105, p. 27l)for the case 
when J\.v) is summable in ( - tc, tt), and in doing so we require the following 
approximation theorem : — 

If/{x) is summable in the interval (a, b) and « is an arbitrary positive number , 
there- is a continuous function f{x), such that 


]■/(*) -;/(*): J ce. 
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This important approximation theorem is obtained by proceeding from 
simple measurable functions to the general summable function.* 

(i) Let /(*) = 1 in the interval (a, /?), where a < a < /? < 6 

=0, in the rest of (a, b). 

Take a -s' and /? + <=/ on the interval (a, b) between x~a, x—a, and x = 
x = b respectively, where 0 <(.' <e, and join these points to the points x=a, 
y — 1, and x = (l, y=l respectively. 

Then if <f>( x ) = 0 in a<x<a-e' and ft + <=' < x < b, and cj>(x) is equal to the 
ordinate of this broken line in a - d x < ft + e', we have a continuous function 
satisfying 

f !/(*)-</>(*) I <fc<€. 

. Jft 

(ii) Let f(x) = l in the finite set of not- overlapping intervals A x , A 2 , ... A„, 
all in (a, b), and f(x) =0 elsewhere in (a, 5). 

Also let <f> r ( x ) be the continuous function obtained in (i) such that, when 
f,(x) = 1 in A r and zero elsewhere in {a, b), we have 

\fr( x )~4>r( x ) \ dx <l- 


Take 

Then we have 




h \f{ x )~ 4>( x ) I dx = 2 j* i fA x ) “ <t>r( x ) I dx<t. 

(iii) Let /(*) = ! in a measurable set E in (a, b) and zero elsewhere in 
(a, b). 

Then a set of not-overlapping intervals A x , A 2 , ... , all in (a, b), exists 
that the points of E are interior points of these intervals or end-points 
adjacent intervals, and 

m( E) 2 m( A r ) < m(E) + £e. 

i 

Also there is a positive integer N such that 

m{ E) Si 2 w(A r ) < m(E) + £e, 


and 


2?«(A r )<|€. 

-v+i 


Let /a(x) = 1 in A x , A 2 , ... A.v and zero elsewhere in (a, b). 
Then by (ii) we can find a continuous function 4>{x) such that 

\ b f /v(®)-^(*)|< 

Let E r be the points of I? in A r (r = l, 

Then 
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I /(») ~M X ) I da; = 2 i /(*) ~fx(z) I dx 

1 . Ar 


=ii i /(*)-/*(*) \m-/Mx)\dx. 

1 .1 A r A'-f lJ A,. 

\f(x) ~f A (x) | dx~m(il r ) -m{E r ), when r=l, 2, ... N. 


356 

Also 

But 


And 2 1 | /(*) -fA%) | dx 2 m(A r ), since /^(a:) = 0 in 2A r . 

A'+iMc A’+l .v+l 

It follows that 

P \f( x ) ~fy( x ) | <*» = F - rn(E)1 + fw(E) - 2m(E r )l + f; m(A r ) 

Ja l— l _) i -i .v-i-x 

< Je + Je+Je, 


since 


Thus we have 


m(E) - S m(E r ) = 2 m(E r )^ 2 »x(A r ) < £«. 

1 A+l A’+l 


| f(x) - <f>(x) 1 dx < e. 


(iv) Let E x , E z , ■■■ E n be measurable sets in (a, b), no two of them having 
common points. 

Let / r (a;) = l in E r , and zero elsewhere in {a, b), and f(x) — 2 c r f r {x), where 

x 

Cj, c a , ... c M are constants. 

We find a continuous function $ r (*) as in (iii), such that 


\fr(x)~<p r (x) | dx< 


Take 


. C X I + I ^2 I ••• + I c »i 

n 


Then f \f(x)-<j>(x)\dx^2\c r \[ b \f r (x)-<f> r (x)\dx<e. 

la l Ja 

(v) Now let /(») be bounded and measurable in (a, b). 

With the notation of § 13, A, B are its lower and upper bounds in (a, b). and 
a mode of division ' '+■ 

is taken, the largest of its partial intervals being 
Also e r is defined as in that section. 

A function F(x) is defined for a~x~b as being equal to Z r _ x in e r 

(r = 1, 2, ... n). 

A continuous function $(x) is obtained for F(x) as in (iv), such that 
ffc 

] F(x)-<f)(z) |da;<^€. 
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\f(x) ~<f>(x)\dx^^ \f(x)-F(x)\dx+^ \F(x)-<f>(x)\dx 
§ 2 t |/(*) - F(x) I dx + f 6 | F(x) - 4>(x) | dx 


( vi) Let f(x) be summable in (a, b) and unbounded. 

With the notation of § 17, we have 

\ b f(z)dx-\ b f x (x)dx- ( 6 f t {x)dx. 

J a J a J cl 

Let A n( x ) =/i(*), when A (a;) ^ n 

-- n , when A(x) > », 

and similarly for f % , n {x). 

Choose N, bo that 

[ b Ux)dx - f fi, Ax)dx < it, and ( & U x l - f A ^)dx < 

Ja Ja - a • a 

Then obtain continuous functions <f> x (x) for /,. X (x) and <j> % {x) for f % x (x), 

such that 

1A K [x) -</>*(*) \dx<h> 


l/i. *(*)- <#>»(*) l* f <i l 

1/(05) “ <£(«) I <1® = j a | A(®) a(s) I <** + 

+ f \f%{ x ) -A a(*)I^+S 


<£(a:)jda;< 


Therefore 


20. The Riemann-Lebesgue Theorem. 

Iff(x) is summable in ( - ir, ir) ^e?i limj /(®) ™ 

Defining /(x) outside (-x, tt) by the equation /(x ± 2ir) =/(*), we have 


Let (a, /?) be an interval enclosing ( - ir, 
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Then there is a continuous function <£(*), such that 

* a 

when e 13 the usual arbitrary positive number. 

Since <J>(x) is continuous in (a, ji), given £ there is an ?/ such that 

| <f>(x+h) - <fj(x) j < 6 ^, 

when | A] Si yj, the same >/ serving for every x in (a, fi). 

Take v so large that ^ < >; and ^ x + ^) < /?. 

Then p \f(x + ^)-f(x)\dx^^ I f ( x + t) ~ < l > ( x + t) \ dx 

+ \ + \<K X ) ~f{x) I dx 

J - ir ' J-ir 

<S £ +’j £ + J £ 

< £, when n S v. 


Therefore 


lim f(x) sin nx dx — O, 

11 — >- 30 , ~rr 


and the proof applies equally to 1 f(x) cos nx dx. 

J - IT 

Thus the Fourier Constants tend to zero as n-*~ oo , when f(x) is summable 

in ( - 7 r , tt). 

Corollary. Iff(x) is summable in any interval (a, h), then 
lim ( f{x) S * n nx dx—b. 

If (a, b) lies in ( - tr, t), this result follows at once from the theorem just 
proved, for tve may put f(x) =0 in the remainder of the interval ( - vr, tt). 

If (a, b) extends beyond ( - tt, -), we apply, as above, the theorem to the 
intervals ((m - l)x, (m + l)7r) in which it lies, m being a positive integer. 

21. We now apply these theorems to the discussion of the Fourier’s Series 
corresponding to the arbitrary function f(x). We replace the conditions 
attached to f(x) in § 105 by the condition that f(x) shall be summable (cf. § 17 
above) in ( - ir, tt). 

As before, let s n (x) be the sum of the Fourier’s Series for f(x) up to the ter ms 
in sin nx and cos nx. 

Then, if x 0 is a point in the interval ( - it* tt), we have 

+/(*« - 2 “)] da, 

iTjn BiM U 

The second integral vanishes, by the Riemann-Lebesgue Theorem, and it 
follows that : 

I. The behaviour of the Fourier’s Series corresponding to f(x), as to conver- 
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genee, divergence, or oscillation at- a point x 0 , depends only on the values of /(.>:) 
in the neighbourhood of * 0 . 

And similarly : 

II. The behaviour of the Fourier's Series corresponding to f(x) in an interval 
(a, b), where -tt <a<b <tt, as to convergence, divergence., or oscillation, depends 
only on the values of f(x) in (a -8, b + 8), where 8 is an arbitrarily small 
positive number. 

Now let % be a point in ( - -rr, ir) for which \ lim {f{x 0 + h)+f(x 0 - h)] exists. 

h—> 0 

We may give/(x) at the point a? Q the value of this limit. 

Then 

»* J() olu u 

where (f> (a) =f(x 0 + 2a) +f(x 0 ~ 2a) - 2 f(x 0 ). 

Therefore 

HjT#> (jET s) aln {U + 1)a '*“• 

The second integral vanishes when n~> ao , by the Riemann-Lebesgue 

Theorem-, as </>(<*) ~ * s summable in (0, .}«•). 

And the first integral also vanishes when n^-oo, provided that </■>(«) /a is 
summable in (0, fair). 

Thus we again, have Dini’s Condition that: 

III. A sufficient condition for the convergence of the Fourier's Series corre- 
sponding to the function f(x), summable in ( - tt, tt), to f(x 0 ) at a point :e 0 in 

( - ir, n), where \ lim [/(a: Q + h) + f(x 0 - 7*,)] exists and is equal to f{x 0 ) is that 
A — >0 

{■«*• + 2a) +/<*„ - 2a) - !!/(*.> J mmatle in some interval (0, ?/). 

This condition is satisfied when j\x) is summable in ( - 7r,r) and at the point 
x 0 satisfies Lipschitz's Condition', namely that positive minders C and k exist 
such that 

\f(xo+t)-fM\<c\t\K 

when |t| ^ some fixed positive number. 

We can also show that: 

IV. When fix) is summable in ( — tt, tt), and is of bounded variation in the 
neighbourhood of a point x Q , the Fourier's Series converges thereto 

H/(*o+0)+/(*o-0)]. 

Let f(x) be of bounded variation in the interval (* 0 ~ 2>j, x 0 +2ij). 

, Then 

| (f>(a) *(*+3 ? & + ,/a. 

To the second integral we can apply the Riemann-Lebesgue Theorem; and in 
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the first is of bounded variation ; so the Lebesgue Integral and the 
Riemann integral are the same. (Cf. § 16 above.) 

But the Riemann Integral has zero for its limit (cf. § 92), and the required 
result follows. 

22. To show the full bearing of the Lebesgue Integral on the Theory of 
Fourier’s Series it would be necessary to discuss at much greater length the 
properties of that integral. 

We have only touched upon these properties in the case of the integrals 

f flx)dx and \ b f(x)dx, where /(a?) is summable in the bounded and measurable 
JiT Ja 

set E, or in (a, b). 

l’® 

The properties of the Indefinite Lebesgue Integral l f(x)dx have not been 

Ja 

dealt with at all. Some of them may be mentioned here without proof. In 
several of the works named in the list of books at the end of this section a full 
discussion of the Lebesgue Integral (and other associated integrals) will be 
found. 

This integral F(x) = 1 f(x)dx is continuous and of bounded variation in the 
Ja 

interval (a, 6), when f(x) is summable, whether bounded or not, in {a, 6). 

Also JP'(z) exists and is equal to f(x) almost everywhere in (a, b ), and 
certainly at all points of continuity of f(x). 

And, further, if f(x) is a function which has at every point of (a, b) a differ- 
ential coefficient /'(*), bounded in that interval, then f\x) is integrable (L) 
in the interval (a, x) and it3 integral differs from f(x) by a constant only. 

In the case of the Riemann Integral this last theorem is subject also to the 
condition that/'(ar) shall be integrable (j?). 
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Abel’s Test for Uniform Convergence, 149. 

Abel’s Theorem on the Power Series, 165; extensions of, 168. 

Absolute Convergence, of series, 50 ; of integrals, 117, 128. 

Absolute Value, 36. 

Aggregate, general notion of, 33 ; bounded above (or on the right), 33 ; bounded 
below (or on the left), 34 ; bounded, 34 ; upper and lower bounds of, 34 ; 
limiting points of, 35 ; Weierstrass’s Theorem on limiting points of, 36. 

Almost everywhere, definition of, 16. 

Approximation Curves for a Series, 139. See also the Gibbs Phenomenon. 

Boeher’s Treatment of the Gibbs Phenomenon, 293. 

Bounds (upper and lower), of an aggregate, 34; of f(x) in an interval, 56; of 
f(x, y) in a domain, 85. 

Bromwich’s Theorem, 169. 


Cesaro’s Method of summing Series (0, 1), 169, 258-262. 

Change of Order of Terms, in an absolutely convergent series, 51 ; in a eondit*'> 
convergent series, 53. 

Closed. Interval, definition of; 55. 

Conditional Convergence of Series, definition of, 51. 

Continuity, of functions, 66 ; of the sum .of a uniformly convergent series of 
continuous functions, 152 ; of the power series (Abel’s Theorem), 165 ; of 

1 f(x)dx when /( x) is bounded and integrable, 106; of ordinary integrals 
Jft ■ 

involving a single parameter, 188; of infinite integrals involving a single 
parameter, 198, 202. 

Continuous Functions, theorems on, 67 ; integrability of, 97 ; of two variables, 
86; non-difforentiable, 90. 

Continuum, arithmetical, 29 ; linear, 29. 

Convergence, of sequences, 37 ; of series, 47; of functions, 57 ; of integrals, 113, 120. 

See also absolute convergence, conditional convergence, and uniform convergence. 
Cosine Integral (Fourier’s Integral), 312, 320. 

Cosine Series (Fourier’s Series), 217, 231. 

Countably Infinite, definition of, 21, 330. 


Darboux’s Theorem, 92. 

Dedekind’s Axiom of Continuity, 28. 

Dedekind’s Sections, 24. 

Dedekind 's Theory of Irrational Numbers, 23. 

Dedekind’s Theorem on the System of Real Numbers, 27. 
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Definite Integrals containing an Arbitrary Parameter (Chapter VI) ; ordinary 
integrals, 188 ; continuity, integration and differentiation of, 188 ; infinite 
integrals, 192; uniform convergence of, 192; continuity, integration and 
differentiation of, 198. 

Definite Integrals, Ordinary (Chapter IV) ; the sums S and s, 91 ; Darboux’s 
Theorem, 92 ; definition of upper and lower integrals, 94 ; definition of, 94 ; 
necessary anil sufficient conditions for existence, 95, 340 ; some properties of, 
100 ; First Theorem of Mean Value, 105 ; considered as functions of the upper 
limit, 100 ; Second Theorem of Mean Value, 107. See also Dirichlet's integrals, 
Fourier's Integrals, Infinite. Integrals, Lebesgue Integrals and Poisson's Integral. 

Differentiation, of Series, 101 ; of power series, 107 ; of ordinary integrals, 189 ; 
of infinite integrals, 200, 202 ; of Fourier’s Series, 282. 

Dini’s Condition, 273, 359. 

Dirichlet’s Conditions, definition of, 226. 

Dirichlefc’s Integrals, 219. 

Dirichlet’s Test for Uniform Convergence, 151. 

Discontinuity, of Functions, 73 ; classification of, 73. See also Infinite, Discontinuity 
and Points of Infinite Discontinuity. 

Divergence, of sequences, 41 ; of series, 48 ; of functions, 57 ; of integrals, 113, 126. 

Enumerable . Sec Con n ta bly I nfi nite . 

Fejdr’s Theorem, 254. 

Fej6r’s Theorem and the Convergence of Fourier's Series, 262, 280. 

Fourier’s Constants (or Coefficients), definition of, 215. 

Fourier’s Integrals (Chapter X); simple treatment of, 312, more general con- 
ditions for, 315 ; cosine and sine integrals, 320 ; Sommerfeld’s discussion 
of, 321. 

Fourier's Series, definition of, 215 ; Lagrange’s treatment of, 218 ; proof of con- 
vergence of, under certain conditions, 230 ; for even functions (the cosir e 
series), 234 ; for odd functions (the sine series), 241 ; for intervals other than 
( - 7r, tv), 248 ; Poisson’s discussion of, 250 ; Fejer’s Theorem, 254, 262, 280 ; 
order of the terms in, 209 uniform convergence of, 275 ; differentiation and 
integration of, 282 ; inure general theory of, 271, 358. 

Functions of a Single Variable, definition of, 55 ; bounded in an interval, 56 ; Upper 
and lower bounds of, 56 ; oscillation at a point, 66 ; oscillation in an interval, 
56 ; limits of, 56 ; continuous, 66 ; discontinuous, 73 ; monotonic, 75 ; inverse, 
76 ; integrate, 97 ; of bounded variation, 80 ; measurable, 342 ; summable, 352. 

Functions of Several Variables, 84. 

General Principle of Convergence, of sequences, 38 ; of functions, 01. 

Gibbs Phenomenon in Fourier’s Series (Chapter IX), 289. 

Hardy-Landau Theorem, 259. 

Harmonic Analyser (Kelvin’s), 323. 

Harmonic Analysis (Appendix I), 323. 

Heine-Borel Theorem, 71. 

Improper Integrals, definition of, 120. 

Infinite Aggregate. See Aggregate . 

Infinite Discontinuity. See Points of Infinite Discontinuity. 

I n fin ite Integrals (integrand function of a single variable), integrand bounded and 
interval infinite, 112; necessary and sufficient condition for convergence of, 
114 ; with positive integrand, 115 ; absolute convergence of, 117 ; n-test for 
convergence of, 119 ; other tests for convergence of, 120 ; mean value theorems 
for, 123. 
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Infinite Integrals (integrand function of a single variable), integrand infinite, 125 ; 
^i-test and other tests for convergence of, 127 ; absolute convergence of, 128. 

Infinite Integrals (integrand function of two variables), definition of uniform con- 
vergence of, 193; tests for uniform convergence of, 193; continuity, in- 
tegration and differentiation of, 198. 

Infinite Sequences and Series. See Sequences and Series. 

Infinity of a Function, definition of, 74. 

Integrable Functions, 97 ; Integrable (L) and Integrable (JR), definition of, 345. 

Integration of Integrals (ordinary), 191 ; infinite, 199, 202, 209. 

Integration of Series (ordinary integrals), 156 ; power series, 167 ; Fourier’s Series, 
283 ; (infinite integrals), 172. 

Interval, open, closed, open at one end and closed at the other, 55 ; overlapping 
and not-overlapping, 333 ; abutting, 333. 

Inverse Functions, 76. 

Irrational Numbers. See Numbers. 

Lebesgue Definite Integral, of a bounded and measurable function, 344; of a 
summable function, 352. 

Lebesgue Indefinite Integral, 360. 

Limits, of sequences, 37 ; of functions, 56; of functions of two variables, 85. ; 
repeated, 142. 

Limits of Indetermination, of a bounded sequence, 43 ; of a bounded function, 64. 

Limiting Points of an Aggregate, 35. 

Lipschitz’s Condition, 273, 359. 

Lower Integrals, definition of, 94. 

Mean Value Theorems of the Integral Calculus ; first theorem (ordinary integrals), 
105 ; (infinite integrals), 123 ; second theorem (ordinary integrals), 107 ; 
(infinite integrals), 123, 

Measure of a Set of Points, 335 ; exterior measure, 333 ; interior, 334. 

Measurable Sets of Points, 335. 

Measurable Functions, 342. 

Modulus. See Absolute Value. 

Monotonic Functions, 75 ; admit only ordinary discontinuities, 76 ; integrability 
of, 97. , 

Monotonic in the Stricter Sense, definition, of, 43, 75. 

Monotonic Sequences, 42. y 

M-test for Convergence of Series, 148. 

At-test for Convergence of Integrals, 119, 129. 

Neighbourhood of a Point, definition of, 58. 

Numbers (Chapter I) ; rational, 20 ; irrational, 21 ; Dedekind’s theory of irrational, 
23 ; real, 25 ; Dedekind’s Theorem on the system of real, 27. ; development of 
the system of real, 29. See also jbedekind's Axiom of Continuity, and Dmekind's 
Sections. 

Open Interval, definition of, 55. y:^ v: y' ! :.:-'yyi-i- 

Ordinary or Simple Discontinuity, definition of, 74. : y 

Oscillation of a Function at a Point, 66. 

Oscillation of a Function in an Interval, 56 ; of a function of two variables in a 
domain, 85. 

Oscillatory, Sequences, 41 ; series, 48 > functions, 58 j integrals, 113, 126. 

Parseval’s Theorem, 2S4.yyyy 

Partial Remainder ( P B n ), definition of, 48 ; [pR n ( x ))’ definition of, 138, 
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Infinite Integrals (integrand function of a single variable), integrand infinite, 125 ; 
/i-test and other tests for convergence of, 127 ; absolute convergence of, 128. 

Infinite Integrals (integrand function of two variables), definition of uniform con- 
vergence of, 193 ; tests for uniform convergence of, 193; continuity, in- 
tegration and differentiation of, 198. 

Infinite Sequences and Series. See Sequences and Series. 

Infinity of a Function, definition of, 74. 

Integrable Functions, 97 ; Integrate (L) and Integrate (R), definition of, 345. 

Integration of Integrals (ordinary), 191 ; infinite, 199, 202, 209. 

Integration of Series (ordinary integrals), 156 ; power series, 167 ; Fourier’s Series, 
283 ; (infinite integrals), 172. 

Interval, open, closed, open at one end and closed at the other, 55; overlapping 
and not-overlapping, 333 ; abutting, 333. 

Inverse Functions, 76. 

Irrational Numbers. See Numbers. 

Lebesgue Definite Integral, of a bounded and measurable function, 344 ; of a 
summable function, 352. 

Lebesgue Indefinite Integral, 360. 

Limits, of sequences, 37 ; of functions, 56 ; of functions of two variables, 85 ; 
repeated, 142. 

Limits of Indetermination, of a bounded sequence, 43 ; of a bounded function, 64. 

Limiting Points of an Aggregate, 35. 

Lipschitz's Condition, 273, 359. 

Lower Integrals, definition of, 94. 

Mean Value Theorems of the Integral Calculus ; first theorem (ordinary integrals), 
105 } (infinite integrals), 123; second theorem (ordinary integrals), 107; 
7 .(infinite integrals), 1237 y77 : . 7v7. : ' 77 : 7; -.'7 / -7 7'7 ; 77 

Measure of a. Set of Points, 335 ; exterior measure, 333 ; interior, 334. 

Measurable Sets of Points, 335. 

Measurable : Functions; 342. ■ ■ . : 7~>7 

Modulus. Sec Absolute Value. 

Monotonic Functions, 75 ; admit only ordinary discontinuities, 76 ; integrability 
of, 97. 

Monotonic in the Stricter Sense, definition of, 43, 75. 

Monotonic Sequences, 42. 

M-test for Convergence of Series, 148. 

ju-test for Convergence of Integrals, 119, 129. 

Neighbourhood of a Point, definition of, 58. 

Numbers (Chapter I) ; rational,. 20 ; irrational, 21 ; Dedekind’s theory of irrational, 
23 ; real, 25 ; Dedekind’s Theorem on the system of real, 27 ; development of 
the system of real, 29. See also Dedekind's Axiom of Continuity, and Dedekind s 
Sections. 

Open Interval, definition of, 55. 

Ordinary or Simple Discontinuity, definition of, 74. 

Oscillation of a Function at a Point, 66. 

Oscillation of a Function in an Interval, 56 ; of a function of two variables in a 
domain, 85. 

Oscilla.fiory 1 ', Sequences, 41 ; series, 48 ; functions, 58 ; integrals, 113, 126. 

ParsevaTs Theorem, 284, 

Partial Remainder (, ,R n ), definition of, 48 ; [,«,»(*)), definition of, 138. 
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Periodogram Analysis, 326. 

Points of Infinite Discontinuity, definition of, 75. 

Points of Oscillatory Discontinuity, definition of, 74. 

Poisson's Discussion of Fourier’s Series, 250. 

Poisson's Integral, 251. 

Power Series, interval of convergence of, 163 ; nature of convergence of, 165 ; Abel’s 
theorem on, 165 ; integration and differentiation of, 167. 

Proper Integrals, definition of, 126. 

Rational Numbers and Real Numbers. See Numbers. 

Remainder after n Terms (!?„), definition of, 49 ; [E n (*)], 138. 

Repeated Limits, 142. 

Repeated Integrals, (ordinary), 191 ; (infinite), 199, 202, 209. 

Riemann-Lebesgue Theorem, 271, 357. 

Riesz-Fischer Theorem, 18. 

Sections. See Dedekind's Sections. 

Sequences ; convergent, 37 ; limit of, 37 ; necessary and sufficient condition for 
convergence of (general principle of convergence), 38 ; divergent and oscil- 
latory, 41 ; monotonic, 42. 

Series definition of sum of an infinite, 47 ; convergent, 47 ; divergent and oscil- 
latory, 48 ; necessary and sufficient condition for convergence of, 48 ; with 
positive terms, 49 ; absolute and conditional convergence of, 50 ; definition 
of sum, when terms are functions of a single variable, 137 ; uniform con- 
vergence of, 144 ; necessary and sufficient condition for uniform convergence 
of, 147 ; Weierstrass’s J/-test for uniform convergence of, 148 ; uniform 
convergence and continuity of, 152 ; term by term differentiation and integra- 
tion of, 156. See also Differentiation of Series, Fourier's Series, Integration of 
Series, Power Series and Trigonometrical Series. 

Sots of Points on a Line; bounded, 33; limiting points of, 35; countable (or 
enumerable), 330 ; open, 330: closed, 330; interior and exterior points of, 330 ; 
complement of, 331 ; operations on, 331 ; interior and exterior measure of, 333 ; 
measure of, 335 ; nieasurable, 335 ; necessary and sufficient condition that a 
set be measurable, 336 ; properties of measurable sets, 337. 

Simple (or Ordinary) Discontinuity, definition of, 74. 

Sine Integral (Fourier’s Integral), 312, 320. 

Sine Series (Fourier’s Series), 217, 241. 

Summable Functions, 352. 

Summable Series (C, 1), definition of, 169. 

Sums S and s, definition of, 91. 


Trigonometrical Series, 215. 


Uniform Continuity of a Function, 69, 87. 

Uniform Convergence, of Series, 144 ; Abel’s Test for, 149 ; Dirichlet’s Test for, 
151 ; of Integrals, 192. 

Uniformly Bounded, 149. 

Upper Integrals, definition of, 94. 

Weierstrass’s non-differentiable Continuous Function, 90. 

Weierstrass’s JZ-test for Uniform Convergence, 148. 

Weierstrass’s Theorem on Limiting Points of a Bounded Aggregate, 36. 
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INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L Hopf. Especially valuable 
to engineer with no math beyond elementary calculus. Emphasizes intuitive rather than 

formal aspects of concepts. Partial contents: Law of causality, energy theorem, damped 
oscillations, coupling by friction, cylindrical and spherical coordinates, heat source, etc. 

48 figures. 160pp. V/s x 8. S120 Paperbound $1.25 

INTRODUCTION TO BESSEL FUNCTIONS, F. Bowman. Rigorous, provides ail necessary material 
during development, includes practical applications. Bessel functions of zero order, of any 
real order, definite integrals, asymptotic expansion, circular membranes, Bessel's solution 
to Kepler’s problem, much more. "Clear . . . useful not only to students of physics and 

engineering, but to mathematical students in general," Nature. 226 problems. Short tables 

of Bessel functions. 27 figures, x + 135pp. 5% x 8. S462 Paperbound $1.35 

DIFFERENTIAL EQUATIONS, F. R. Moulton. Detailed, rigorous exposition of all non-elemen- 
tary processes of solving ordinary differential equations. Chapters on practical problems; 
more advanced than problems usually given as illustrations, includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipshitz process; linear differential equations with periodic coefficients; much more. 
Historical notes. 10 figures. 222 problems, xv + 395pp. 5% x 8. S451 Paperbound $2.00 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. 0. Webster. Valuable 
sections on elasticity, compression theory, potential theory, theory of sound, heat conduc- 
tion; wave propagation, vibration theory. Contents include: deduction of differential equa- 
tions, vibrations, normal functions, Fourier’s series. Cauchy’s method, boundary problems, 
method of Riemann-Voiterra, spherical, cylindrical, ellipsoidal harmonics, applications, etc. 
97 figures, vii + 440pp. 5% * S263 Paperbound $2.00 

ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most .compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, 
Solutions in an infinite form, definite integrals, algebraic theory. Sturmian theory, boundary 
problems, existence theorems, 1st order, higher order, etc. "Deserves highest praise, a 
notable addition to mathematical literature,” Bulletin, Amer. Math. Soc. Historical appendix. 
18 figures, viii + 558pp. 5% x 8. S349 Paperbound $2.55 

ASYMPTOTIC EXPANSIONS, A. ErdSlyi. Only modern work available in English; unabridged 
reproduction of monograph prepared for Office of Naval Research. Discusses various proce- 
dures for asymptotic evaluation of integrals containing a large parameter-, solutions of 
ordinary linear differential equations, vi + 108pp. 5% X 8. .. S318 Paperbound $1.35 

LECTURES ON CAUCHY'S PROBLEM, i. Hadamard, Based on lectures given at Columbia, Rome, 
discusses work of Riemann, Kirchhoff, Volterra, and author’s own research on hyperbolic 
case in linear partial differential equations. Extends spherical cylindrical waves to apply 
to all (normal) hyperbolic equations. Partial contents: Cauchy's problem, fundamental for- 
mula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures, iii + 316pp. 5% x 8. S105 Paperbound $1.75 
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NUMBER THEORY 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive, witn 
adequate coverage of classical literature. Not beyond beginners. Chapters on divisibility, 
congruences, quadratic residues and reciprocity, Diophantine equations, etc. Full treatment 
of binary quadratic forms without usual restriction to integral coefficients. Covers infinitude 
of primes, Fermat's theorem, Legendre's symbol, automorphs, Recent theorems of Thue, 
Siegal, much more. Much material not readily available elsewhere. 239 problems, l figure, 
viii + 183pp. 53/a x 8. S342 Paperbound $1.65 

ELEMENTS OF NUMBER THEORY, i. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone 
no farther than. high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to problems, 
exercises. Tables of primes, indices, etc. Covers almost every essential formula in ele- 
mentary number theory! "Welcome addition . . . reads smoothly," Bull, of the Amer. Math. 
Soc. 233 problems. 104 exercises, viii + 227pp. 5% x 8. S259 Paperbound $1.60 


PROBABILITY THEORY AND INFORMATION THEORY 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for those whose work involves noise characteristics. Chandrasekhar, 
Uhlenback and Ornstein, Uhlenbeck and Ming, Rice, Doob. Included is Kac's Chauvenet- 
Prize winning "Random Walk." Extensive bibliography lists 200 articles, through 1953. 21 
figures. 337pp. 6Va x 9>/4. S262 Paperbound $2.35 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob- 
ability to games of chance, natural philosophy, astronomy, many other fields. Translated 
from 6th French edition by F. W. Truscott, F. L. Emory. Intro, by E. T. Bell, 204pp. 53/ s x 8. 

S166 Paperbound $1.25 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. For mathematicians, 
statisticians, physicists, cyberneticists, communications engineers, a complete, exact intro- 
duction to relatively new field. Entropy as a measure of a finite scheme, applications to 
coding theory, study of sources, channels and codes, detailed proofs of both Shannon 
theorems for any ergodic source and any stationary channel with finite memory, much more. 
"Presents for the first time rigorous proofs of certain fundamental theorems . . . quite 
complete . . . amazing expository ability,” American Math. Monthly, vii + 120pp. 5% x 8. 

S434 Paperbound $1.35 


VECTOR AND TENSOR ANALYSIS AND MATRIX THEORY 


VECTOR AND TENSOR ANALYSIS, S. E. Hay. One of clearest introductions to increasingly 
important subject. Start with simple definitions, finish with sure mastery of oriented 
Cartesian vectors, Christoffei symbols, solenoids! tensors. Complete breakdown of plane, 
solid, analytical, differential geometry. Separate chapters on application. All fundamental 
formulae listed, demonstrated. 195 problems. 66 figures, viii + 193 pp. 5 % x 8. ' 

: . ' S109 Paperbound $1.75 

APPLICATIONS OF TENSOR ANALYSIS, A. 1. McConnell. Excellent text for applying tensor 
methods to such familiar subjects as dynamics, electricity, elasticity, hydrodynamics. Ex- 
plains fundamental Ideas and natation of tensor theory, geometrical treatment of tensor 
algebra, theory of differentiation of tensors, and a wealth of practical material. "The 
variety of fields treated and the presence of extremely numerous examples make this 
volume worth much more than its low price,” Alluminio. Formerly titled "Applications of the 
Absolute Differential Calculus." 43 illustrations. 685 problems, xii 381pp. 

S373 Paperbound $1.85 

VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers entire field, from dyads to non-Euclidean 
manifolds (especially detailed), absolute differentiation, the Riemann-Christoffel and Ricci- 
Einstein tensors, calculation of Gaussian curvature of a surface. Illustrations from electrical 
engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only working 
knowledge of calculus. Intended for physicists, engineers, mathematicians, 44 diagrams. 
114 problems, xxxii + 285pp, 5% x 8, S454 Paperbound $1,75 



DOVER SCIENCE BOOKS 
PHYSICS, ENGINEERING 

MECHANICS, DYNAMICS, THERMODYNAMICS, ELASTICITY 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, H. Bateman. By one 
of century’s most distinguished mathematical physicists, a practical introduction to develop- 
ments of Maxwell’s electromagnetic theory which directly concern the solution of partial 
differential equation of wave motion. Methods of solving wave-equation, polar-cylindrical 
coordinates, diffraction, transformation of coordinates, homogeneous solutions, electromag- 
netic fields with moving singularities, etc. 168pp, 5% x 8. 514 PaperbountT $1,60 

THERMODYNAMICS, Enrico Fermi, Unabridged reproduction of 1937 edition. Remarkable for 
clarity, organization) requires no knowledge of advanced math beyond calculus, only familiar- 
ity with fundamentals of thermometry, calorimetry. Partial Contents: Thermodynamic sys- 
tems, 1st and 2nd laws, potentials; Entropy, phase rule; Reversible electric cells; Gaseous 
reactions: Van't Hoff reaction box, principle of LeChateller; Thermodynamics of dilute 
solutions: osmotic, vapor pressures; boiling, freezing point; Entropy constant. 25 problems. 
24 illustrations, x + 160pp. 5% x 8. S361 Paperbound $1.75 

FOUNDATIONS OF POTENTIAL THEORY, 0. D. Kellogg. Based on courses given at Harvard, 
suitable for both advanced and beginning mathematicians, Proofs rigorous, much material 
here not generally available elsewhere. Partial contents: gravity, fields of force, divergence 
theorem, properties of Newtonian potentials at points of free space, potentials as solutions 
of LaPlace’s equation, harmonic functions, electrostatics, electric images, logarithmic po- 
tential, etc. ix 4- 384pp. 5% x 8. S144 Paperbound $ 1.98 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. Classic of experimental scierice, 
mechanics, engineering, as enjoyable as it is important. Characterized by author as “superior 
to everything else of mine." Offers a lively exposition of dynamics, elasticity, sound, ballistics, 
strength of materials, scientific method. Translated by H. Grew, A. de Salvio. 126 diagrams, 
xxi + 288pp. 5% x 8. S99 Paperbound $ 1.65 

THEORETICAL MECHANICS; AN INTRODUCTION TO MATHEMATICAL PHYSICS, i. $. Ames, F. 0. 
Murnaghan A mathematically rigorous development for advanced students, with constant 
practical applications. Used in hundreds of advanced courses. Unusually thorough coverage 
of gyroscopic baryscoplc material, detailed analyses of Corilis acceleration, applications of 
Lagrange's equations, motion of double pendulum, Hamiiton-Jacobi partial differential equa- 
tions, group velocity, dispersion, etc. Special relativity included. 159 problems. 44 figures, 
ix + 462pp. b% x 8, S461 Paperbound $2.00 

STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. This is Part One of “Theoret- 
leal Mechanics." For over 3 decades a self-contained, extremely comprehensive advanced- 
undergraduate text in mathematical physics, physics, astronomy, deeper foundations of 
engineering. Early sections require only a knowledge of geometry; later, a working knowledge 
of calculus. Hundreds of basic problems including projectiles to moon, harmonic motion, 
ballistics, transmission of power, stress and strain, elasticity, astronomical problems. 340 
practice problems, many fully worked out examples. 200 figures, xvii + 430pp. 5% x 8. 

S467 Paperbound $ 2.00 

THE THEORY OF THE POTENTIAL, W. 0. MacMillan. This is Part Two of “Theoretical Mechan- 
ics.” Comprehensive, well-balanced presentation, serving both as introduction and reference 
with regard to specific problems, for physicists and mathematicians. Assumes no prior 
knowledge of integral relations, all math is developed as needed. Includes: Attraction of 
Finite Bodies; Newtonian Potential Function; Vector Fields, Green and Gauss Theorems; 
Two-la/er Surfaces,- Spherical Harmonics; etc. "The great number of particular cases . . . 
should make the book valuable to geo-physicists and others actively engaged in practical 
applications of the potential theory,” Review of Scientific instruments, xii 4- 469pp. 5% x 8, 

S486 Paperbound S2.25 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edi- 
tion of a classic reference aid. Partial contents: moving axes, relative motion, oscillations 
about equilibrium, motion. Motion of a body under no forces, any forces. Nature of motion 
given by linear equations and conditions of stability. Free, forced vibrations, constants of 
integration, calculus of finite differences, variations, procession and mutation, motion of 
the moon, motion of string, chain, membranes. 64 figures, 498pp, 5% x 8. 

; ; S229 Paperbound $2.35 

THE DYNAMICS OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES: BEING LECTURES 
ON MATHEMATICAL PHYSICS, A. G. Webster. Reissuing of classic fills need for comprehensive 
work on dynamics. Covers wide range in unusually great depth, applying ordinary, partial 
differential equations. Partial contents: laws of motion, methods applicable to systems of 
alt sorts; oscillation, resonance, cyclic systems; dynamics of rigid bodies; potential theory; 
stress and strain; gyrostatics; wave, vortex motion; kinematics of a point; Lagrange’s equa- 
tions-, Hamilton's principle-, vectors; deformable bodies; much more not easily found to- 
gether in one volume. Unabridged reprinting of 2nd edition. 20 pages on differential 
equations, higher analysis. 203 illustrations, xi + 588pp. 5% x 8. S522 Paperbound $2.35 : 
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CATALOGUE OF 

PRINCIPLES OF MECHANICS, Heinrich Hertz. A classic of great interest in logic of science. 
Last work by great 19th century physicist, created new system of mechanics based upon 
space, time, mass; returns to axiomatic analysis, understanding of formal, structural 
aspects of science, taking into account logic, observation, a priori elements. Of great 
historical importance to Poincare, Carnap, Einstein, Milne. 20 page introduction by R. S. 
Cohen, Wesleyan U., analyzes implications of Hertz’s thought and logic of science. 13 page 
introduction by Helmholtz, xlii + 274pp. 53% x 8, S316 Clothbound $3.50 

S317 Paperbound $1.75 

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. t. Khinchin. A thoroughly 
up-to-date introduction, offering a precise and mathematically rigorous formulation of the 
problems of statistical mechanics. Provides analytical tools to replace many commonly 
used cumbersome concepts and devices. Partial contents: Geometry, kinematics of phase 
space; ergodic problem; theory of probability; central limit theorem,- ideal monatomic gas; 
foundation of thermodynamics; dispersion, distribution of sum functions; etc. "Excellent 
introduction . . . clear, concise, rigorous,” Quarterly of Applied Mathematics, viii + 179pp. 
5% x 8. SI 46 Clothbound $2.95 

SI 47 Paperbound $1.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Prof, of Me- 
chanical Engineering, Stevens Inst, of Tech. Elementary, general treatment of dynamics of 
rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar topics. Exer- 
cises. 75 figures. 208pp, 5% x 8. S66 Paperbound $1.65 

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Wide coverage, from linear motion 
to vector analysis; equations determining motion, linear methods, compounding of simple 
harmonic motions, Newton’s laws of motion, Hooke’s law, the simple pendulum, motion of 
a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. Many worked- 
out examples. 550 problems. 3rd revised edition, xii -f 367pp. S207 Clothbound $3.95 

A TREATISE ON THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. An indispensable 
reference work for engineers, mathematicians, physicists, the most complete, authoritative 
treatment of classical elasticity in one volume. Proceeds from elementary notions of exten- 
sion to types of strain, cubical dilatation, general theory of strains. Covers relation between 
mathematical theory of elasticity and technical mechanics; equilibrium of isotropic elastic 
solids and aelotropic solid bodies; nature of force transmission, Volterra's theory of 
dislocations; theory of elastic spheres in relation to tidal, rotational, gravitational effects 
on earth; general theory of bending; deformation of curved plates; buckling effects; much 
more. "The standard treatise on elasticity," American Math. Monthly. 4th revised edition. 
76 figures, xviii + 643pp. 6% x 9»A. S174 Paperbound $2.95 


5174 Paperbound $2.95 


NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 

MESON PHYSICS, R. E. Marshak. Presents basic theory, and results of experiments with em- 
phasis on theoretical significance. Phenomena involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory. Includes pro- 
duction study of 7r mesons at nonrelativistic nucleon energies contracts between rr and u. 
mesons, phenomena associated with nuclear interaction of ir mesons, etc. Presents early 
evidence for new classes of particles, indicates theoretical difficulties created by discovery 
of heavy mesons and hyperons. viii + 378pp. 53% x 8. S500 Paperbound $1,95 

THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS, 
E. C. Kemble, inductive presentation, for graduate student, specialists in other branches of 
physics. Apparatus necessary beyond differential equations and advanced calculus developed 
as needed, Though general exposition of principles, hundreds of individual problems fully 
treated. "Excellent book ... of great value to every student , . . rigorous and detailed 
mathematical discussion . .. has succeeded in keeping his presentation clear and under- 
standable," Dr. Linus Pauling, J. of American Chemical Society. Appendices.- calculus of 
variations, math, notes, etc. 611pp. 5% x 8%, T472 Paperbound $2.95 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. General method, application to 
different problems: pure physics — scattering of X-rays in crystals, thermal vibration in 
crystal lattices, electronic motion in metals; problems in electrical engineering. Partial 
contents: elastic waves along 1-dimensional lattices of point masses. Propagation of waves 
along 1-dimensional lattices. Energy flow. 2, 3 dimensional lattices. Mathieu’s equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 
Illustrations, xii + 253pp. 53% x 8. S34 Paperbound $1.85 




DOVER SCIENCE BOOKS 

theory of electrons and its application to the phenomena of light and radiant 

HEAT, H. Lorentz, Lectures delivered at Columbia Univ,, by Nobel laureate. Unabridged, form 
historical cowage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena in moving bodies, etc. 109 pages notes explain more advanced sec- 
tions. 9 figures. 352pp. 5% x 8. SI 73 Paperbound $1.85 

SELECTED PAPERS ON OUANTUM ELECTRODYNAMICS, edited by J. Schwinger. Facsimiles of 
papers which established quantum electrodynamics; beginning to present position as part 
of larger theory First book publication in any language of collected papers of Bethe, Bloch, 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Pauli, Schwinger 
Tomonoga, Weisskopf, Wigner, etc. 34 papers: 29 in English, 1 in French, 3 in German, 

1 in Italian. Historical commentary by editor, xvii + 423pp, 6Vs x 9Vz. 

S444 Paperbound $2,45 

FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most Important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cock- 
roft, Hahn, Yukawa. Unparalleled bibliography: 122 double columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6Va x 9V4. S19 Paperbound $1.75 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, K. Weyi. Schroedinger's wave equation, 
de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie's continuous groups of trans- 
formations, Pauli exclusion principle, quantization of Mawell-Dirac field equations, etc. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2nd revised edi- 
tion. xxii + 422pp. 53/8 x 8. S268 Clotbbound $4.50 

S269 Paperbound $1.95 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis- 
cusses quantum theory; his own work, Compton, Schroedinger, Wilson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory. Only elementary formulae 
considered in text; mathematical appendix for specialists. Profound without sacrificing 
clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5% x 8. 

S113 Paperbound $1.25 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper. Annotated, edited by R. Fiirth. 33pp. of notes 
elucidate, give history of previous investigations. 62 footnotes. 124pp. 5% x 8. 

S304 Paperbound $1.25 

THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and special theories of relativity, translated into English. 

2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena. Minkowski’s 

"Space and Time,” and Weyl’s “Gravitation and Electricity." 7 epoch-making papers by Ein- 
stein: "Electromagnetics of Moving Bodies,” "Influence of Gravitation in Propagation of 
Light," “Cosmological Considerations,’’ “General Theory,’’ 3 others. 7 diagrams. Spedial 
notes by A. Sommerfeld. 224pp. 5% x 8. S93 Paperbound $1.75 


STATISTICS 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics. Assumes no prior acquaintance, requires only modest knowledge 
of math. Ail basic formulas carefully explained, illustrated; ail necessary reference tables 
included. From basic terms and concepts, proceeds to frequency distribution, linear, non- 
linear, multiple correlation, etc. Contains concrete examples from medicine, biology. 101 

charts. 57 tables. 14 appendices. Iv + 376pp. 5% x 8, S506 Paperbound $1.95 

ANALYSIS AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis of 
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 

hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, etc, 
15pp. qf useful tables, x + 195pp. 5 x 7%. S18G Paperbound $1.45 

FREQUENCY CURVES AND CORRELATION, W. P, Elderton. 4th revised edition of standard 
work on classical statistics. Practical, one of few books constantly referred to for clear 
presentation of basic material. Partial contents: Frequency Distributions; Pearsons Fre- 

quency Curves; Theoretical Distributions; Standard Errors; Correlation Ratio — Contingency; 
Corrections for Moments, Beta, Gamma Functions; etc. Key to terms, symbols. 25 examples 
40 tables. 16 figures, xi + 272pp. 5Va x 8V2. Ciothbound $143 


CATALOGUE OF 


HYDRODYNAMICS, ETC. 


HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases. 
Fundamental theorems, equations, methods, solutions, background for classical hydrody- 
namics. Chapters: Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged, Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph- 
ical. 119 figures, xv +■ 738pp. 6Va x 9Vi. S256 Paperbound $2.93 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment. Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows and free boundary theory. 
Classical theory of virtual mass derived from homogenous spaces; group theory applied 
to fluid mechanics. 20 figures, 3 plates, xiii + 186pp. 53,6 x 8. S22 Paperbound $1.85 


HYDRODYNAMICS, H. Bryden, F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932. Complete coverage of classical hydrodynamics, encyclopedic in quality. 
Partial contents: physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5% x 8. S3Q3 Paperbound $2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents: Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc. 279 illustrations. 10 portraits. 324pp. 5% x 8. $170 Paperbound $1.75 

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating systems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects. Partial contents: Harmonic motions, lateral vibra- 
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical 
problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B, Lindsay. 1040pp. 97 figures. 5% x 8. 

S292, S293, Two volume set, paperbound $4.00 

THEORY OF VIBRATIONS, N. W. McLachlan. Based on exceptionally successful graduate 
course, Brown University. Discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
bars and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams. 160pp. 
5% x 8, S190 Paperbound $1.35 

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to "real optics.” Stresses practical 
problem of maximum aberration permissible without affecting performance. Ordinary ray 
tracing methods; complete theory ray tracing methods, primary aberrations; enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axiai image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams, x + 518pp. 
5% x 8%. S366 Paperbound $2.98 

RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickiey. 
Rayleigh’s principle developed to provide upper, lower estimates of true value of funda- 
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents: Energy method of discussing vibrations, stability. Per- 
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 
applications of Rayleigh’s theory. Numerical, graphical methods. Ritz’s method. 22 figures, 
lx + 156pp. 5% x 8. S307 Paperbound $1.50 

OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its precise and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modem scientists. 
Foreword by Albert Einstein. Preface by 1. B, Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 5% x 8. S205 Paperbound $2.00 


DOVER SCIENCE BOOKS 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology 
experiment, history of music covers entire gamut of musical tone: relation of Sc 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonality, 
progression of parts, etc. 33 appendixes on various aspects of sound Dhvsics 
music, etc. Translated by A. i. Eiiis. New introduction by H, Margenau, Yale y 68 ’ figures 43 
musical passages analyzed. Over 100 tables, xix + 576pp. 6Vs x 91/4, 6 8 ■ 

S114 Clothbound $4.95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 

INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re- 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 
irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations. “Useful. . . . exposition is clear, simple . , no 
previous acquaintance with numerical methods is assumed,” Science Progress. 253 dia- 
grams. 72 tables. 400pp. 5% X 8. S244 Paperbound $2.45 

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers. 
Vector methods exclusively,- detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac- 
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp. 
5% X 8. S185 Paperbound $2.00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on 
rheological aspects of different technically important solids: crystals, resins, textiles, rubber, 
clay, etc. Investigates general laws for deformations; determines divergences. Covers gen- 
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina- 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc. Treats glass, asphalt, baiata, proteins, baker's 
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography in over 500 
footnotes. 214 figures, xvii + 368pp. 6 x 9%. $385 Paperbound $2.45 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical Abstractions with 
independent observations of actual facts. Partial contents: instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams, xii + 288pp. 5% x 8. S270 Paperbound $1.95 

APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part, 
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi- 
tions, turbulent flow, boundary layer, determining drag from pressure and velocity, etc. 
“Will be welcomed by all students of aerodynamics," Nature. Unabridged, unaltered, An 
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating 
flow patterns, xvi + 311pp. 5% x 8. ; ; ; . y.;/ .'V S375 Paperbound $1.85 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work, 
based on Prandtl's lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience, Presenta- 
tion extremely clear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934. “Still recommended as an 
excellent introduction to this area," Physikalische Blatter. 186 figures, xvi 4- 270pp. 
5% x 8. S374 Paperbound $1,85 

GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, ionization, emission phenomena; gas breakdown, 
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti- 
fiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs, (Langmuir, 
Tonks). Much more. “Well organized, clear, straightforward," Tonks, Review of Scientific 
Instruments. 83 practice problems. Over 600 figures. 58 tables, xx + 606pp. , 

5% x 8. S442 Paperbound $2.75 

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe- 
cific problems of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip- 
tion of optical systems used in practical photoelectricity. Useful suggestions, hints based 
on on-the-job experience included. Partial contents: strain, stress-strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc. Theory held to 
minimum, no advanced mathematical training needed. 164 illustrations, viii + 184pp. 

6Va x 9 Vi. . 



CATALOGUE OF 


HYDRODYNAMICS, ETC. 

HYDRODYNAMICS, Horace lamb. Standard reference work on dynamics of liquids and gases. 
Fundamental theorems, equations, methods, solutions, background for classical hydrody- 
namics. Chapters: Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged, Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph- 
ical. 119 figures, xv + 738pp. 6Ve x 9V4. S256 Paperbound $2.95 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment. Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows and free boundary theory. 
Classical theory of virtual mass derived from homogenous spaces; group theory applied 
to fluid mechanics. 20 figures, 3 plates, xiii + 186pp. 5% x 8. S22 Paperbound $1.85 

HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932. Complete coverage of classical hydrodynamics, encyclopedic in quality. 
Partial contents-, physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5% x 8. S303 Paperbound $2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents: Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc, 279 illustrations. 10 portraits. 324pp. 5% x 8. S170 Paperbound $1.75 

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating systems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects. Partial contents.- Harmonic motions, lateral vibra- 
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical 

problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B. Lindsay. 1040pp. 97 figures, 5% x 8. 

S292, S293, Two volume set, paperbound $4.00 

THEORY OF VIBRATIONS, N. W. Mclachlan. Based on exceptionally successful graduate 

course, Brown University. Discusses linear systems having 1 degree of freedom, forced 

vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 

bars and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams. 160pp. 
5% x 8. S190 Paperbound $1.35 

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to "real optics.” Stresses practical 

problem of maximum aberration permissible without affecting performance. Ordinary ray 

tracing methods; complete theory ray tracing methods, primary aberrations; enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axial image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams, x 4- 518pp. 

5% X 8%. S366 Paperbound $2.98 

RAYLEIGH’S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. BIckley. 

Rayleigh’s principle developed to provide upper, lower estimates of true value of funda- 
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents: Energy method of discussing vibrations, stability. Per- 
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 
applications of Rayleigh’s theory. Numerical, graphical methods. Ritz's method. 22 figures, 
lx 4- 156pp. 5% x 8. S307 Paperbound $1.50 

OPTICKS, Sir Isaac Newton, in its discussion of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its precise and practical discussions of construction of optica! apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modern scientists. 
Foreword by Albert Einstein. Preface by 1. B. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 5% x 8. S2Q5 Paperbound $2.00 



DOVER SCIENCE BOOKS 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology 
experiment, history of music, covers entire gamut of musical tone: relation P of mSfic 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonality 
progression of parts, etc. 33 appendixes on various aspects of sound ohvsics acoustiri' 
music, etc. Translated by _A. J. Ellis. New introduction by H. Margenau.YaleSB’ figures 43 
musical passages analyzed. Over 100 tables, xix + 576pp. 6Vs x 91/4, ' B J 

S114 Clothbound $4.95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re- 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 
irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations. “Useful. . . . exposition is clear, simple . . no 
previous acquaintance with numerical methods is assumed,” Science Progress. 253 dia- 
grams. 72 tables. 400pp. 5% x 8. S244 Paperbound $2.45 

THE ELECTROMAGNETIC FIELD, M. Mason, W.. Weaver, Used constantly by graduate engineers. 
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac- 
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp. 
5% X 8. S185 Paperbound $2.00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. HouwinK. Standard treatise on 
rheological aspects of different technically important soiids: crystals, resins/textiles, rubber, 
clay, etc. Investigates general laws for deformations; determines divergences. Covers gen- 
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina- 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's 
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography in over 500 
footnotes. 214 figures, xvii + 368pp. 6 x 9V4. S385 Paperbound $2.45 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical Abstractions with 
independent observations of actual facts. Partial contents: instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic* semikinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams, xii + 288pp. 5% x 8. $270 Paperbound $1.85 


APPLIED HYDRO- AND AEROMECHANICS, L, Prandtl, 0. G. 
methods valuable to engineers. Flow in pipes, boundary 
tions, turbulent flow, boundary layer, determining drag 
“Will be welcomed by all students of aerodynamics,” 
Engineering Society Monograph, 1934. Index. 226 figures, 
flow patterns, xvi + 311pp. 5% x 8. 


Tletjens. Presents, for most part, 
layers, airfoil theory, entry condi- 
from pressure and velocity, etc. 
Nature. Unabridged, unaltered. An 
28 photographic piates illustrating 
S375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tletjens. Standard work, 
based on Prandtl's lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience* Presenta- 
tion extremely dear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934. “Still recommenced as an 
excellent introduction to this area,” Physikalische Blatter. 186 figures, xvi + 270pp. 
5% x 8. $374 Paperbound $1.85 

GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, 1. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, ionization, emission phenomena; gas breakdown, 
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti- 
fiers, etc. Detailed treatment of high pressure arcs (Suits); iow pressure arcs (Langmuir, 
Tonks). Much more, "Well organized, clear, straightforward," Tonks, Review of Scientific 
Instruments. 83 practice problems. Over 600 figures, 58 tables, xx 4- 608pp. 

5% x 8. ' . S442 Paperbound $2.75 

PHOTOELASTICITYs PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris, For engineer, spe- 
cific problems of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip- 
tion of optical systems used in practical photoelectricity; Useful suggestions, hmts based 
W on-the-job experience included. Partial contents*, strain, stress-strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under _vertical thrust, 
simply supported rectangular beam under central concentrated ioau, etc. Theory held to 
minimum, no advanced mathematical training needed. 164 illustrations, vim 4* 184pp. 

&V& X 9y 4 . .Jt3Z-;Clfllbi50Uftl;$3,75 
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CATALOGUE OF 

MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 
enlarged (14 new chapters) under auspices of Sperry Corp. Of immediate value or reference 
use to radio engineers, systems designers, applied physicists, etc. Ordinary transmission 
line theory; attenuation; parameters of coaxial lines; flexible cables-, tuneable wave guide 
impedance transformers,- effects of temperature, humidity; much more. “Packed with informa- 
tion . . . theoretical discussions are directly related to practical questions,” U. of Royal 
Naval Scientific Service. Tables of dielectrics, flexible cable, etc. ix + 248pp. 5% x 8. 

S549 Paperbound $1.50 

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Matt, H. Jones. Quantum 
methods develop mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optica! properties, etc. Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noble metals, transition and 
di-valent metals, etc. “Exposition is as dear . . . mathematical treatment as simple and 
reliable as we have become used to expect of . . . Prof. Mott,” Nature. 138 figures, xiii + 
320pp. 5% x 8. S456 Paperbound $1.85 

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfinding work reprinted from “Bell System 
Technical Journal.” Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory. Treats: 
Autocovariance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more. Appendix reviews fundamental 
Fourier techniques, index of notation. Glossary of terms. 24 figures. 12 tables. 192pp. 
5% x 8%. S507 Paperbound $1.85 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe- 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen- 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more. “The greatest mathematical physicist since Newton,” Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 5Ya x 8. S186 Clothbound $4.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 

THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of 
1 to 4 multiple component systems, the “standard work on the subject" (Nature). Completely 
revised, brought up to date by A. N. Campbell, N. 0. Smith. New materia! on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates in ternary systems, clarified graphic representa- 
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibliographic, 
xii + 449pp. 5% X 8. S92 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Bolzmann, Maxwell, kinetic theory, quantum theory, expo- 
nentials, etc. “One of the classics of scientific writing ... as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written," J. of Institute of Engineers. 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc. 28 figures, 
444pp. 6Vfe x 9Vi. S136 Paperbound $2.45 

POLAR MOLECULES, Pieter Debye. Nobei laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure. Partial contents-, electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac- 
tion, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. Special 
chapter considers quantum theory. “Clear and concise . . . coordination of experimental 
results with theory will be readily appreciated,” Electronics Industries. 172pp. 5% x 8. 

563 Clothbound $3.50 

564 Paperbound $1.50 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chem- 
ists, physicists specializing in other fields. Partial contents: simplest fine spectra, elements 
of atomic theory; multiple structure of line spectra, electron spin; building-up principle, 
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral 
lines: some experimental results and applications. 80 figures. 20 tables, xiii + 257pp. 
5% X 8. S115 Paperbound $1.95 

TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant 
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Semina! 
work by founder of quantum theory, deducing new physical, chemical laws. A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition, xvi + 297pp. 5% x 8. S219 Paperbound $1.75 
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DOVER SCIENCE BOOKS 


ASTRONOMY 


OUT OF THc bf\T, H, n. mninger. Non-t6chnical, comprehensive introduction to “meteoritics 0 
—science concerned with arrival of matter from outer space/ By one of world’s experts 
on meteorites, this book defines meteors and meteorites; studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins much 
more, viii + 336pp. 5% x 8. TS19 Paperbound $1.85 

AN . INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stellar dynamics by one of greatest astro-physicists. Examines relationship be- 
tween loss of energy, mass, and radius of stars in steady state. Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint; adiabatic, polytropic laws; work of Ritter 
Emden, Kelvin, etc.; Stroemgren envelopes as starter for theory of gaseous stars; Gibbs 
statistical mechanics (quantum); degenerate stellar configuration, theory of white dwarfs; 
etc. “Highest level of scientific merit," Bulletin. Amer. Math. Soc. 33 figures. 509pp. 
5% X 8. S413 Paperbound $2.73* 

LES MfeTHODES NOVELLES DE LA MECANIQUE CELESTE, H. Poincarg. Complete French text 
of one of Poincare's most important works. Revolutionized celestial mechanics: first use of 
integral invariants, first major application of linear differential equations, study of periodic 
orbits, lunar motion and Jupiter’s satellites, three body problem, and many other important 
topics. “Started a new era . . , so extremely modern that even today few have mastered 
his weapons," E. T. Bell. 3 volumes. Total 1282pp. 6Vb x 9Vk. 

Vol. 1 S401 Paperbound $2.75 

:v 2 S402 Paperbound $2.75 

Vol. 3 S403 Paperbound $2.75 

The . set $7.50 

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of “Island universes," and describes its effect on astronomy. Covers velocity- 
distance relation; classification, nature, distances, general field of nebulae; cosmological 
theories; nebulae In the neighborhood of the Milky way; etc. 39 photos, including velocity- 
distance relations shown by spectrum comparison. "One of the most progressive lines 
of astronomical research,” The Times, London. New Introduction by A. Sandage. 55 illustra- 
tions. xxiv + 201pp. 5% x 8. S455 Paperbound $1.50 

HOW TO MAKE A TELESCOPE. Jean Texereau. Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece of equipment. Dis- 
cusses basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors, refractors. A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc. 241 figures, 38 photos, show almost every operation 
and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply, xlfi 
+ 191pp. Wa X 10. T464 Ciothbound $3.50 


BIOLOGICAL SCIENCES 


1 . CATALOGUE OF 

THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D, Snell. Prepared in 1941 by staff 
of Roscoe B. Jackson Memorial Laboratory, still the standard treatise on the mouse, 
assembling enormous amount of material for which otherwise you spend hours of research. 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes muta- 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre- 
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, infectious diseases, care and recording. "A wealth of information of vital con- 
cern. . . . recommended to all who could use a book on such a subject,” Nature. Classified 
s. bibliography of 1122 items. 172 figures, including 128 photos, ix + 497pp. 6Vb x 9V 4 . 

p S248 Clothbound $6.00 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran. Famous source-book of 
S American anthropology, natural history, geography, is record kept by Bartram in 1770’s on 

travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful 
•: descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 

[i ever written. 13 original illustrations. 448pp. 5% x 8. T13 Paperbound $2.00 

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Outstanding scientific 
study; a compendium of practically everything known of socia! life of honeybee. Stresses 
; behaviour of individual bees in field, hive. Extends von Frisch’s experiments on communi- 

cation among bees. Covers perception of temperature, gravity, distance, vibration; sound 
production; glands; structural differences; wax production; temperature regulation,- recogni- 
tion, communication; drifting, mating behaviour, other highly interesting topics. “This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists,” Prof. 
Karl von Frisch, Brit, J. of Animal Behaviour. Bibliography of 690 references. 127 diagrams, 
graphs, sections of bee anatomy, fine photographs. 352pp. S410 Clothbound $4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. Pioneer classic, 1st major attempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial contents.- Statistical meaning of 
irreversibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chem- 
ical, inter-species equilibrium,- parameters of state; Energy transformers of nature, etc. 

’ Can be read with profit by even those having no advanced math; unsurpassed as study- 

reference. Formerly titled "Elements of Physical Biology.” 72 figures, xxx + 460pp. 53/8 x 8. 

S346 Paperbound $2.45 

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text covering more than 140 native trees, important escapes, with informa- 
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc. Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information. “Well 
illustrated to make identification very easy," Standard Cat. for Public Libraries. Over 600 
I photographs, figures, xiii + 288pp. 5 5 /s x 6V2. T395 Paperbound $1.35 

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo- 
graphs of every twig, fruit described. Especially valuable to novice. Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs invojved, types, habits. Twig key 
introduction treats growth, morphology. In keys proper, identification is almost automatic, 
i Exceptional work, widely used in university courses, especially useful for identification in 

winter, or from fruit or seed only. Over 350 photos, up to 3 times natural size. Index of 
common, scientific names, in each key. xvii + 125pp. 5% x 83/ a . T511 Paperbound $1.25 

INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frost. Unusual for emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology. Prof. Frost’s enthusiasm and knowledge are everywhere evident as he discusses 
insect associations, specialized habits like leaf-roiling, leaf mining, case-making, the gall 
J insects, boring insects, etc. Examines matters not usually covered in general works: insects 

as human food; insect music, musicians-, insect response to radio waves-, use of insects in 
f art, literature. "Distinctly different, possesses an individuality all its own,” Journal of 

Forestry. Over 70Q illustrations. Extensive bibliography, x + 524pp. 53/ 8 x 8. 

T519 Paperbound $2.49 

A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osier. Physician, humanist, 
Osier discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, "The Old Human- 
ities and the New Science,” "Books and Men," “The Student Life," 6 more of his best 
discussions of philosophy, literature, religion. “The sweep of his mind and interests em- 
braced every phase of human activity,” G. L. Keynes. 5 photographs. Introduction by G. L. 
Keynes, M.D., F.R.C.S. xx + 278pp. 5% x 8. T488 Paperbound $1.50 

THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital 
reviewing of Darwin’s Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical 
form. Special features of particulate inheritance are examined.- evolution of dominance, main- 
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man’s special 
circumstances as a social animal. 16 photographs, x + 310pp. 53/fe x 8. 

S466 Paperbound $1.85 
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DOVER SCIENCE BOOKS 


THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin’s own record of early life; historic voyage aboard “Beagle;” furore surround- 
ing evolution, his replies; reminiscences of his son. Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc., and thoughts on religion, vivisection. We see how he revo- 
lutionized geology with concepts of ocean subsidence; how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza- 
tion, carnivorous plants, protective coloration, etc., came into being. 365pp. 5% x 8. 

T479 Paperbound $1.85 

ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge’s famous action photos of animals, from his “Animal Locomotion.” 3919 high-speed 
shots of 34 different animals, birds, in 123 types of action; horses, mules, oxen, pigs, 
goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigers, jaguars; raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping. Horse 
alone in over 40 ways. Photos taken against ruled backgrounds; most actions taken from 
3 angles at once: 90°, 60°, rear. Most plates original size. Of considerable interest to 
scientists as biology classic, records of actual facts of natural history, physiology. "Really 
marvelous series of plates,” Nature. “Monumental work,” Waldemar Kaempffert. Edited by 
L. S. Brown, 74 page Introduction on mechanics of motion. 340pp. of plates. 3919 photo- 
graphs. 416pp. Deluxe binding, paper. (Weight: 4% lbs.) TV's x 1034. 

T203 Clothbound $10.00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action: 4789 photographs, illustrating 163 types of motion: walking, running, lifting, 
etc. in time-exposure sequence photos at speeds up to 176000th of a second. Men, women, 
children, mostly undraped, showing bone, muscle positions against ruled backgrounds, 
mostly taken at 3 angles at once. Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research. Historical introduction by Prof. Robert Taft, U, of Kansas. Plates 
original size, full of detail. Over 500 action strips. 407pp. 7% x 10%. Deluxe edition. 

7204 Clothbound $10.00 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts to transform physiology into exact science. Principles of scientific research illus- 
trated by specified case histories from his work; roles of chance, error, preliminary false 
conclusion, in leading eventually to scientific truth; use of hypothesis, Much of modern 
application of mathematics to biology rests on foundation set down here. "The presentation 
is polished , . . reading is easy," Revue des questions scientifiqpes. New foreword by Prof. 
I. B. Cohen, Harvard U. xxv ■■+ 266pp. 5% x 8. T40Q Paperbound $1.50 

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist. Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, etc., from fish to 
higher mammals. “For many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the English language,” Journal of Anatomy. 754 illustrations. 69 page bio- 
graphical study by C. C. Hardy. Bibliography of 1186 references. Two volumes, total 906pp. 
5% x 8. Two voi. set S449, 450 Paperbound $5.00 


EARTH SCIENCES 


THE EVOLUTION OF IGNEOUS BOOKS, N. L, Bowen. Invaluable serious introduction applies 
techniques of physics, chemistry to explain igneous rock diversity in terms of chemical 
composition, fractional crystallization. Discusses liquid immiscibility in silicate magmas, 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, petrogen, 
etc. Of prime importance to geologists, mining engineers; physicists, chemists Working with 
high temperature, pressures. “Most important," Times, London. 263 bibliographic notes. 
82 figures, xviii + 334pp. 5% x 8, S311 paperbound $1.85 

GEOGRAPHICAL ESSAYS, M. Davis. Modern geography, geomorphology rest on fundamental 
work of this scientist. 26 famous essays present most important theories, field researches. 
Partial contents-. Geographical Cycle; Plains of Marine, Subaeria! Denudation; The Peneplain-, 
Rivers, Valleys of Pennsylvania; Outline of Cape Cod; Sculpture of Mountains by Glaciers; 
etc. "Long the leader and guide,” Economic Geography, "Part of the very texture of geog- 
raphy , . . models of clear thought,” Geographic Review. 130 figures, vi + 777pp. 5% x 8. 

S383 Paperbound $2.95 

URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologist 
considers uranium ores, geological occurrences, field conditions, all aspects of highly 
profitable occupation. "Helpful information , , . easy-to-use, easy-to-find style,” Geotimes, 
x + 117pp. 5% x 8. : . i: 7309 Paperbound $1.00 
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S191 Paperbound $2?95 


language and travel aids for scientists 

SAY IT language phrase books 
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Prepared by native linguists, travel experts. 

Based on years of travel experience abroad. 

asa 

Available, 1 book per language.- 

asar m % 

S zpssss as $»■*. 

English (for Spanish-sneakimr nnnniot /WJAm 


Peoffi) ® 60$ 

French (T803) 60 $ 

German (T804) 60$ 

Modern Greek (T 813 ) 75 $ 

Hebrew (T805) 60 $ 9 


Italian (T806) 60$ 
Japanese (T807) 75$ 
Norwegian (T814) 75$ 
Russian (T810) 75$ 
Spanish (T 811 ) 60$ 
Turkish (T 821 ) 75$ 
Yiddish (T815) 75$ 
Swedish (T 812 ) 75$ 
Polish (T 808 ) 75$ 
Portuguese (T809) 75 $ 


DOVER SCIENCE BOOKS 

MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka. Purse-size hand- 
book crammed with information on currency regulations, tipping for every European country, 
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal 
rates; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather 
tables. What, when to tip. 5th year of publication. 128pp. ZVz x 5V4. T260 Paperbound 60$ 

NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. O’Brien. Unusually com- 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu- 
dents. Over 70,000 entries in new orthography, full information on accentuation, grammatical 
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective, imper- 
fective aspects, conjugation, sound changes, accent, etc. Includes pronunciation instruction. 
Used at Harvard, Yale, Cornel!, etc. 738pp. 53/ 8 x 8. T208 Paperbound $ 2.00 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 
Based on phrases, complete sentences, not isolated words — recognized as one of best 
methods of learning idiomatic speech. Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form. Shows accent 
changes in conjugation, declension; irregular forms listed both alphabetically, under main 
form of word. 15,000 word introduction covers Russian sounds, writing, grammar, syntax. 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U.S. Gov’t Manual TM 30-944. iv + 573pp, 
5% x 8. T496 Paperbound $2.75 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 
Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words—not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castilian, LatJn-American. Language in immediately useable form. 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high frequency, plus unique 7 page glossary of Spanish, Spanish- 
American foods. Originally published as U.S. Gov’t Manual TM 30-900. tv + 513pp. 5% x 8%. 

T495 Paperbound $1.75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market. Spoken by native linguists asso- 
ciated with major American universities, each record contains: 

14 minutes of speech — 12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 

120 basic phrases, sentences, covering nearly every aspect of everyday life, travel- 
introducing yourself, travel in autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 

32 page booklet containing everything -on record plus English translations easy-to-follow 
phonetic guide. 

Clear, high-fidelity recordings. 

Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations. 

Use this record to supplement any course or text. All sounds in each language illustrated 
perfectly — imitate speaker in pause which follows each foreign phrase in slow section, 
and be amazed at increased ease, accuracy of pronounciation. Available, one language per 
record for 

French Spanish German 

. Italian Dutch Modem Greek 

Japanese Russian Portuguese 

Polish Swedish Hebrew 

English (for German-speaking people) English (for Spanish-speaking people) 


7" (33 1/3 rpm) record, album, booklet. $1.00 each. 

SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS, M. Ahlman, Z. Gilbert. Records pro- 
vide one of the best, most entertaining methods of introducing a foreign language to 
children. Within framework of train trip from Portugal to Spain, an English-speaking child 
is introduced to Spanish by native companion. (Adapted from successful radio program of 
N-Y. State Educational Department.) A dozen different categories of expressions,. Including 
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined 
with poetry and contextual use. Authentic background music. Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions. Two 
10" 33 1/3 records, total of 40 minutes. Book. 40 illustrations. 69pp. 5V4 x 10%. 

T8S0 The set $4.95 




CATALOGUE OF 


LISTEN & LEARN language record sets 

LISTEN & LEARN is the only extensive language record course designed especially to meet 
your travel and everyday needs. Separate sets for each language, each containing three 33 1/3 
rpm long-playing records — 1 1/2 hours of recorded speech by eminent native speakers 
who are professors at Columbia, New York U., Queens College. 

Check the following features found only in LISTEN & LEARN: 

Dual language recording. 812 selected phrases, sentences, over 3200 words, spoken first 
in English, then foreign equivalent. Pause after each foreign phrase allows time to 
repeat expression. 

128-page manual (196 page for RussianJ—everything on records, plus simple transcrip- 
tion. Indexed for convenience, Only set on the market completely indexed. 

Practical. No time wasted on material you can find in any grammar. No dead words. 
Covers central core material with phrase approach. Ideal for person with limited time, 
Living, modern expressions, not found in other courses. Hygienic products, modern 
equipment, shopping, "air-conditioned," etc. Everything is immediately useable. 

High-fidelity recording, equal in clarity to any costing up to $6 per record, 

"Excellent . . . impress me as being among the very best on the market," Prof. Mario 
Pei, Dept, of Romance Languages, Columbia U. “Inexpensive and welt done . . . ideal 
present," Chicago Sunday Tribune. "More genuinely helpful than anything of its kind," 
Sidney Clark, well-known author of "All the Best” travel books, 

UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied. It is guaranteed after you actually use it. 

6 modern languages— FRENCH, SPANISH, GERMAN, ITALIAN, RUSSIAN, or JAPANESE * — one 
language to each set of 3 records (33 1/3 rpm). 128 page manual. Album. 

Spanish the set $4.95 German the set $4.95 Japanese* the set $5.95 

French the set $4.95 Italian the set $4.95 Russian the set $5.95 

* Available Oct. 1959. 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Triibner series of colloquial manuals. They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan- 
guage, and are suited for either class use or self-study. Each book is a complete course in 
itself, with progressive, easy to follow lessons. Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included. 
These books are unusual in being neither skimpy nor overdetailed in grammatical matters, 
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader. 

COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam's Reader in Urdu, U. of London. 30 
pages on phonetics and scripts (devanagari & Arabic-Persian) are followed by 29 lessons, 
including material on English and Arabic-Persian influences. Key to ail exercises. Vocabulary. 
5 x 7Vs>. 147pp. Clothbound $1.75 

COLLOQUIAL ARABIC, Delacy O’Leary. Foremost Islamic scholar covers language of Egypt, 
Syria, Palestine, & Northern Arabia. Extremely clear coverage of complex Arabic verbs & noun 
plurals; also cultural aspects of language. Vocabulary, xviii + 192pp. 5 x 7Vz. 

Clothbound $1.75 

COLLOQUIAL GERMAN, P, F, Boring. Intensive thorough coverage of grammar in easily-followed 
form. Excellent for brush-up, with hundreds of colloquial phrases. 34 pages of bilingual 
texts. 224pp. 5 x 7Va. Clothbound $1.75 


COLLOQUIAL SPANISH, W. R. Patterson. Castilian grammar and colloquial language, loaded 
With bilingual phrases and colloquialisms. Excellent for review or self-study. 164pp. 5 x 7%. 

Clothbound $1.75 

COLLOQUIAL FRENCH, W. R. Patterson, 16th revised edition of this extremely popular manual. 
Grammar explained with model clarity, and hundreds of useful expressions and phrases; 
exercises, reading texts, etc. Appendixes of new arid useful words and phrases. 223pp. 
5x7^. Clothbound $1.75 
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COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best introduction to modern Persian, with 90 page 
grammatical section followed by conversations, 35 page vocabulary, I39pp. Clothbound $1.75 

COLLOQUIAL CZECH, i. Schwarz, former headmaster of Lingua Institute, Prague. Full easily 
followed coverage of grammar, hundreds of immediately useable phrases, texts. Perhaps the 
best Czech grammar in print. "An absolutely successful textbook,” JOURNAL OF CZECHO- 
SLOVAK FORCES IN GREAT BRITAIN. 252pp. 5 x 7 Vs. Clothbound $2.50 

COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London. Extremely thorough 
coverage of phonetics, grammar, syntax; also included 70 page reader, and 70 page vocabulary. 
Probably the best grammar for this increasingly important language. 340pp. 5 x 7Vz. 

Clothbound $2.50 

COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vocabulary, 
idioms, and reading. Easy progressive lessons will give a good working knowledge of Italian 
in the shortest possible time. 5 x 7V2. Clothbound $1.75 


MISCELLANEOUS 


TREASURY OF THE WORLD'S COINS, Fred Reinfeid. Finest general introduction to numis- 
matics; non-technical, thorough, always fascinating. Coins of Greece, Rome, modern coun- 
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England; ail mirror man's economy, customs, religion, politics, philos- 
ophy, art. Entertaining, absorbing study; novel view of history. Over 750 illustrations. 
Table of value of coins illustrated. List of U.S. coin clubs. 224pp. 6 V 2 x 91 / 4 . 
t T433 Paperbound $1.75 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D H, Rawcllffe. Ra- 
tionally examines hundreds of persistent delusions including witchcraft, trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope trick, 
spiritualism, dowsing, telepathy, ghosts, ESP, etc. Explains, exposes mental, physical de- 
ceptions involved, making this not only an expose of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology. Originally "The Psychology of 
the Occult." Introduction by Julian Huxley. 14 illustrations. 551pp. 5% x 8. 

T503 Paperbound $2,00 

HOAXES, C. D. MacDougall. Shows how art, science, history, journalism can be perverted 
for private purposes. Hours of delightful entertainment, a work of scholarly value, often 
shocking. Examines nonsense news, Cardiff giant, Shakespeare forgeries, Loch Ness monster, 
biblical frauds, political schemes, literary hoaxers like Chatterton, Ossian, disumbrationist 
school of painting, lady in black at Valentino’s tomb, over 250 others. Will probably reveal 
truth about few things you’ve believed, will help you spot more easily the editorial 
“gander" or planted publicity release. “A stupendous collection ... and shrewd analysis,” 
New Yorker. New revised edition. 54 photographs. 320pp. 5% x 8. T465 Paperbound $1.75 

YOGA: A SCIENTIFIC EVALUATION, Kovoor T, Behanan, Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga. Author draws on laboratory 
experiments, persona! records of year as disciple of yoga, to investigate yoga psychology, 
physiology, "supernatural" phenomena, ability to plumb deepest human powers. In this 
study under auspices of Yale University Institute of Human Relations, strictest principles 
of physiological, psychological inquiry are followed. Foreword by W. A. Miles, Yale University, 
17 photographs, xx + 270pp. 5% x 8i T505 Paperbound $1.65 


Write for free catalogs! 

Indicate your field of interest. Dover publishes books on physics, earth 
sciences , mathematics, engineering, chemistry, astronomy, anthropol- 
ogy, biology, psychology, philosophy, religion, history, literature, math- 
ematical recreations, languages, crafts, art, graphic arts, etc. 


Write to Dept, catr 
Dover Publications , Inc. 

180 Varick St., N. Y. U, N. Y. 
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